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Predicted Irreversibilities
of Incompressible Flows

3.1 Introduction
Entropy production is a key parameter in determining the maximum theoretical limits of energy efficiency of engineering devices. Inefficiencies in a fluids engineering system arise from thermal, friction, and other thermodynamic irreversibilities.
The Second Law of Thermodynamics can provide a systematic way of establishing
optimal performance in these systems. For example, the Carnot cycle efficiency is
based on processes that require the least amount of heat input, to deliver the maximum power output by giving ideal performance without irreversibilities. Actual
heat engines are often compared against this Carnot limit. The rate of entropy generation, or any related measure of efficiency based on the Second Law, such as the
Second Law efficiency, can be used to quantify the magnitude of irreversibilities in
thermofluid applications. Power-generation devices (such as steam turbines) deliver
maximum power output, and power-consuming devices (i.e., compressors, pumps)
consume the least power when the rate of entropy generation is minimized.
In this chapter, dissipative energy losses will be characterized through local rates
of entropy production, which could be alternatively expressed in terms of exergy
destruction. Past studies have shown the importance of such exergy tracking in various industrial applications, such as fluid machinery, transportation (Dincer et al.,
2004), cogeneration district energy systems (Rosen et al., 2004), and others. Many
other past efforts have been devoted to the design of highly efficient energy devices
and systems. Consequently, these devices have been thoroughly scrutinized for possible design improvements. With the current state of this technology, the margins
of increasing such performance further are often relatively small. This chapter discusses how the Second Law can offer new ways of reaching the upper limits of technological performance, based on local predictions of thermofluid irreversibilities.
Past studies have described various analytical and empirical techniques for entropybased optimization of engineering systems, most notably the method of entropy generation minimization (Bejan, 1996). Some typical examples include extended fins
in forced convection (Poulikakos and Bejan, 1982) and two-phase heat exchangers
(Zubair et al., 1987). An analytical approach typically involves the derivation of a
functional expression for the entropy generation in a process. The extrema of the
functional expression, which characterize the minimum entropy production, are then
determined by analytical methods of calculus.
The rate of entropy generation is a derived quantity, which is predicted from
postprocessing of the temperature and velocity distributions. For complex flow
configurations, this typically requires numerical methods like computational fluid
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dynamics (CFD). In this chapter, it will be shown that an entropy-based local loss
analysis remains consistent with the usual global loss distribution given by traditional loss correlations. A component-level design methodology can be enhanced
by the capability of identifying the source and specific location of highest entropy
production. This approach can be more valuable than examining global losses like
a duct’s end-to-end pressure loss, because the desired overall performance can be
improved by redesigning a component locally. Unlike past methods involving global
coefficients characterizing the overall performance, this chapter discusses a new
entropy-based metric for characterizing local losses of available energy. Also, methods are developed to predict upper bounds on entropy, thereby allowing designers to
use the Second law to develop systems with higher performance and efficiency.

3.2 Entropy Transport Equation
for Incompressible Flows
In tensor notation, the conservation form of the general scalar transport equation in
multidimensions can be written as
∂( ρφ )
∂
∂
+
( ρu j φ ) = ∂t
∂x j
∂x j

 ∂φ 
 Γ ∂x  + Sφ

j

(3.1)

where j = 1,2,3 and f is a general scalar quantity or dependent variable, such as temperature, velocity, or concentration transported throughout the flow field by diffusion or convection. The terms on the left side of Equation 3.1 represent the transient
storage and convective flux. The first term on the right side is the diffusive flux. The
last term represents production or sources of f in the volume. In the modeling of
Equation 3.1, Γ and Sφ are generalized variables representing the diffusion coefficient and source terms, respectively.
The conservation equations involve equalities, whereas the Second Law involves
an inequality. As discussed in previous chapters, the entropy transport equation can
be written as
∂S ∂Fi
+
≡ P& s ≥ 0
∂t ∂xi

(3.2)

where P& s is the entropy production rate and S = rs represents the entropy per unit
volume. The component of the entropy flux in the xi direction, Fi, may be expressed in
terms of the velocity component and heat flux in that direction, vi and qi, as follows:
Fi = ρvi s +

qi
.
T

(3.3)

The specific entropy, s, in the flux term of Equation 3.2 can be obtained from the
Gibbs equation as follows:
ds =

1
p
de + 2 d ρ
T
ρT

(3.4)
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where e is the internal energy per unit mass, r represents density, and p is pressure.
Integration of the Gibbs equation leads to
Ds =

∫

Ts

Tr

cv

dT
+
T

∫

ρs

ρr

p
dρ
ρ 2T

(3.5)

where the subscripts r and s denote a specified initial (or reference) state and the
current state, respectively. The variable cv represents the specific heat, which will be
assumed to be constant (formulation is limited to liquid flows or incompressible gas
flows over small to moderate temperature differences).
For an incompressible fluid, Equation 3.5 becomes
T 
Ds = s - sr = cv ln  s 
 Tr 

(3.6)

ρ 
T 
s = cv ln  s  - Rln  s  + sr
 Tr 
 ρr 

(3.7)

For an ideal gas,

Substituting the ideal gas law into Equation 3.7,
s = cv ln

 p∗ 
( ps / pr )
+ sr = cv ln  ∗g  + sr
g
( ρs / ρr )
ρ 

(3.8)

where g is the ratio of specific heats.
When combined with the Gibbs equation, the entropy transport equation provides
a way of calculating the local entropy generation for an open system. As discussed in
the previous chapter, an alternative way of formulating P& s is (Bejan, 1996)
2

P& s =

k  ∂T  τ ij ∂ui
+
≥0
T 2  ∂xi 
T ∂x j

(3.9)

where k is the thermal conductivity and τ ij is the viscous stress arising from velocity
gradients in the fluid motion,


∂u j  2 ∂uk 
  ∂u
τ ij = m   i +
δ ij 

∂xi  3 ∂xk 
  ∂x j

(3.10)

