2

Statistical and Numerical
Formulations
of the Second Law

2.1 Introduction
The foundations of the Second Law of Thermodynamics are based on statistical
thermodynamics of intermolecular exchange. However, its impact extends from the
microscopic scale to the largest scales of engineering systems and, more generally,
the environment and the earth. Dincer (2001) presented a detailed study that outlines
the key role of exergy in environmental sustainability of energy systems. The environmental impact of waste emissions and power generation systems can be effectively characterized by methods of exergy analysis (Rosen and Dincer, 1997).
At the microscopic level, a close relationship exists between the concepts of
entropy and probability, the most well known of which is associated with Ludwig
Boltzmann. The concavity property of entropy is directly related to a given probability distribution function (PDF) for a fluid. In this chapter, statistical formulations
of the Second Law and the Clasius–Duhem (C-D) inequality will be described. The
C-D inequality represents the irreversible increase of entropy required by the Second
Law of Thermodynamics, and it is a supplementary equation in fluid mechanics. By
relating entropy directly to a PDF, one can show that a nonequilibrium version of
the entropy function (and also a modified C-D inequality) can be obtained. These
probability functions will be outlined in this chapter. Some of the concave entropy
functions obtained for the nonequilibrium functions will be shown to be less than or
equal to the entropy associated with the equilibrium value, in accordance with the
Second Law.
Entropy and probability are intrinsically related. However, no general agreement exists among scientists as to what this relation means or even exactly what is
the relationship. Jaynes asserts that probability is a “logic of science.” In this way,
probability theory (as logic) may be applied to any field of science. Posing questions or problems from one scientific field in terms of concepts and principles from
another can prove fruitful, if properly directed. This chapter attempts to frame some
fundamental questions regarding the statistical aspects of fluid motion, in terms of
the logic of probability. Some of the issues include establishing criteria for numerical techniques based on physical principles, within the logical framework of probability theory, as well as deriving practical mathematical expressions and formulae
for implementing the results. Because kinetic theory utilizes many concepts and
principles of probability and statistics, there is a wealth of ideas to gain from this
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field, as well as inspiration. This chapter will derive macroscopic rules, principles,
and formulae by statistical averaging, rather than constructing constitutive relations
based on one particular microscopic model or process. Unlike moment methods that
suffer from closure problems, this chapter will assume given constitutive relations
(which become constraints on the moments) that fully specify a distribution of probability in the molecular velocity variable. The well-known conservation laws of fluid
mechanics can then be obtained by taking subsequent moments of the Boltzmann
equation, with a given PDF and set of collisional invariants that include molecular
mass, momentum, and energy.
This chapter will also present a given probability distribution obtained with
Jaynes’s maximum entropy principle. This distribution is then modified to accommodate velocity and temperature gradients in a gas. It will be rewritten to highlight
Gauss’s error law (Lavenda, 1991). Some interesting conclusions follow when the
macroscopic entropy is obtained by taking the moment of - ln( pdf ) . A function
will be obtained that essentially represents entropy associated with the PDF. This
function is different for equilibrium (i.e., Euler equations) and nonequilibrium (i.e.,
Navier–Stokes) conservation laws. This difference will be evident from the entropy
associated with each kind of PDF.

2.2 Conservation Laws as Moments
of the Boltzmann Equation
The dynamics of an ideal, monatomic, dilute gas in the absence of external forces are
theoretically governed by the following Boltzmann equation (neglecting body forces):
∂( ng )
∂( ng )  ∂( ng ) 
+ vk
=
∂t
∂xk
 ∂t  coll

(2.1)

where n is the number density and g is the PDF for the molecular velocity vk in an
inertial frame. The function g is not a “velocity distribution function” because it
is the probability that is distributed, not the velocity. Hence, gdvk equals the probability that the molecular velocity lies between vk and vk + dvk . The repeated index k
denotes a sum, and the right-hand side represents the time-rate of change in g, due
to molecular collisions.
Moment equations can be generated by multiplying the Boltzmann equation by any
function of molecular velocity, Q(vi), and integrating over velocity space as follows:
∂
∂
( n < Q >) +
( n < vk Q >) = D[Q]
∂t
∂xk

(2.2)

The first operator in Equation 2.2 is the expectation
<Q > =

∞

∞

∞

-∞

-∞

-∞

∫ ∫ ∫

Qg dv1dv2 dv3 ,

(2.3)
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and the second operator is the collision integral given by

D[Q] =

∞

∞

-∞

-∞

 ∂( ng ) 
Q
 dv1dv2 dv3 .
- ∞  ∂t  coll

∫ ∫ ∫

∞

(2.4)

Moments of the collision integral are identically zero when the arbitrary function of molecular velocity, Q(vi), is one of the five collisional invariants,
ψ ( vi ) ≡ Q INV = m {1, vi , v 2 /2} , where m is the molecular mass and v2 represents the
square of the velocity magnitude. This general result holds for any distribution function g and for any molecular interaction law. Taking moments of the Boltzmann
equation, given the set of collisional invariants, yields the following conservation
laws of gas dynamics:
∂
∂
( n < ψ >) +
( n < vkψ >) = 0
∂t
∂xk

(2.5)

Expanding Equation 2.5 using each of the collisional invariants in turn gives a set of
equations for the conservation of mass, momentum, and energy.
By introducing a set of relative velocity components, Ci = vi - ui , where ui = <vi >
is the expected value of the corresponding velocity variable, the following results
are obtained for the central moment stress tensor, thermodynamic pressure, viscous
stress tensor, internal energy, and heat flux vector, respectively, as follows:

σ ij = ρ < CiC j >

(2.6)

p = 13 σ kk

(2.7)

τ ij = -σ ij + pδ ij ;

0
δ ij = 
1

(i ≠ j )
(i = j )

eint = < 12 C 2 >
qi = ρ < 12 CiC 2 >;