In Equation 3.10, m and δ ij refer to the dynamic viscosity and Kronecker delta,
respectively. The last divergence term in Equation 3.10 will vanish under the assumption of flow incompressibility.
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In Equation 3.9, Fourier’s law has been used to represent heat conduction. Also,
a Newtonian fluid was assumed for the viscous stress term. Based on these models, Equation 3.9 becomes a positive definite expression for the entropy generation rate, as it represents a sum of squared terms. Temperature, T, is expressed in
absolute (Kelvin) units. The positive definite equation applies to both compressible
and incompressible Newtonian fluids. In Equation 3.9, the first term on the right
side represents entropy generation due to heat transfer across a finite temperature
difference, whereas the second term represents the local entropy generation due to
viscous dissipation (i.e., conversion of kinetic energy into internal energy through
fluid friction).
The vector form of the positive-definite equation for entropy production can be
expressed as follows:
P& s =

k (∇T ⋅ ∇T ) mF
+
≥0
T2
T

(3.11)

where F is the viscous dissipation function, which involves velocity gradients in
the fluid motion. In Equation 3.11 the first term represents entropy generation due
to heat transfer across temperature gradients in the fluid. The second term is the
local entropy generation due to viscous dissipation. For turbulent flows, the effective thermal conductivity can be approximated by the sum of the molecular eddy
conductivities, whereas effective viscosity is the sum of the molecular viscosity and
eddy diffusivity. An upcoming chapter will focus on detailed modeling of entropy
transport in turbulent flows.
For a nearly isothermal process, the thermal contribution to entropy generation
is neglected. The resulting form of the equation, representing the viscous dissipation
contribution alone to flow loss, is given by the second term on the right side of the
previous equation, that is,

P& s =

2
  ∂u  2  ∂v  2  
m  ∂u ∂v 

+  + 2  +     ≥ 0
T  ∂y ∂x 
  ∂x   ∂y   


(3.12)

where the expression in square brackets is the viscous dissipation function, F. This
result is directly related to the mechanical power needed to transport fluid through
a system. Unlike velocity or temperature, the measurement of entropy cannot be
performed directly. However, the previous equation can be used as an indirect way
of characterizing the flow irreversibility. For example, the entropy produced by friction irreversibility can be estimated by measured gradients of velocity. In upcoming chapters, these velocity gradients will be obtained through postprocessing of
experimental velocity data or numerical results obtained from a CFD solution of the
Navier–Stokes equations.
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3.3 Formulation of Loss Coefficients
IN TERms of Entropy Production
Conventional loss parameters, such as a global head loss or pressure recovery coefficient, typically cannot identify the specific locations and sources of flow losses
within a fluid system. This section presents a formulation that allows local irreversibilities to be scrutinized and converted to local distributions of the loss coefficient. In this way, a designer could use local loss mapping to detect locations of high
entropy production (or flow irreversibility), thereby allowing local design changes of
geometrical or other parameters to improve system efficiency. It will be shown that
local rates of entropy production for an incompressible flow can be converted to local
loss parameters, thereby leading to a more generalized approach to loss analysis.

3.3.1 Entropy Production in Bernoulli’s Equation
Consider incompressible viscous flow through a streamtube. A streamtube refers to
a three-dimensional tube that encompasses a fluid streamline within a channel or
other flow configuration. The Bernoulli equation identifies the head loss along this
flow path as follows:
p1
1
p
1
+ gz1 + V12 = 2 + gz2 + V22 + hl
ρ1
2
ρ2
2

(3.13)

where hl is the head loss and the subscripts 1 and 2 refer to different points along the
streamline. Also, p, g, z, and V refer to pressure, gravitational acceleration, elevation, and
total velocity, respectively. It can be shown that Bernoulli’s equation represents an integrated form of the following differential mechanical energy equation (Naterer, 2002):

ρ

D  1 2 
V = - v ⋅ ∇p + ∇ ⋅ τ ⋅ v - τ : ∇v + Fb ⋅ v
Dt  2 

(3.14)

where D/Dt, τ , Fb, and v refer to the total (substantial) derivative, shear stress tensor,
body force, and fluid velocity vector, respectively. The colon symbol (:) represents
matrix contraction between the shear stress and velocity gradient matrices (yielding
the viscous dissipation function). The temporal portion of the substantial derivative
on the left side vanishes for steady-state conditions.
The previous equation requires that the net convection of kinetic energy (first
term) balances the sum of flow work (second term), net work of viscous stresses
(third term), plus the net work done by body forces to increase kinetic energy (fifth
term), minus the viscous dissipation (fourth term). Rewriting the gravitational body
force term, integrating over a streamtube control volume, V, and expressing the vector gradient in the streamwise direction, s, it can be shown that

∫

V

ρV


∂ 1 2 p
V + + gz  dV =

∂s  2
ρ


∫

V

∇ ⋅ τ ⋅ vdV -

∫

V

τ : ∇vdV .

(3.15)
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Figure 3.1 Flow losses along a streamtube in recirculating flow.

The net viscous work term (first term on right side) is the work done by viscous stresses
in the fluid element against the surroundings to change the kinetic energy of the fluid.
Consider a control volume, A(ds), of finite width in the cross-stream direction
and differential length in the streamwise direction (see Figure 3.1). Integrating over
this control volume and assuming a uniform mass flow rate through the streamtube
encompassing the control volume, it can be shown that
m&
m& R

∫

2

1

1

P
1 
d  V 2 + + gz  =
ρ
2
 m& R 

∫

V

∇ ⋅ τ ⋅ vdV -

∫

V


τ : ∇vdV 


(3.16)

where m& R is a reference global mass flow rate. The last term on the right side refers
to viscous dissipation within the control volume. It represents a loss term in Equation 3.16, which can be directly related to the entropy generation, based on Equation
3.18. Performing that substitution and comparing to Bernoulli’s equation, the head
loss becomes
hl =

1
m& R

∫

V

TP&s dV

(3.17)

Alternatively, this result can be expressed in terms of the local rate of exergy destruction, X& d , due to friction irreversibilities of viscous dissipation at ambient temperature, T0,
hl =

1
m& R

∫

V

X& d

T
dV
T0

(3.18)

This result represents a valuable local alternative to conventional global loss characterization. It can be observed that the available energy loss within a fluid element is
a local volumetric phenomenon involving exergy destruction.
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In contrast to other methods characterizing the flow losses through global empirical coefficients, an entropy-based approach allows local tracking of flow losses,
because V can be taken as an arbitrarily located discrete volume. Entropy production
encompasses all flow irreversibilities (thermal, friction, chemical, and so forth), unlike
other variables such as pressure, which are commonly used in loss analysis. Reduced
entropy production is a common objective in fluids engineering systems while changes
of individual flow variables are generally problem dependent. For example, higher
pressure losses with added baffles may be helpful to increase heat transfer rates in a
heat exchanger, but reduced pressure losses are needed in pipe flows, as they entail
lower pumping input power. Thus, tracking local pressure changes does not generally identify the problem areas. On the other hand, lower entropy production rates are
desired in both cases, and they provide a more robust and common design objective.

3.3.2 Loss Coefficients in a Plane Diffuser
Consider an example of incompressible viscous flow through a diffuser of unit depth,
as shown in Figure 3.2. Assuming a uniform velocity profile between the outlet
(subscript 2) and the inlet (subscript 1) of the duct, a balance of total energy, E, over
the entire duct gives


dE
1 
1 
= m& 1  e1 + pυ1 + gz1 + V12  + Q& - m& 2  e2 + pυ 2 + gz2 + V22  - W&


dt
2 
2 

(3.19)

& and W& refer to the mass flow rate (constant throughout the stream& e, v, Q,
where m,
tube), internal energy (per unit mass), specific volume (per unit mass), heat transfer, and boundary work, respectively. For steady-state conditions without boundary
work, Equation 3.19 becomes
p1
1
p
1
m& ( e2 - e1 ) - Q&
+ gz1 + V12 = 2 + gz2 + V22 +
.
ρ1
2
ρ2
2
m&

(3.20)

Also, applying an entropy balance to a differential section in Figure 3.2 and
using the Gibbs equation,
ˆ & = Tm&  de + p dv  - T dP
ˆ&
dQ


i
s
T
T
Q

(3.21)

Out


dQ
In

2
W

z

1

Figure 3.2 Streamtube for diffuser analysis.
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where the notation of d̂Q& is used rather than dQ& , since Q& represents a process, not a
thermodynamic state variable. Summing over n sections throughout the entire duct
from the inlet (i = 1) to the exit (i = n),
n

Q& = m& ( e2 - e1 ) -

∑ T dˆ P&
i

(3.22)

s ,i

i =1

By comparing Equations 3.13, 3.20, and 3.22,
hl =

m& ( e2 - e1 ) - Q&  1 
= 
 m& 
m&

n

∑ T dPˆ &
i

s ,i

≥0

(3.23)

i =1

This result confirms that the head loss in Bernoulli’s equation is a measure of irreversibility, which represents a loss of mechanical energy per unit mass of the flowing
fluid. It represents the irreversible dissipation of kinetic energy into internal energy
of the fluid.
As discussed previously, current design technology usually detects a loss of useful energy on a global scale using a single loss parameter, such as a valve loss coefficient. The previous results suggest that flow losses can be tracked locally based on
the entropy production rate. A measure of the overall loss in the bulk fluid entails a
summation of local entropy production rates in fluid elements centered on a streamline through the domain. In this way, entropy generation can be used as an alternative metric of flow loss in fluid systems. The information provided to the designer
by this entropy-based metric can be more valuable than global data characterizing
the end-to-end flow loss. Unlike the conventional loss characterization with a global
head loss or pressure recovery coefficient characterizing an entire device, local loss
characterization with the entropy-based metric allows the designer to identify the
source and specific location of head losses.

3.3.3 Case Study of Channel and Diffuser Design
In this section, results will be presented to link entropy generation with conventional
loss parameters for channel and diffuser flow problems. The case study considers an
incompressible viscous flow between two horizontal plates with a length of L. The
plates are spaced 2w apart (y-direction). If the plates are very wide, the fully developed velocity profile does not change in the z-direction, so that
  y  2
u = uc 1 -   
  w 

(3.24)

where the centerline velocity, uc, can be expressed in terms of the channel pressure
drop, Dp, and average (mean) velocity, u , as follows:
uc =

- w 2  Dp  3

= u
2m  L  2

(3.25)
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The total head loss over the entire channel, hl, can be obtained from the integrated frictional irreversibility of entropy production as follows:
hl =

1
m&

∫

V

1
TP&S dV =
m&

∫

V

2

 ∂u 
4 muc2
m   dV =
w4
 ∂y 

∫

w

-w

y 2 DLdy

(3.26)

which gives
hl =

2uc L m
ρw 2

(3.27)

p1 - p2
ρ

(3.28)

Using the previous expression for uc,
hl =

Thus, the entropy-based formulation of head loss for channel flow reduces to the
expected result of Dp/ρ , which is the required head loss between two wide horizontal
flat plates. Alternatively, the friction factor and the mechanical energy loss can be
related to entropy production for the channel flow as follows:

f =

2WT
& u2
mL

∫

V

P& sdV

(3.29)

By using P& s as a metric of evaluation, the equivalent friction factor becomes a product
of the local entropy generation integrated over the domain and a constant, based on
averaged values of the flow variables. Alternatively, exergy is defined as the work
potential that can be extracted from an energy source. The exergy destroyed in a
process reflects the extent to which the operation of an actual system departs from
the theoretical limit of the ideal system. This departure is proportional to the entropy
generation.
For the purpose of extending this analysis to more complex geometric configurations, a validation study with a numerical simulation was performed. Using
a control-volume-based finite element method (CVFEM) (Naterer, 2002), validation of the numerical model was carried out through comparisons with the previous
analytical solution of incompressible, viscous flow between two horizontal plates
(representing a channel flow). The fully developed velocity profile does not change
in the streamwise direction. The analytical solution of the velocity distribution is
differentiated to find the spatial variation of entropy production in the channel. The
predicted results of velocity and local entropy production, for water flow at 290 K
with an average velocity of 0.0504 m/s through a duct with a width of 0.02 m, are
illustrated in Figure 3.3a and Figure 3.3b, respectively. The numerical and analytical
results show close agreement. The entropy production rate is maximum near the wall
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Figure 3.3 Channel flow results: (a) velocity and (b) entropy production.

due to viscous effects. It becomes zero at the center of the channel, where the crossstream velocity gradient is zero.
To link the entropy generation with traditional loss parameters, the local entropy
generation is integrated over the domain and related to the friction factor based on
Equation 3.29 as follows:
& 2
mLu
P&s = f
2 wT

(3.30)
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where f , m& , L , and T are the friction factor, mass flow rate, plate length, and the
average temperature of the fluid, respectively. When Equation 3.30 is integrated over
the volume, it gives the total entropy produced in viscous laminar flow between the
inlet and exit locations of any two-dimensional expansion section of the same inlet
width.
For laminar flow between parallel plates, it is known that f = 48 / ReD , so
Equation 3.30 becomes
& 2
12 mLu
Ps =
(3.31)
ReD wT
Equation 3.31 shows how the total entropy generated in a fully developed flow
between parallel plates can be evaluated based on geometrical and flow data. An
entropy-based formulation used for optimization purposes could be benchmarked
against this value for validation. The entropy production results for u = 0.0504 m/s,
L = 15 cm, and w = 2 cm with water at 290 K from Equation 3.31 and the numerical formulation are 8.522 × 10 -7 W /K and 8.519 × 10 -7 W /K, respectively. This close
agreement provides useful validation of the formulation.
Consider another example of gas flow through a subsonic diffuser, which is widely
encountered in aerospace and other applications. In this particular configuration,
an incoming flow experiences an area expansion. Flow losses arising from an area
expansion lead to reduced diffuser effectiveness. The flow characteristics are highly
dependent on the area expansion ratio and the Reynolds number. Entropy production
can be used as a basis of correlating this optimal flow configuration, with respect
to different flow conditions and system parameters. The two-dimensional geometry
of the expansion section in the numerical simulation is shown in Figure 3.4. A fully
developed velocity profile is prescribed at the inlet, and a Neumann condition is
applied at the outlet. For a given outlet-to-inlet area ratio, the velocity fields were
computed for different expansion angles. Reynolds numbers of 301 and 602 were
investigated with an area ratio kept at 1.5. The flow remained unstalled until θ = 10 o
and θ ≅ 7o for Reynolds numbers of 301 and 602, respectively. When the expansion
angle increases, the boundary layer separates from the top wall. A recirculation cell
is formed in a similar way as flow past a backward facing step. This separation arises
from the unfavorable pressure gradient introduced by the expansion.
The predicted velocity distribution (Re = 602) and the corresponding entropy
generation contours (values multiplied by 105) at an expansion angle of 60o are
shown in Figure 3.5a and Figure 3.5b, respectively. For a Reynolds number of 301,