C 2 = C12 + C22 + C32

(2.8)
(2.9)
(2.10)

where C 2 = C12 + C22 + C32 .
The conservation laws for gas dynamics can then be written in the following
familiar form:
∂Q ∂Fk
+
=0
∂t ∂xk

(2.11)
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where the algebraic state and flux vectors are, respectively,
 ρ 
 ρu 
 1
Q =  ρu2 
 
 ρu3 
 ρE 
 


ρuk


ρuku1 + σ k1 

ρuku2 + σ k 2 
Fk =

ρuku3 + σ k 3 

ρuk E + σ kiui + qk 














(2.12)

The internal energy, eint, and heat flux vector, qi, are given for a monatomic gas.
When the gas has a different internal structure, the procedure may be modified to
accommodate the intermolecular degrees of freedom. A common approach will
assume that all internal molecular energy modes exist in equilibrium, both internally
and with translational degrees of freedom.
The total internal energy, eint, can be expressed in terms of the temperature, T, by
the following equilibrium relation:
eint =

ξ
ξ
RT = σ 2 ,
2
2

(2.13)

where x equals the number of degrees of freedom, R is the gas constant, and σ 2 = RT is
the variance that specifies the second central moment for some PDF, g = g( vk | uk , σ 2 ),
to be determined. In this notation, it is understood that the probability function g is
conditional on knowing the parameters uk and s 2, so that it is fully specified. The
fluid velocity is the first moment, whereas the variance (temperature) is the second
central moment. When the first and second moments of a probability distribution are
known and the variable exists in the range ( -∞, ∞ ), then the equilibrium or maximum entropy distribution is a central probability distribution (Kapur and Kesavan,
1992). Also, when the off-diagonal correlation coefficients are zero, it is known as a
normal or Gaussian PDF. The additional internal energy is introduced through the
parameter x. For a monatomic gas, x = 3, whereas for a diatomic gas with two additional degrees of freedom (due to molecular rotation), x = 5. Diatomic gas molecules
have a dumbbell structure, so the energy associated with axial rotation is negligible.

2.3 Extended Probability Distributions
To account for the amount of energy carried by a particle with a certain internal
structure, the kinetic energy mv 2 /2 must be replaced by ( 12 mv 2 + ε ), where ε is the
additional internal energy per particle. The collisional invariants are then

{

ψ = m, mvi ,

1 2
mv + ε
2

}

(2.14)

To include the effects of internal structure, one can use the mathematical expression
for the probability distribution. The additional degrees of freedom can be expressed
by defining the variables ω k , with k = 1, 2 for the two rotational degrees of freedom,
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corresponding to a diatomic molecule with a linear structure. The expectation operator is then also modified to include integration over ω k ∈( - ∞, + ∞), with an expectation < ω k > equal to zero. One can therefore set ε = 12 mω 2 with ω 2 = ω 12 + ω 22 in
Equation 2.14 and use a multivariate PDF, g = g( vi , ω i | ui , σ 2 ).
Assuming Equation 2.1 continues to hold for the extended distribution function,
g( vi , ω i | ui , σ 2 ) , and the collision integral on the right side is interpreted properly,
then an additional integral over ω k is required to generate Equation 2.2 as moments
of Equation 2.1. The quantities in Equation 2.14 must continue to be conserved in
a collision. Consequently, Equation 2.4 becomes zero and Equation 2.5 remains
unchanged. Evaluating the left side of Equation 2.5 for the five different quantities
in Equation 2.14 gives identical results to those obtained for the monatomic gas, for
all quantities that contain polynomials in vi alone. This can be shown because integration over the ω k variables can be taken independently from integration over vi.
Therefore, the conservation laws for mass and momentum are recovered as written.
The same observation also applies to the first term in the quantity 12 m( v 2 + ω 2 ),,
and the conservation of energy can be written as
∂ 
1
1
 ρ < v2 > + ρ < ω 2
∂t 
2
2

∂

> +
 ∂xk

1
1

 ρ < vk v 2 > + ρ < vkω 2
2
2


> = 0


(2.15)

Substituting the central moments, Equation 2.6 to Equation 2.10 into Equation 2.15
and using the previous results for the monatomic gas gives
∂
∂
( ρE ) +
( ρuk E + σ ki ui + qk ) = 0
∂t
∂xk

(2.16)

where E ≡ eint + 12 u 2 ,
1 2
(C + ω 2 ) >
2

(2.17)

1
1
C i C 2 > + ρ < Ci ω 2 >
2
2

(2.18)

eint = <
and
qi = ρ <

The conservation law Equation 2.11 continues to hold, provided Equation 2.9 is
replaced by Equation 2.17, and Equation 2.10 by Equation 2.18. Therefore, the conservation law Equation 2.11 can be used with the state and flux vectors as they occur
in Equation 2.12, provided definitions in Equation 2.17 and Equation 2.18 are used
when a state of equilibrium exists between the internal modes and the translational
degrees of freedom (Vincenti and Kruger, 1965).
Since the conservation laws in Equation 2.11 can be developed for a general fluid
through phenomenological principles alone, the set is more general than implied by
a kinetic theory derivation, because they are also the conservation equations for fluid
dynamics. For an ideal gas flow, the kinetic theory approach is necessary in that it
shows that Equation 2.11 is valid for any degree of translational nonequilibrium,