H = 1 cm
2H Vin

=0
=0

Figure 3.4 Schematic of a plane diffuser.
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Figure 3.5 (a) Velocities and (b) entropy production contours (*105 W/m3K) for Re = 602
with a 60o expansion.

the flow reattaches at approximately 8.5 step heights from the expansion. Figure 3.5b
illustrates the flow irreversibilities, as characterized by the contours of local entropy
production. For comparison purposes, three major regions of entropy generation and
loss distribution are evident. The first region is the channel leading into the expansion. The second region is the diverging region, which starts at the inlet and ends
where the diverging section joins the wider channel. The third region continues from
that point to the outlet. Three subregions of importance are identified in the diverging section: a recirculation and reattachment region close to the top wall, a region
of separation close to sharp corners at the beginning of the expansion, and flow
along the bottom wall. Entropy production in the recirculation or attachment zone is
not predominant, because the flow is relatively slow in that region and the velocity
gradients are small. The entropy production is high, close to the separation region.
It diminishes when the flow decelerates to fill the larger channel. The flow near the
bottom of the expansion also exhibits high entropy generation, due to the wall shear
effects. The entropy generation map provides a useful way of detecting the detailed
structure of the mechanical energy loss in the expansion section.
The variation of total entropy generation in the unstalled flow regime for the
diverging section is shown in Figure 3.6. It is interesting to observe that the loss
decreases in the region with less expansion, until approximately 3.5o for Re = 301
and 3.0 o at Re = 602. Higher angles cause an increase in the mechanical energy
loss, due to greater channel length. The trend also confirms the dependence of flow
losses on Reynolds number, when the flow is laminar. In Figure 3.6, an optimal
angle is predicted at the point of minimized entropy production. This entropy-based
approach provides a useful alternative and systematic way of establishing the optimized geometrical configuration. The same approach of summing local entropy production rates can be applied to any fluids engineering device. Since this methodology
entails tracking of local losses throughout an individual device, rather than global
Second Law analysis, the approach provides a valuable component-level energy management tool.
Figure 3.7 illustrates results for loss characterization over a larger range of
expansion angles. The values have been normalized by Equation 3.31 (divided by the
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Figure 3.6 Total normalized entropy production in the unstalled region.
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Figure 3.7 Flow loss characterization in the unstalled region.

volume). The resulting parameter after normalization is directly proportional to the
loss coefficient. As observed with previous studies, an optimal angle yielding the least
flow losses in the expansion section exists. This optimum corresponds to narrow angles
(approximately 3.5o for Re = 301 and 3.0o at Re = 602) and unstalled flow conditions.
Based on these results, a new entropy-based metric that locally characterizes the
pressure recovery factor (or any other global loss parameter) is defined as follows:

h = 1-

Ps,θ
Ps,ref

(3.32)
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where Ps,θ is the entropy production for a diffuser with an expansion angle of q.
Also, Ps,ref represents a loss that would occur in the absence of the expansion section, given by Equation 3.31. An interesting observation from Figure 3.7 is noticed
for expansion angles higher than 10 o, whereby small changes in the expansion angle
cause a larger loss. In addition to providing a physically based measure of loss, the
entropy-based approach also leads to added insight into the specific location of flow
losses and the flow structures leading to those losses.

3.4 Upper Entropy Bounds in Closed Systems
Upper bounds of system performance provide a useful design parameter for ensuring
that maximum system capabilities are not exceeded. For example, upper bounds on
cooling capabilities of a heat pipe can ensure that maximum operating temperatures are
not exceeded during convective cooling of a microelectronic assembly. Various other
examples arise in thermal design of aerospace, manufacturing, automotive, and other
applications (Naterer, 2002). In this section, a method of establishing upper entropy
bounds for convection problems is developed. These bounds involve both friction and
thermal irreversibilities arising during convective heat transfer within an enclosure.
Various past methods have been developed for establishing upper bounds in thermal systems. Martins and da Gama (2000) developed an upper bound for solutions
of coupled heat conduction and radiative heat transfer problems, subject to nonlinear
boundary conditions. An auxiliary function was used to establish upper bounds, while
confirming that the Laplacian of the temperature field satisfied certain inequality constraints. In heat conduction problems, an upper bound for thermal shape factors was
derived for two-dimensional layers by Hassani et al. (1993). Upper bounds for conduction contact resistances were developed by Bobeth and Diener (1982). These bounds
are functions of a two-point correlation function of the local contact resistance. Upper
bounds for random arrangements of circular contact spots of equal size can be predicted by variational principles with stochastically varying local contact resistances.
In convection problems, upper pressure bounds were developed for establishing
criteria in thermal destabilization of wall shear flows (Mikic, 1998). These bounds
involved admissible system perturbations, which lead to the onset of turbulence and
upper bounds for the wall sublayer scales in fully developed turbulent flows. Entropy
transport characterizes the dissipation of kinetic energy in these layers (Adeyinka and
Naterer, 2005). For laminar separated flows, upper bounds have been derived to predict
laminar instabilities of self-sustaining oscillations and vortex shedding (Mikic, 1998).
This section focuses on upper entropy bounds for problems involving internal
forced convection in enclosures or tanks (Lui and Naterer, 2007). Numerous past studies have been conducted on forced convection with internal confined flows (such as
Eames and Norton, 1998; Homan and Soo, 1998; Naterer, 2001; Sinai, 1985). Entropy
bounds can provide useful new insight regarding the dynamics of flow mechanisms in
these problems. For example, entropy production characterizes the mixing, flow structures, and magnitude of frictional dissipation in a tank. As a result, it can provide useful guidance for effective design and control of internal flows. It can establish optimal
conditions to reduce input power during fluid mixing, while transferring fixed rates of
heat transfer to a fluid. The objective of this section is to develop analytical expressions
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for the upper entropy bounds and correlate these limits with different geometrical configurations. In this way, design changes could reduce input power required by energy
conversion devices. Alternatively, changes of design parameters to alter entropy bounds
can enhance mixing in chemical processing applications.