© 2008 by Taylor & Francis Group, LLC

7262_C002.indd 37

1/19/08 11:31:53 AM

38

Entropy-Based Design and Analysis of Fluids Engineering Systems

i.e., any PDF for a translational velocity. If equilibrium conditions are assumed, then
the Maxwell–Boltzmann PDF (MB-PDF), gMB, can be used, and the conservation
laws are the Euler equations because the viscous stresses and heat flux are zero. If
instead a Chapman–Enskog (CE-PDF) distribution gCE is chosen, then the set of
moment equations can be interpreted as the Navier–Stokes equations because the
corresponding expressions describe the dynamics of a viscous, heat-conducting fluid.
Note that a PDF can be used in Equation 2.11. As long as g is fully specified, the set
becomes closed. If g remains general, then there is a closure problem when using a
moment method with kinetic theory because t ij and qi are unknown quantities in the
equations. The conservation equations in Equation 2.11 are not the Navier–Stokes
equations, until one introduces gCE or some other PDF that incorporates terms to
account for the viscous, heat-conducting effects.
In the conservation law, Equation 2.11, specifying Fi completely in three dimensions requires the evaluation of 15 quantities. But the task is simplified for a finite
volume together with Gauss’s divergence theorem. Equation 2.11 can be written in
the following integral form:
∂
∂t

∫

V

Q dV +

∫

S

Fn dS = 0

(2.19)

where S encloses the volume V, and Fn is the projection of Fi onto the unit outward
normal for the surface element dS. If V is a rectangular volume in Cartesian coordinates, then only five quantities need to be calculated for each planar surface, provided Fn can be evaluated directly. Using the notation of Equation 2.5, the state and
flux vectors can be generated from moments as follows:
Q = n <ψ >

Fn = n < vnψ >

(2.20)

where vn is the molecular velocity component normal to the planar surface. In
Equation 2.20, the scalar quantity Q is transported across a fixed surface by vn, thus
creating a flux in that quantity. The five fluxes defined in Equation 2.20 are total
fluxes. In the general case, they contain both the inviscid (Euler) fluxes, as well as
the nonequilibrium effects due to viscous stresses and heat conduction. Expressions
for the viscous stresses and heat conduction terms can be obtained readily from classical fluid dynamic theory (Vincenti and Kruger, 1965). Together with the ideal gas
equation of state, these nonequilibrium terms complete the constitutive relations for
the field equations. They will serve to establish the nonequilibrium PDFs described
in the following section.

2.4 Selected Multivariate Probability
Distribution Functions
This section summarizes four important probability distributions: the MB-PDF, the
central distribution PDF, the CE-PDF, and the skew-normal PDF, which have been
analyzed by Camberos (1997a,b) in terms of the Second Law. The notation in this
section is standard in probability theory.
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2.4.1 Maxwell–Boltzmann Probability Distribution Function
First consider the MB-PDF. This equilibrium distribution function is a special case
of the central probability distribution. It is fully specified by the first moment and
the second central moment (a temperature parameter), s 2, known as the variance.
Consider a monatomic gas for simplicity. The equilibrium probability distribution
for a set of ξ = 3 variables is represented by the MB-PDF,
g MB ( z | Co ) =

{

| Co-1 |1/2
1
exp - zT ⋅ Co-1 ⋅ z
( 2π )3/2
2

}

(2.21)

where z = (z1,z2,z3) is the set of standardized velocity variables written relative to
expectation values such that zk ≡ ( vk - uk ) / σ . The matrix Co contains the central
moments. For an equilibrium distribution, it is given by
Co = I3×3

(2.22)

where I3×3 is the identity matrix, sized appropriately for ξ = 3 variables. The matrix
in Equation 2.22 has no off-diagonal terms, so the multivariate probability distribution could have been expressed as the product of three univariate central probability
distributions in each variable. However, the form given in Equation 2.22 will be
retained for consistent notation, when compared with PDFs in following sections.

2.4.2 Central Distribution Probability Distribution Function
The second function selected is the central distribution PDF. The central distribution
(CD) for the number of variables sufficient to describe the molecular model of interest is
g(z bar{z}, C)
The second function selected is the central distribution (CD) PDF. The CD for the
number of variables sufficient to describe the molecular model of interest is gCD.
It has the same form as the right side of Equation 2.21 for the MB-PDF, but now
the more general covariant matrix C contains all of the central moments. Components of C are given by
 x - xi   xj - x j 
cij = rij ≡  i


 σi   σ j 

(2.23)

which are known in probability theory as the correlation coefficients. Note that
rii = 1, because σ 2jj = < ( x j - x j )2 > . The MB-PDF is a special case of Equation 2.23,
whereby all of the mixed central moments are zero. Taking the expectation value of
ψ using gMB gives the following algebraic vector of macroscopic state variables:
Q = n < ψ > MB =

∞

∞

-∞

-∞

∫ ∫

nψ g MB ( vi | ui , σ 2 ) dx1dx2 dx3

(2.24)
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which is given in Equation 2.12 with a total specific energy E = 12 (u 2 + 3σ 2 ), where
ui are the fluid velocity components in Cartesian coordinates.
The algebraic vector for the flux of particles, F, across a volume boundary is
given by the expectation value of the state function multiplied by the velocity components normal to the boundaries:
FkEE = n < vkψ > MB

(2.25)

On evaluating the expectation values for each component, with vk = zk σ k + uk , one
finds that Equation 2.25 produces the familiar inviscid flux vectors for the Euler
equations, as noted by the superscript. If, instead, expectation values are taken by
the central PDF with nonzero correlation coefficients, one obtains the same state
vector, but
FkCD = n < vkψ > CD

(2.26)

which now contains the viscous terms due to velocity gradients. These fluxes could
be used, for example, to represent the Navier–Stokes equations.