3.4.1 Upper Bounds of Thermal Irreversibility
Consider three-dimensional convective heat transfer in a bounded domain, V, governed by the following equations of fluid motion and energy transport:
v
∂v v v
∇p
v
(3.33)
+ v ⋅ ∇v = + ν∇ 2 v
∂t
ρ
∂T v
+ v ⋅ ∇T = a∇ 2T
∂t

(3.34)

r
No-slip conditions ( v = 0) and Neumann boundary conditions are applied along the
walls of a closed domain, that is,
∂T
=0
∂n

(3.35)

where n refers to the unit outward normal direction on the surface, Ω, which encompasses the volume of the problem domain, V.  .
A “temperature excess” is the difference between the actual temperature at some
position, T, and the average initial temperature. It is defined as follows:

τ =T -

1
|V |

∫

V

T (t = 0 )dV

(3.36)

Both actual and average temperatures satisfy the governing equations, so
∂τ v
+ v ⋅ ∇τ = a∇ 2τ
∂t

(3.37)

subject to Neumann boundary conditions.
It can be shown that t has a zero average at all times. Entropy production arising from heat transfer over a finite temperature difference involves a squared temperature and squared temperature gradient (as part of the thermal irreversibility),
so the previous equations will be squared. Multiplying Equation 3.37 by t and then
integrating over V,

∫

V

τ

∂τ
dV +
∂t

∫

V

v
τ ( v ⋅ ∇τ ) dV = a

∫

V

τ∇ 2τ dV

(3.38)
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which can be rewritten to give
1 ∂
2 ∂t

∫

V

τ 2 dV = -a

∫

V

| ∇τ |2 dV

(3.39)

From Poincare’s inequality (Zeidler, 1985) for any function, s, with first derivatives that are square integrable, there is some positive constant c < 1 such that

∫

σ 2 dV +

V

∫

V

1

c

| ∇σ |2 dV ≤

∫

V


| ∇σ |2 dV + 


∫

V

2
 
σ dV  
 

(3.40)

Using this inequality, Equation 3.39 becomes
∂
∂t

∫ τ dV = -2a ∫

2

2

v

v

∇ τ dV ≤ -2a C

∫ τ dV
2

v

(3.41)

because t has a zero average at all times, where C = c/(1 - c). Integrating this result,

∫

V

τ 2 dV ≤ C0 e -2aCt

(3.42)

where
C0 =

∫ τ (t = 0)dV
2

v

(3.43)

This result indicates that the squared temperature excess decreases exponentially over
time. This result will be used to show that the temperature excess gradient (needed in
the thermal irreversibility of entropy production) also decreases exponentially.
Consider a practical example of a closed domain (such as a tank) with fluid
containing a fixed initial amount of total energy. For example, consider a magnetic
stirrer for thermochemical processing to generate uniform mixtures in a rectangular
tank (see Figure 3.8). In this example, uniformly distributed magnitudes of entropy
production and high total entropy are desired to maximize mixing. It is worthwhile
to consider how different geometrical configurations affect the steady-state entropy
field in the tank, particularly the upper bound of total entropy, so maximum mixing
could be achieved with minimal power input to the system. After the mixing stops,
v
the velocity field approaches zero in the steady state ( v → 0 as t → ∞). Also, the
first derivatives of velocity approach zero at the steady state, when the fluid motion
stops.
The mixing process within the enclosure decays over time. Numerous past studies have considered time decay of diffusive mixing. For example, for diffusive mixing
associated with oscillation of a plane wall, the velocity gradient changes exponentially with time (White, 1974). This oscillation is similar to the problem considered
here, whereby a mixer suddenly stops and the fluid velocities decrease over time.
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L
Nonuniform
Initial T(x, y, z, t)

Volume of
Tank (V)

Velocity Decay
after the Mixer
Stops (Time F)

Surface of
Tank (Ω)

Fluid Mixer in
Heated Tank

Figure 3.8 Schematic of a tank mixing problem.

Thus, consider that the velocity gradients decrease exponentially over time in this current problem (note: other decay trends, such as decays bounded by a constant multiple
of t-2, would yield analogous results). For exponential decay, consider that F ≤ d1e - d2t
for positive constants d1, d2, and T (t = 0 ) ≥ Tmin (minimum temperature), where F
refers to the viscous dissipation function.
The total entropy production includes thermal irreversibilities (due to heat transfer) and friction irreversibilities (due to viscous dissipation). First, consider the thermal irreversibilities, which involve squared temperatures and squared temperature
gradients. Applying integration by parts to calculate the time derivative of the squared
temperature gradient,
d
dt

∫

V

| ∇τ |2 dV = 2

∫

Ω

∂τ  ∂τ 
  dΩ - 2
∂n  ∂t 

∫

 ∂τ 
∇ 2τ   dV
 ∂t 

(3.44)

∫

v
| v |2 | ∇τ |2 dV

(3.45)

V

The right side satisfies the following inequality:
RHS ≤ -2a

∫

V

(∇ 2τ )2 dV + a

∫

V

(∇ 2τ )2 dV +

1
a

V

Since the velocity magnitude approaches zero in the steady state and it remains
bounded below a throughout the time period t ≥ F,
RHS ≤ -a

∫

V

(∇ 2τ )2 dV + a

∫

V

| ∇τ |2 dV

(3.46)

For the first term on the right side, the following inequality can be used:

∫

V

| ∇τ |2 dV = -

∫

V

τ ∇ 2τ dV ≤

1
2

∫

V

τ 2 dV +

1
2

∫

V

(∇ 2τ )2 dV

(3.47)
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Combining this result with the previous right side,
d
dt

∫

V

| ∇τ |2 dV ≤ C0a e -2aCt - a

∫

V

| ∇τ |2 dV

(3.48)

Integrating this inequality over time from t = F to some other arbitrary time, t, yields

∫

V

| ∇T |2 dV ≤ e -a ( t - F )

 C0   -2Ca t
| ∇T (t = F ) |2 dV + 
e
- e -a ( t - F + 2 FC ) 
 1 - 2C  

∫

V

		

(3.49)

This result will establish bounds and an exponential decay of the thermal irreversibility of entropy production. The entropy transport equation can be written as
∂s
∇ 2T
F
v
+ ρv ⋅ ∇s = k
+m
∂t
T
T

ρ

(3.50)

The total entropy within the domain, V, is given by
S (t ) =

∫ ρs( x, t )dV
v

(3.51)

V

This total (spatially integrated) entropy within the domain becomes a function of
time only, and its derivative (with respect to time) is greater than or equal to zero,
that is,
dS
=k
dt

∫

V

| ∇T |2
dV + m
T2

∫

V

F
dV ≥ 0
T

(3.52)

This result represents an integrated form of the Second Law. Using the previous
result of the bounded thermal irreversibility, it follows that the total entropy is
bounded according to S(t) ≤ M, where
M = S( F ) +

k 
2 
a Tmin


∫

V

| ∇T (t = F ) |2 dV +

C0 e -2Ca F
2C

 m d1 | V | e - d2 F
 +
Tmin d2

(3.53)

Also, the total derivative of entropy on the left side of Equation 3.52 approaches zero
in the steady state, i.e., lim S ′(t ) = 0. In a case with a constant initial temperature
t →∞
throughout the domain, the temperature will remain at that same constant value for
all times, and thus ∇T ≡ 0 and C0 = 0 . The upper bound of the total entropy simplifies considerably for this case, that is,
M = S( F ) +

m d1 | V | e - d2 F
Tmin d2

(3.54)
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In Equation 3.53, the analysis indicates that C should be made as large as possible, in order to minimize the value of M. Fluids having small values of k and m and
large values of a lead to maximized upper bounds on the total entropy, defined
through M. The geometrical configuration can be modified to maximize the value
of the constant C. From Equation 3.41, this constant satisfies C w 2 dV ≤ | ∇w |2 dV ,
V
V
where w is any function whose normal derivative vanishes at the boundary and satisfies
∫v wdv = 0.
From a variational formulation of the eigenvalue problem, it can be shown that
C is given by the smallest eigenvalue of the following problem,

∫

∇ 2 w + λ w = 0,

dw
=0
dn

on

∫

Ω

(3.55)

This problem has a solution of l = 0, and w is any nonzero constant function. The
solution will be the second eigenvalue of the eigenvalue problem. Of all domains
with a fixed volume, it is known that a disk in two dimensions and a sphere in three
dimensions yield the largest value of C (Weinberger, 1956). In the next section, these
results and analysis will be used to determine the optimal aspect ratio to minimize
entropy bounds associated with mixing in the tank.

3.4.2 Optimal Aspect Ratio of Upper Entropy Bounds
Consider the problem of determining the optimal aspect ratio of the rectangular
mixing tank (Figure 3.8), which gives the largest possible value of C. Let the crosssectional dimensions of the rectangle be L and L -1. A basis for the space of functions
on the rectangle with the left corner at the origin is

{

}

πx
πx
2π x
2π x
, cos π yL, cos
cos π yL, cos
, cos 2π yL, cos
cos π yL, L
L
L
L
L
(3.56)
			
		
These functions are also eigenfunctions with the following corresponding eigenvalues:
B = cos

E=

{

}

π2 2 2 π2
4π 2
4π 2
, π L , 2 + π 2 L2 2 , 4π 2 L2 , 2 + π 2 L2 , L
2
L
L
L
L

(3.57)

Consequently, the minimum eigenvalue is given by min(π 2 L-2 , π 2 L2 ). The goal is to
find the value of L that maximizes this eigenvalue. In other words, find
π2


Emax = max min  2 , π 2 L2  
L >0
 L



(3.58)

It can be shown that the maximum occurs at L = 1, which gives a square. The maximum value of C becomes π 2 ≈ 9.87.
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Consider a disk of unit area (radius of π -1/2 ). The eigenvalues are given by
(ζ mn π )2 , where J′n(zmn) = 0. In other words, zmn is the mth zero of the Bessel function derivative J′n. The smallest value of these zeros is approximately 1.8412, which
is the first zero of J′1. This leads to C ≈ 10.65. Hence, a disk yields a larger value of
C than a square with the same area. In three dimensions, a cube is the domain which
yields the eigenvalue π 2, as it gives the largest value of C among all rectangular solids of unit volume. The sphere of unit volume gives a value of C ≈ 11.26. This result
suggests that disks and spheres are better domains than rectangles and rectangular
solids for minimizing the upper bound of total entropy in the steady state.
As an example of a Dirichlet case, consider a one-dimensional problem where
the temperatures at the left and right boundaries (x = 0 and x = 1) are fixed at T0
and T1, respectively, with T0 > T1. Suppose that the initial temperature satisfies
T (t = 0 ) ≤ min(T0 , T1 ). Heat transfer is initiated and after some time, the temperature
approaches a linear profile, with a temperature of T0 on the left side and T1 on the right
boundary. This means that |∂T/∂x|2 will approach a positive constant. In this case, the
previous analysis yields
S ′(t ) ≥ k

∫

1

0

2

1 ∂T
dx
T 2 ∂x

(3.59)

The entropy derivative is larger than a positive constant for all times. The total
entropy grows unboundedly over time, because the heat supply from the left boundary provides a continued entropy flow into the domain over time. This boundary
condition is more suitable for mixing problems if a goal is to maximum mixing and
entropy.

3.4.3 Case Study of Mixing Tank Design
Consider another example of fluid mixing in a tank, but with nonuniform initial profiles of velocity and temperature. Nondimensional numerical results were obtained
by numerical integration with a spectral method and integration over the spatial
domain to give the net entropy production (Lui and Naterer, 2007). Spectral methods
n
seek solutions of the form ∑ j =1 a j φ j for certain basis functions denoted by {f j}. Consider a rectangular domain, V, bounded by [-L -1, L -1] × [-L, L] with the following
nonuniform initial temperature and velocity distributions:
  y2
TL (t = 0 ) = T0 + g (1 - L2 x 2 ) 1 -   
  L 

π Lx   π y 
π y
 π e - nt   1
2
2
vL = 
  - L cos  2  sin  L  , L sin(π Lx ) cos  2 L  
2
2

          
2 L +L

(3.60)

(3.61)