2.4.3 Chapman–Enskog Probability Distribution Function
Next, consider the CE-PDF. To accommodate heat-conduction effects, the equilibrium MB-PDF or the CD-PDF must be modified. A well-known approach to modify the MB-PDF is to apply the perturbation technique employed by Chapman and
Enskog (1939). This technique yields a pseudo-PDF that incorporates the effects of
velocity and temperature gradients when deviations from equilibrium are not too
severe. One can write the so-called Chapman–Enskog pseudoprobability distribution in different ways. To maintain consistency with the notation used in this chapter,
the CE-PDF is written as


g CE ( z,| q, T , σ 2 ) = 1 



1 T
1 
( z ⋅ T ⋅ z ) + q ⋅  z - z 3   g MB

2
5  

(2.27)

where
 
 1
 
 
 2
 
 3
 

z
z= z
z










z13 

z 3 ≡ z23 

z33 

(2.28)

The effects of heat conduction are included in the following parameter:
q = ( qˆ 1, qˆ 2, qˆ 3), qˆ k ≡

qk
,
ρσ 3

(2.29)

which are called skewness coefficients in probability theory because of their effects
on the PDF.
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Define the following nondimensional stress matrix
τ 11

τ ≡ τ 21
τ 31


τ 12
τ 22
τ 31

τ 13 

τ 23  ;
τ 33 

τ ij = τ ji

(2.30)

This accounts for the effects of velocity gradients, because we define the dimensionless viscous stresses by
tki ≡

τ ki
.
ρσ 2

(2.31)

Evaluating the expectation value in Equation 2.24 using gCE instead of the equilibrium MB-PDF gives the same state vector, but now the flux vectors in Equation 2.25
will include both the viscous and heat-conducting terms. Hence, the full Navier–
Stokes equations are represented by Equation 2.11, when gCE is used together with
the constitutive relations for t ki and qk .

2.4.4 Skew-Normal Probability Distribution Function
Finally, with a skew-normal PDF, we can choose any probability distribution when
generating the moment equations. One may consider alternatives to the CE-PDF,
as long as the appropriate field equations are obtained. One approach is to use the
PDF directly and a probabilistic approach when constructing it. To incorporate the
effects of viscosity, which lead to second-order moments with nonzero correlation
coefficients, a multivariate central probability distribution is sufficient. This is the
maximum entropy probability distribution, when the first and second moments are
specified. However, to include the effects of heat conduction, one needs to specify
the third-order central moments. If only these are specified and no others, then a
resulting maximum entropy analysis becomes infeasible since the exponential function cannot be normalized when third-order powers are included. The only recourse
is the Chapman–Enskog results, with skewness coefficients in the construction of
the PDF, which will be a modification of the central distribution. This leads to a
skew-normal pseudo-PDF (SN-PDF). In this PDF, a nonzero third-order moment is
obtained, although the symmetry of a multivariate central distribution is retained.
The skew-normal distribution is defined by variable tii from Equation 2.31.
1 


g SN ( z |θ , C ) = 1 - θ ⋅  z - z 3   g CD ( z | C )

3 


(2.32)

where zˆ i = z/ 1 - tii . The skewness coefficients θ = (θ1 , θ 2 , θ 3 ) must be determined
from the moment constraints, thereby leading to the full Navier–Stokes fluxes. The
PDF on the right side of Equation 2.32 is the multivariate CD-PDF with correlation
coefficients given by Equation 2.23.
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The moments n <vkψ > SN produce the Navier–Stokes fluxes, which are obtained
by specifying gSN with the following covariant matrix:
 r11σ 12

C = r21σ1σ 2
 r31σ 3σ1


r13σ1σ 3 

r23σ 2σ 3  .
r33σ 32 

r12σ1σ 2
r22σ 22
r32σ 2σ 3

(2.33)

where σ k2 ≡ 1 - τ kk and


1


rji = rij = 

τ ij
 (1 - τ ii )(1 - τ jj )


i= j
(2.34)
i ≠ j.

The structure of the covariant matrix implies that the molecular translational modes
are not at equilibrium with the fluid temperature.
To obtain the correct energy fluxes, the skewness coefficients q k must be related
to the heat-conduction terms. Hence, the third-order moments are equated to the
expectation of the flux of thermal energy, relative to fluid velocity. The resulting
constraints provide a unique solution, but the solution gives a complicated set of
equations for the three unknown parameters, q1, q 2, q 3. A more convenient form of
the result is
 qˆ 1 
 
θ = (θ1 , θ 2 , θ3 ) = K ⋅ qˆ 2 
 qˆ 3 
 
-1

(2.35)

where q̂ k expressions were previously defined in Equation 2.29. Also, K can be
expressed by

σ1
K≡ 0
0









0
σ2
0

0   r11
 
0  r12
 
σ 3   r13

r13   a1
 
r23   0
 
r33   0

r12
r22
r23

0
a2
0

0 

0 

a3 

(2.36)

where
3

ai =

∑r σ
2
ik

2
k

(2.37)

k =1
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and u,t ij and qi are given by local conditions and constitutive relations. The skewnormal distribution is then fully specified by the parameters q k and covariance
matrix C. This then yields the full Navier–Stokes fluxes after evaluating the moments,
n < vkψ > , with g = g SN.

2.5 Concave Entropy Functions
From elementary thermodynamics, the specific entropy for an ideal gas with constant specific heats can be written in the following nondimensional form:
s EQ =

1
ln T ′ - ln ρ ′
γ -1

(2.38)

where T ′ and ρ ′ are the nondimensionalized temperature and mass density ratios,
with respect to some reference state. As a function of the fluid state variables, the
specific entropy is concave. The concavity property of entropy can be interpreted
through proper probability distributions. The probabilistic approach to statistical
physics developed by Lavenda (1991) asserts that “the connection between entropy
and probability is through a law of error for extensive thermodynamic variables and
Boltzmann’s principle is a consequence of it.” This “law of error” is realized as an
inequality expressing the concavity property of entropy. Concavity is directly related
to the logarithm of a probability distribution as follows:
- ln g( x ) = s( x ) - s( x ) - s ′( x )( x - x ) + constant

(2.39)

where the prime notation (v′) denotes a derivative.
Physical phenomena that are characterized by a probability density, g(x), for
some relevant variable, x, can be examined in terms of Gauss’s principle, where one
identifies the average value, x , with the most probable value. The function g(x) is a
general, unknown probability density, not limited to conditions at equilibrium. The
concavity property of entropy requires that
s( x ) - s( x ) - s ′( x )( x - x ) > 0

(2.40)

The inequality defines a strictly concave function. In thermodynamics, the average
value x is uniquely determined at the equilibrium state. Note that Equation 2.40
does not assert that the entropy, s(x), of the nonequilibrium state is always less than
the entropy of the equilibrium state, s( x ). A key feature of Equation 2.40 lies in the
realization that the entropy function is a constrained maximum, where the derivative
s ′( x ) has the role of a Lagrange multiplier for the corresponding constraint, obtained
directly as a function of the conserved state variable or variables. Thus, the entropy
tends to increase only when the state variable differs from its value at equilibrium.
Taking the average of Equation 2.40 gives s( x ) - s( x ) > 0, which implies a principle
of nondecreasing entropy.
To obtain the entropy associated with a PDF, the expectation value of the negative of the natural logarithm is taken as follows:
s = <- ln g>

(2.41)
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where the functional dependence is given with respect to a set of standardized variables. This allows one to define
1 T -1
z ⋅ C ⋅ z + ln | C |
2

ϕ=

(2.42)

which is “-1n g” with the constant omitted, such that
CD

s PDF - s EQ = <- ln g >

(2.43)

where sEQ is the thermodynamic (equilibrium) entropy. The expectation value is
taken relative to the standardized variables, so the right side of Equation 2.43 will be
either negative for a nonequilibrium PDF or zero for an equilibrium PDF. With the
MB-PDF, a constant is obtained, although it does not change the implications.
This analysis can be extended for the Maxwell–Boltzmann entropy. For the
MB-PDF,

ϕ MB =

1 T -1
z ⋅ Co ⋅ z + ln | Co |
2

(2.44)

where Co is the identity matrix so | Co | = 1. Taking the expectation value yields
s MB - s EQ = < ϕ > MB =

1 T
1
3
< z ⋅ z > = < z12 + z22 + z32 > =
2
2
2

(2.45)

As anticipated, the entropy associated with the MB-PDF is equivalent to the thermodynamic entropy, within a constant.
For the Chapman–Enskog entropy, with the CE-PDF,

ϕ CE = ϕ MB + ln{1 + ε}

(2.46)

where ε contains the nondimensional parameters associated with velocity and temperature gradients, as expressed in Equation 2.27. The expectation value of the second term in Equation 2.46 cannot be evaluated analytically. One possibility is to
expand the term, assuming that ε << 1. But this gives a result indicating that the
nonequilibrium entropy is greater than the equilibrium entropy, which is not possible
in the context of physical theory (see Figure 2.1). Thus, for the CE-PDF,
sCE - s EQ = s MB - s EQ =

3
2

(2.47)

The entropy associated with the equilibrium Euler equations is the same as the
function associated with the nonequilibrium Navier–Stokes equations.
Correspondingly, for the central distribution entropy, with the following central
distribution PDF,

ϕ CD =

1 T -1
z ⋅ C ⋅ z + ln | C |
2

(2.48)

© 2008 by Taylor & Francis Group, LLC

7262_C002.indd 44

1/19/08 11:32:33 AM

Statistical and Numerical Formulations of the Second Law

45

1.0
0.5

q̂
0.0
–0.5
–1.0

0.4
SCE–S0
0.2

0.0
–1.0
–0.5
t11

0.0
0.5
1.0

Figure 2.1 Chapman–Enskog expectation value for entropy difference relative to equilibrium entropy.

Taking the expectation value yields
<ϕ> CD =

3
+ ln | C |
2

(2.49)

where ln | C | is the logarithm of the determinant of the covariance matrix. For simplicity, one can assume only t11 ≠ 0 . For this case, the constraint is t22 = t33 = -t11 /2.
Then
sCD - s EQ =

3 1
+ ln {(1 - t11 )(1 - t11 /2 )2 }
2 2

(2.50)

Under certain conditions restricting possible values of the nondimensional shear
stress t11, the entropy associated with the CD-PDF is always less than the equilibrium
value, as shown in Figure 2.2. The range implies that -2 < t11 < 1, which includes
values typically found in actual physical processes, such as shock waves.
Finally, for the skew-normal entropy, the SN-PDF is

ϕ SN = ϕ CD + ln{1 + ε}

(2.51)

© 2008 by Taylor & Francis Group, LLC

7262_C002.indd 45

1/19/08 11:32:39 AM

46

Entropy-Based Design and Analysis of Fluids Engineering Systems
1.0
0.5

q̂
0.0
–0.5
–1.0
0.0
–0.5
–1.0
SCD–S0
–1.5
–2.0
–2
–1

t11

0
0.5
1

Figure 2.2 Central distribution function expectation value for entropy difference relative
to thermodynamic entropy.

where ε contains the parameters associated with thermal and velocity gradients.
This presents the same difficulty as the CE-PDF, because this term cannot be evaluated analytically. Using the same analysis mentioned previously, an expression can be
obtained by assuming that ε << 1. But again for some combination of values of t11 and
q̂1, the result is nonphysical. For the range typically found in practice ( -1 < t11 < 0 ),
the entropy associated with the SN-PDF is less than the equilibrium value (see
Figure 2.3). Due to this uncertainty, it is assumed that
s SN - s EQ = sCD - s EQ

(2.52)

In the next section, these results will be used to develop a statistical formulation of
the Second Law.