where T0, g, and h are positive constants. Note that the velocity field satisfies conservation of mass (zero divergence), decays exponentially, and vanishes at the boundary of the domain. After normalizing with x% = x/L and y% = y/L , the new domain
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becomes a square bounded by [- 1,1] × [- 1,1]. In the numerical simulations, a Chebyshev spectral collocation method was used to solve the temperature equation (Lui
and Naterer, 2007).
Fluid motion is initially generated by the fluid mixer, but then the mixer
within the tank is turned off, and the fluid velocity approaches zero after a period
of time. An example of a magnetic stirrer for chemical mixing is illustrated in
Figure 3.8. The upper bound of total entropy has practical significance because
it characterizes the effectiveness of mixing and the system input power required
to achieve certain levels of mixing. This mixing is dependent on the initial temperature and velocity profiles, which characterize the fluid motion and heat transfer leading to entropy production during the mixing process. The upper entropy
bounds can be predicted without solving the detailed transient equations in the
tank with CFD. Analytical results for the upper entropy bound are developed
independently of this transient motion, although they depend on the initial level
of fluid mixing in the tank.
A simulation was performed with mixing of methane inside the tank. Based on
a nonuniform initial temperature with T0 = 873 K, g = 10, h = 0.0155, L = 3, and a
time step of 0.00065 s, the predicted results are shown in Figure 3.9 for 17, 19, and
21 Chebyshev modes of a spectral method, respectively. In Figure 3.10, 10 Chebyshev
modes were used with a time step of 0.28 s. The initial temperature is fixed at 373 K,
and the total entropy at equilibrium is plotted for various aspect ratios of the rectangle.
It can be observed that the total entropy increases at larger values of L. In Figure 3.11,
the total entropy at equilibrium is minimized for a square (L = 1). The total entropy
at equilibrium increases at higher aspect ratios, namely, the higher ratio of surface
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Figure 3.9 Total entropy for methane for L = 3.
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Figure 3.10 Effects of tank width on total entropy change for methane.
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Figure 3.11 Total entropy at equilibrium (373 K) at varying tank widths.
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area to volume for the domain. Frictional irreversibilities along the wall constitute a
major component of the total entropy production, so larger surface areas lead to higher
entropy production and total entropy at equilibrium. The results in this case study provide examples of how entropy bounds can give useful insight for better understanding
of energy conversion, mixing, and fluid dynamics in tanks and enclosures.

3.5 Case Study of Automotive Fuel Cell Design
The next case study in this chapter involves entropy-based design of fuel cells (Naterer
and Tokarz, 2006). It will be shown that entropy and the Second Law provide a valuable design tool for achieving higher efficiency of fuel cells. This includes friction
and thermochemical irreversibilities of gas flow through the fuel cell channels.

3.5.1 Electrochemical Irreversibilities in a Porous Electrode
In a fuel cell, entropy production of irreversible chemical reactions, diffusion, and
ohmic heating leads to voltage losses (or polarization). During operation of a solid
oxide fuel cell (SOFC), fuel and oxidant are continuously supplied to the anode and
cathode, respectively (see Figure 3.12). Oxygen molecules combine with free electrons from the external circuit to produce negative oxygen ions (O-), which migrate
through the electrolyte and generate ohmic heating with entropy production. Hydrogen molecules diffuse simultaneously through the anode. They combine with the
oxygen ions and liberate electrons, while producing H2O and heat. As a result, free
electrons flow through the external circuit as an electrical current. They return to
the fuel cell at the cathode, where they combine with oxygen molecules to again
produce oxygen ions. A proton exchange membrane fuel cell (PEMFC) operates in a
similar manner, except that hydrogen ions flow to the cathode where water molecules
are produced. The chemical balances for an SOFC and PEMFC are given by
SOFC:

H 2 ( g ) + O = ⇒ H 2O( g ) + 2 e 1

PEMFC:

2

O2 ( g ) + 2 e - ⇒ O =

H 2 ( g ) ⇒ 2 H + ( aq ) + 2 e 1

2

O2 ( g ) + 2 H + ( aq ) + 2 e - ⇒ H 2O(l )

( anode)

(3.62)

( cathode)

(3.63)

( anode)

(3.64)

( cathode)

(3.65)

Irreversibilities within a fuel cell lead to voltage losses and lost power to auxiliary devices like blowers to sustain cyclical operation of the fuel cell. The Nernst
equation gives the ideal (reversible) performance of a fuel cell, in terms of the ideal
standard potential, E 0, ideal equilibrium potential, E, and nonstandard product or
reactant temperatures and pressures. For a PEMFC, the maximum theoretical voltage is given by
 RT   PH2   RT   PO2 
E = E0 + 
ln
+
ln
 2 F   PH O   4 F   P0 
 2 

(3.66)
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Figure 3.12 Schematic of a PEMFC (a) stack, channel flow and (b) operating components.

where P0 refers to the standard pressure (1 atm) and other variables are defined in the
“Nomenclature.” Voltage losses are often characterized by the polarization, h. The total
polarization is the potential difference, DE, between the reversible voltage and the cell
voltage when current flows through the circuit, that is,

h = DE = Erev - Ecurrent

(3.67)

The reversible voltage computed at the wall (subscript w) and bulk value (subscript b)
can be expressed in terms of the ideal standard potential for the chemical reaction,
E 0, that is,

( )

(3.68)

( )

(3.69)

Ew = E 0 +

RT
ln CHI2
2F

Eb = E 0 +

RT
ln CH2
2F
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The difference between these voltages is called the concentration loss or concentration polarization. It represents the difference of the reversible potential computed
from the gas concentration at the wall and bulk value.
The concentration polarization at the anode (subscript conc,a) can be written as
(Naterer and Tokarz, 2006, and references therein)

hconc,a = -



 RT

δ H2 la
RT  pa  pa
ln 
-
- pHI2  ⋅ exp 
⋅
⋅ i   pHI2 
2 F  δ H2  δ H2


 2 F DH2 ( eff ) pa  


(3.70)

The electrochemical polarization is related to entropy production, Ps, according to

h=

T ⋅ Ps
2F

(3.71)

Thus, entropy production due to concentration irreversibilities within the anode can
be written as
 p

 p

 RT

δ H2 la
Ps,conc = - R ⋅ ln  a -  a - pHI2  ⋅ exp 
⋅
⋅ i   pHI2 
 δ H2  δ H2


 2 F DH2 ( eff ) pa  

(3.72)

This result was derived for the anode of a PEMFC. An analogous result for the cathode polarization can be derived with the same procedure:
Ps,conc = -

R
In
2


RTlc
 1 I
8
FD

c ( eff ) p o2


i



RTlc
 1 + 4 FD
I

c ( eff ) p H 2 o


i 
 

(3.73)

In addition to these concentration irreversibilities, the total entropy production
within the electrodes includes activation and ohmic irreversibilities. These losses
can be written as (Naterer and Tokarz, 2006)

Ps,act =

 4R  i

4R  i
i2
i2
ln 
+ 2 + 1 +
ln 
+ 2 + 1
ne  i0 c
i0 c
i0 a
 ne  i0 a

Ps,ohmic = -

2 F 2CH + Dm 
i
ln  1 - 
Tlm nd
iL 


(3.74)

(3.75)

The expression for the activation polarization of an SOFC is identical to this result,
except that i0c is replaced by 2i0c (first term on right side) and i0a is replaced by 2i0c
(second term on the right side). These changes occur due to the different half-cell
reactions.
The voltage losses become independent of the limiting current density of the
anode, i0a, for a small anode thickness in a PEMFC (or a small cathode thickness in
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an SOFC). The anode concentration polarization diminishes significantly when the
anode thickness becomes much smaller than the cathode thickness. For PEMFCs,
the following TAP-TCS model (Thin Anode for PEMFC, or Thin Cathode for SOFC
approximation) neglects the anode concentration polarization. After combining all
irreversibilities,
Ps =