2.6 Statistical Formulation of the Second Law
Performing an entropy balance over a differential control volume for inviscid flows
(Euler equations), it can be shown that
S& gen =

∂( ρs ) ∂( ρuk s )
+
∂t
∂xk

(2.53)
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Figure 2.3 Skew-normal expectation value for entropy difference relative to thermodynamic entropy.

where the first term on the right side is the time-rate-of-change of entropy in a differential control volume. For processes modeled by the Euler equations, which are generated as moments of the Boltzmann equation with the MB-PDF, the entropy generation
is zero. For the Navier–Stokes equations, it was shown in the previous chapter that
S& gen =

κ
µ
∇T ⋅∇T + F
T2
T

(2.54)

where F is the viscous dissipation function (strictly nonnegative). For processes governed by the Navier–Stokes equations, entropy generation is always nonnegative, as
the coefficient of thermal conductivity, k, and viscosity, m, is nonnegative. Motion of
a viscous, heat-conducting fluid will yield a net production of entropy.
A statistical approach for deriving the entropy production equation is to extend
the technique for conservation laws, as moments of the Boltzmann equation, to the
Second Law. The entropy generation rate can be expressed as
S& gen =

∂
∂
( n < ϕ >) +
( n < vkϕ >)
∂t
∂xk

(2.55)
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which is consistent with kinetic theory, because the collision integral for the quantity represented by ϕ = - ln g is nonzero. It remains to determine under what conditions the entropy generation rate is nonnegative, to satisfy the Second Law of
Thermodynamics. For the MB and CE probability distributions, this is already
established because both yield the same functional expression for the entropy.
For the CD and SN distributions, the expression for entropy in these distributions differs from the equilibrium entropy, so extra terms appear when the entropy
generation rate is evaluated using Equation 2.55 with either of these distributions. However, it is evident that a nonequilibrium version of the Clausius-Duhem
inequality emerges.
The expression in Equation 2.55 may be considered a generalized version of
the standard Clasius-Duhem expression for the entropy production rate. The equation will contain additional terms due to the nonequilibrium effects of velocity and
temperature gradients. As expected, these effects appear not only in the constitutive
relations for the stress tensor, but also in the entropy function itself. This satisfies the
requirement of the Second Law of Thermodynamics, as the nonequilibrium entropy
is less than its corresponding equilibrium value. But the result is different from the
result obtained with the Chapman–Enskog formalism, when constructing the pseudoprobability density (a perturbation) for the Navier–Stokes equations.

2.7 Numerical Formulation of the Second Law
The previous sections have developed statistical formulations of entropy and the
Second Law. From this basis and the governing equations developed previously for the
Second Law, numerical solutions of the governing equations can be determined. This
section develops a numerical formulation of the Second Law. Many types of numerical
methods exist for the solution of the Navier–Stokes equations, such as finite differences, elements, volumes, and so forth. This section uses a particular method (called a
CVFEM; control volume-based finite element method) to illustrate how discretization
of the Second Law can be accomplished. Similar procedures can be readily developed
with other methods, by postprocessing of the computed velocity and temperature fields
to determine the entropy production rates throughout the flow field.

2.7.1 Discretization of the Problem Domain
A typical two-dimensional domain in Figure 2.4 is subdivided into linear, quadrilateral finite elements. The grid is collocated, so that the velocity components, pressure, and temperature are obtained at nodes located at every element corner. The
finite element discretization uses a local ( s, τ ) coordinate system that defines the
shape functions and other element properties. A local numbering scheme, ranging from
1 to 4, is used within each element, so that the finite element equations can be developed locally and independently of the mesh configuration. Following a conventional
assembly procedure (Schneider, 1988) for finite elements, the local nodal equations
are assembled into the global system of equations involving global nodes. The
conservation principle is applied over an “effective” control volume defined by all
subvolumes from elements surrounding a particular node in the mesh. Each element
is subdivided into four subcontrol volumes (SCVs), with internal SCV boundaries
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Finite Element

4
Subvolume

Control Volume

Figure 2.4 Schematic of a finite element and control volume discretization.

coincident with the local coordinate surfaces defined by s = 0 and t = 0 (see
Figure 2.4; note origin of axes at the center of an element).
Transported quantities across the edges (surfaces) of a control volume are
approximated from values at the midpoint of a subsurface, called the integration
point, where “ip” refers to the integration point in Figure 2.4. Interpolation within
each element yields
4

x=

∑Nx

(2.56)

i i

i =1
4

y=

∑Ny

(2.57)

i i

i =1
4

φ=

∑NF
i

i

(2.58)

i =1

where xi, yi, and Fi are nodal values of the spatial coordinates and f, respectively.
For quadrilateral, isoparametric elements, the linear shape functions, Ni, are given by
N1 =

1
(1 + s )(1 + t )
4

(2.59)

N2 =

1
(1 - s )(1 + t )
4

(2.60)

N3 =

1
(1 - s )(1 - t )
4

(2.61)

N4 =

1
(1 + s )(1 - t )
4

(2.62)
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The spatial derivatives of the scalar function are evaluated according to
∂φ
=
∂x
∂φ
=
∂y

4

∑ ∂∂Nx F
i

i

(2.63)

i

(2.64)

i =1
4

∑ ∂∂Ny F
i

i =1

To obtain the x and y derivatives of the shape functions in Equation 2.63 and
Equation 2.64, the chain rule for partial derivatives is applied as follows:
∂N i ∂N i ∂x ∂N i ∂y
=
+
∂s
∂x ∂s ∂y ∂s

(2.65)

∂N i ∂N i ∂x ∂N i ∂y
=
+
∂t
∂x ∂t
∂y ∂t

(2.66)

Solving for the x and y derivatives,
 ∂N i 
 ∂y
 ∂x  1  ∂t

= 
 ∂N i  J  -∂x
 ∂y 
 ∂t

-∂y   ∂N i 
∂s   ∂s 


∂x   ∂N i 
∂s   ∂t 

(2.67)

where J is the determinant of the Jacobian of transformation given by
J=

∂x ∂y ∂y ∂x
∂s ∂t ∂s ∂t

(2.68)

The derivatives of the global coordinates with respect to local coordinates in
Equation 2.67 are obtained from the x and y nodal values as follows:
∂x
=
∂s

4

∑ ∂∂Ns

xi

(2.69)

∂N i
xi
∂t

(2.70)

i =1
4

∂x
=
∂t

∑

∂y
=
∂s

4

∂y
=
∂t

i

i =1

∑ ∂∂Ns

i

yi

(2.71)

∂N i
yi
∂t

(2.72)

i =1
4

∑
i =1

© 2008 by Taylor & Francis Group, LLC

7262_C002.indd 50

1/19/08 11:33:04 AM

51

Statistical and Numerical Formulations of the Second Law

The local derivatives of the shape functions required in Equation 2.72 can be found
by differentiating Equation 2.59 through Equation 2.62. In the upcoming approximation of transient and source terms, the area of a two-dimensional control volume
bounded by a specific range of s and t is given by
dA = Jdsdt

(2.73)

2.7.2 Discretization of the Conservation Equations
The discrete conservation equations are obtained by integrating the differential
equations over a discrete control volume (or two-dimensional area, encompassed by
a surface, S). Using the Gaussian theorem, the standard form of the integral equation
for a conserved quantity, f, can be expressed as

∫

∂( ρφ )
dA +
∂t

A

∫ (ρvφ ) ⋅ dn - ∫ (Γ∇φ ) ⋅ dn = ∫
S

S

&
PdA
A

(2.74)

The term on the right side refers to a source term, where v and dn refer to the velocity and differential normal vector at the surface, respectively. Equation 2.74 applies
to each control volume, as well as the solution domain as a whole. To discretize
Equation 2.74 in two dimensions, a particular finite element illustrated in Figure 2.4
is considered. Let the variable Q represent the flow of f across the edge of an element. The flows consist of a diffusive component and convective component. The
integral forms of the components are given by the second and third terms on the left
side of Equation 2.74, convective and diffusive.
The first and second subscripts on S and Q will denote the subsurface and nodal
point numbers, respectively. The subscripts e1 and e2 will refer to flows into the
control volume through the surfaces, which lie on the exterior edge of the element.
Therefore, the equation governing the conservation of f over SCV1 (subquadrant 1
of element in Figure 2.4) can be written as
Q1,1 + Q4,1 + Qe1,1 + Qe 2,1 +

∫

scv1

PdV =

∂
∂t

∫

scv1

ρφ dV

(2.75)

To complete the discretization of the integral conservation equation, the surface
and volume integrals need to be approximated. For example, the diffusive component of Q4,1 is approximated by
Q4,1 =

∫

S4 ,1

4

( Γ∇φ ) ⋅ dn =

∑
j =1






Γx


∂N i ip
∂N i ip
|4 Dy4 - Γ y
|4 Dx4  F j

∂x
∂y

(2.76)

where the gradient functions have been evaluated using the shape functions. Note that
the surface integral in Equation 2.76 is approximated by the product of the flux evaluated at the surface integration point and the length of the surface (see Figure 2.4).
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Similarly, the convective component is given by
Q4,1 =

∫

S4 ,1

( ρvφ ) ⋅ dn = ρv4ip Dx4φ4ip - ρu4ip Dy4φ4ip

(2.77)

where the lower case variables, f ip and uip, denote the integration point values. Also,
Dx4 and Dy4 are respective changes in the x and y directions, as subsurface 4 is traversed in a counterclockwise direction.
Some common schemes for obtaining the integration point variable, f ip, in terms
of the nodal values are the upwinding differencing scheme (UDS), central differencing scheme (CDS), exponential differencing scheme (EDS), and a physical influence scheme (PINS) (Naterer, 1999; Schneider, 1988). UDS uses an upstream value
to approximate the scalar at the integration point. CDS uses a linear interpolation
between adjacent nodes, and EDS is a “hybrid” scheme, which obtains a smooth
transition from the CDS scheme, for low Peclet numbers (Pe = ρui Dxi /Γ), to the UDS
scheme for high Peclet numbers (Patankar, 1980). The value taken for the convected
variable is determined based on an interpolated value at the nodal points, related by
integration point coefficients. PINS predicts the integration point value of the scalar
by a local approximation of the governing equation at the integration point. Thus,
each integration point equation becomes an approximation to the appropriate partial
differential equation, including all physical influences on the upwind value.
For the transient term, a lumped mass approximation is adopted. The approach
assumes that f is uniformly equal to the nodal value over the whole control volume.
The transient term is represented in the following form:
∂
∂t

∫

scv1

ρφ dV = ρ J

( F1n +1 - F1n )
Dt

(2.78)

where the superscripts n and 0 refer to the new and old time levels, respectively, and
J denotes the area of SCV1. Finally, for a given source-type term, such as the pressure
gradient, body force, or the contribution from viscous stress terms in the momentum
equations, the source term is evaluated as

∫

scv1

P dV = P | 1 , 1 J
2 2

(2.79)

where a midpoint integration has been used in evaluating P at ( 12 , 12 ). The twodimensional domain considered in this discretization is assumed to have a unit depth
normal to the plane of interest. Thus, the volume and area integrals reduce to area
and line integrals, respectively. Each of the aforementioned components of the discrete equation can be assembled into Equation 2.74 and represented in a final matrix
form. If the contributions of the four separate control volume equations are taken
together, the algebraic equations can be written as
[ Aφφt + Aφφd ]{φ} + [aφφa ]{φ} = {Bφt } + {Bφ p}

(2.80)
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where the superscripts f on A denote a f equation and a multiplier of a f variable.
The superscripts t, a, d, and p refer to the transient, advection, diffusion, and source,
respectively. The square brackets denote a 4 × 4 matrix, and the braces denote a
column vector. A row in the matrix represents the SCV contribution to the corresponding control volume equation, and the column indicates the integration point (or
nodal point) of the variable multiplied. In the CVFEM, the element stiffness matrix
is generated from a control volume formulation.

2.7.3 Discretization of the Second Law
The entropy production rate can be calculated numerically from the entropy transport equation (Cheng et al., 1994; Merriam, 1988). Alternatively, after simplifying
and using the Gibbs equation, which relates entropy to the temperature, pressure,
mass, density, and internal energy, an alternative positive definite form of the entropy
production equation can be obtained (Bejan, 1996; Naterer and Camberos, 2001).
This positive definite form was presented in previous sections, and it will be further
developed in this section with a numerical formulation and CVFEM.
For the numerical discretization of entropy production, let Vj denote the volume
associated with node j, so the integral form of the Second Law can be written as
Vj

∂S j
+
∂t

∫

Sj

r r
F ( q ) ⋅ ds ≥ 0.

(2.81)

r
where q represents the vector of conserved variables.
The entropy flux (second term) results from the contribution of four different
SCVs within four different elements sharing node j. The resulting equation for the
effective control volume surrounding node j becomes
∂S j
Vj
+
∂t

8

∑ DF

i

(2.82)

≥0

i =1

where the summation (over node i) refers to 8 integration points of the effective
control volume.
Two alternative temporal discretizations are considered in this formulation of
the Second Law. The first way is a semidiscrete approach, whereby the entropy time
derivative is transformed by the chain rule, i.e.,
r
r
∂S j ∂S ( q ) ∂q j
=
r |j
(2.83)
∂t
∂q
∂t
Now, substitute expressions of the conservation equations in to ∂qr j / ∂t and place the
resulting form of ∂S j /∂t into Equation 2.82, thereby giving
-

r
∂S ( q )
r |j
∂q

8

∑
i =1

ri
Df +

8

∑ DF

i

≥0

(2.84)

i =1

In this approach, no temporal differencing is applied.
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The second approach uses a backward-difference in time to evaluate the entropy
storage term. For two-dimensional quadrilateral elements, the Second Law becomes
Vj

S nj +1 - S nj
+
Dt

8

∑ DF

i

≥0

(2.85)

i =1

where the superscript n + 1 denotes evaluation at the current time step and the superscript n refers to the previous time step. Equation 2.85 is the fully discrete form of
the Second Law.
For an implicit time advance, the semidiscrete and fully discrete entropy production rates become
( P& s )nj +1 = -

∂S n+1
r |j
∂q

8

∑

r i ,n+1
Df
+

i =1

8

∑ DF

i ,n +1

≥0

(2.86)

i =1

and
( P& s ) Ij = V j

S nj +1 - S nj
+
Dt

8

∑ DF

i ,n +1

≥0

(2.87)

i =1

respectively. In Equation 2.86
r and
r Equation 2.87, the notation expressing the functional dependence of S on q, S ( q ), has been dropped for brevity. For a variable, h,
in the range of n ≤ η ≤ n + 1, the relationship between Sn+1 and Sn can be found from
a Taylor’s expansion as follows:

∂
∂  n +1
S nj = S nj +1 -  q1n,+j 1 - q1n, j
+ ... + q4n,+j1 - q4n, j
 Sj
∂q1
∂q4 


(

)

(

)

2

1
∂
∂  η
+  q1n,+j 1 - q1n, j
+ ... + q4n,+j1 - q4n, j
 Sj
2
∂q1
∂q4 

(

)

(

)

(2.88)

The transport equation for the conserved variables can be written similarly as
Equation 2.85 using an implicit time advance as follows:
r
r
Dt
q nj +1 - q nj +
Vj

8

∑ Df

i ,n +1

≥0

(2.89)

i =1

The value of ( qr nj +1 - qr nj ) can be replaced in Equation 2.88 by using Equation 2.89.
The resulting form of S nj may then be substituted into Equation 2.87 to obtain an
expression for ( P& s ) Ij as follows:



( P& s ) Ij =  


-

∂S n+1
r |j
∂q

8

∑




8

Df i ,n+1 +

i =1

∑

DF i ,n+1 



i =1

(2.90)
2

V j  n +1
∂
∂  η
n
+ ... + q4n,+j1 - q4n, j
 q1, j - q1, j
 Sj ≥ 0
2 Dt 
∂q1
∂q4 

(

)

(

)
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Substituting the expression for the semidiscrete equation into Equation 2.90 using
Equation 2.87, it can be shown that
( P& s ) Ij = ( P& s )nj +1 -

Vj
2 Dt

4

4

∑∑h α α
kl

k =1

k

l

(2.91)

l =1

r
where hkl denotes the entries of the Hessian matrix, H =r∂2 S/∂q 2 , rand α k =
r n +1 r n
( q k , j - q k , j ) . Note that hkl depends on the entropy functions, S ( q ) and F ( q ), and the
problem parameters under consideration.
The Hessian matrix entries (second derivatives of entropy) can be derived analytically for specific cases such as compressible flows, subject to the Navier–Stokes
equations of motion. The entries require derivatives of entropy, with respect to ther
vector of conserved variables. For example, the entropy derivative with respect to q
for one-dimensional compressible flows can be written as (Camberos, 1995; Merriam,
1988; Naterer, 1999)

(γ - 1) ρu 2 
(γ - 1) ρu
(γ - 1) 

S,qr = s + cv  -γ +
, - cv
, ρcv


2
P
P
P 




(2.92)

r
Physically, the result S,qr dq represents the cumulative effect of changes in all conserved quantities on the entropy change. Because H is convex (negative definite),
then the quadratic form given by the double sum in the semidiscrete entropy production becomes negative for all (α1 , α 2 , α 3 , α 4 ). As a result,
( P& s ) Ij ≥ ( P& s )nj +1

(2.93)

Thus, the fully discrete entropy production rate for a numerical scheme is equal to or
greater than the semidiscrete entropy production. From Equation 2.91, the effects of
entropy production due to temporal and spatial discretization may be separated from
each other. In the upcoming chapters, numerical simulations of entropy production
that utilize this result and formulation will be presented.
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