 4R  i
 2 F 2CH - Dm 
4R  i
i2
i2
i
ln 
+ 2 + 1 +
ln 
+ 2 + 1 ln  1 - 
ne  i0 a
i0 a
n
i
i
Tl
n
i


 0c

e
0c
m d
L
-


R 
RTlc
lnn  1 i
2 
8FDc,eff pOI2 



RTlc
 1 + 8FD p I i 

c ,eff O2  


(3.76)

where ne and i0c refer to the number of moles of electrons produced per half-cell
reaction and the cathode exchange current density, respectively. On the right side,
the five terms represent the activation irreversibility (first and second terms; anode
plus cathode), ohmic irreversibility (third term), and concentration irreversibility
(fourth term), respectively. For an SOFC, a similar entropy production equation as
the PEMFC result can be derived, except the derivation involves different half-cell
reactions, so pa, d H2O, pH2, la, Da(eff), Dc(eff), and pO2 in a PEMFC are replaced by pc,
d O2, pO2, lc, DO2(eff), Da(eff), and pH2, respectively, for an SOFC.

3.5.2 Formulation of Channel Flow Irreversibilities
To calculate the total entropy production within a fuel cell stack, additional friction
and thermal irreversibilities within the gas channels must be formulated. Consider
gas flow through a uniform fuel channel involving either hydrogen in the anode-side
channel or oxygen in the cathode-side channel (see Figure 3.12). The steady-state
gas motion is bounded between a solid wall (bipolar plate) and a porous wall (gasdiffusion layer), where suction flow occurs due to the permeable interface. As a result,
the fuel and oxidant concentrations will decrease along the channel, and the bulk gas
velocity increases to conserve mass. In the following simplified integral analysis, the
gas concentration will be assumed as uniform across the channel, but varying in the
streamwise direction.
Assuming a parabolic variation of velocity across the channel,
u( x, y) = A( x ) y 2 + B( x ) y + G ( x )

(3.77)

A no-slip condition is applied along the upper wall (y = h), while a slip condition of
u( x, 0 ) = xu ( x ) is applied at the bottom wall (see Figure 3.12), where x represents the
slip coefficient. This coefficient depends on the permeability of the porous electrode,
and it generally varies between 0.1 and 1. Furthermore, the mean velocity is defined as
u ( x) =

1
h

∫

h

0

u( x, y)dy

(3.78)
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Applying the boundary conditions and integrating the resulting profile to establish the mean velocity gives the unknown coefficients (A, B, and G), thereby
yielding
u
y2
y
= (3x - 6) 2 + 2(3 - 2x ) + x
u
h
h

(3.79)

For two-dimensional laminar gas flow under steady-state conditions through a
fuel channel, the reduced mass and x-momentum equations are given by
∂( ρu ) ∂( ρv)
+
=0
∂x
∂y

(3.80)

 ∂u
∂u 
∂p
∂2 u
ρu
+v  =+m 2
∂y 
∂x
∂y
 ∂x

(3.81)

where the density can be expressed as the product of gas concentration, C(x), and
molecular weight, M. Although the gas density varies due to gas concentration
changes, it remains an incompressible flow in terms of the Mach number. Integrating the continuity equation across the channel and applying the slip boundary
condition,
h

d (Cu )
= CV0 ( x )
dx

(3.82)

where V0(x) is the suction velocity at the base of the fuel channel, defined by
 1  i( x )
V0 = 
 nF  C ( x )

(3.83)

The current density at a particular x-position is related to the gas concentration
by the following Tafel equation:
g

i( x )  C ( x ) 
 aF 
=
exp 
h

 RT 
i0
 C0 

(3.84)

Nondimensionalizing the velocity ( u% = u /u0 ) and gas concentration (C% = C/C0), the
integrated continuity equation becomes
% %)
d (Cu
+ K1C% g = 0;
dx

K1 =

i0
 aF 
exp 
h
 RT 
nFhC0 u0

(3.85)
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Substituting the u-velocity profile and solving the continuity equation, subject to
appropriate boundary conditions along the top and bottom walls,
v
y3
y2
y
= ( 2 - x ) 3 - 3(3 - 2x ) 2 - x - 1
V0
h
h
h

(3.86)

Then, substituting the velocity profiles into the mass and momentum equations,
assuming a constant pressure gradient in the streamwise direction and integrating
the momentum equation across the channel,
K2

% %2 )
d (Cu
+ K 3 + K 4C% g u% + K 5u% = 0
dx

(3.87)

where
2 2 1
6
x - x+
15
5
5

(3.88)

P
MC0 u02

(3.89)

xi0
 aF 
exp 
h
 RT 
nFhC0 u0

(3.90)

1 
m

K 5 = 12  1 - x 
2


2
Mh C0 u0

(3.91)

K2 =

K3 =

K4 =

Solving the coupled mass and momentum equations with a series solution, sub% 0 ) = 1, yields the following linearized
% 0 ) = 1 and C(
ject to inlet conditions of u(
channel flow approximation (LCF model),
C ( x ) = C0 (1 - K 6 x );

K6 =

2 K1 K 2 - K 3 - K 4 - K 5
K2

(3.92)

u ( x ) = u0 (1 + K 7 x );

K7 =

K1 K 2 - K 3 - K 4 - K 5
K2

(3.93)

In the LCF model, higher-order terms have been neglected in a series solution for
short channels, microfuel cells, or small values of x (near the inlet section of a fuel
cell channel). LCF refers to a linearized approximation of channel flow profiles,
including the gas concentration and velocity profiles.
The purpose of these simplifications is to allow closed-form approximations
for entropy production, particularly so net irreversibilities can be analytically
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minimized to illustrate how entropy-based design can be used as a predictive tool
to improve the fuel cell performance. The combined friction and thermal irreversibilities within the fuel channel can be expressed as
2

m  ∂u 
k
P&s''' =   + 2
T  ∂y 
T

 ∂T 
 ∂y 

2

(3.94)

Substituting the differentiated velocity profile, integrating across the channel, and
expressing the total entropy production due to friction within a channel of length L,
per unit depth,
4 mu 2 L
P&s =
(3 - 3x + 3x 2 - 6hx + 4 h 2 )
hT

(3.95)

Alternatively, this result can be written in terms of the channel Reynolds number,
Reh. Combining all irreversibilities yields the following total entropy production
within the fuel cell. It can be shown that (Naterer and Tokarz, 2006)
Ps =

i
i
2 RT
 a F   2 RT
 aF 
sinh -1  0 (1 - K 6 x )g exp 
h +
sinh -1  0 (1 - K 6 x )g exp 
h
 RT   ne F
 RT  
ne F
 i0 a
 i0 c
-

 p

 RT δ H2 la
RT  pa
 aF  
ln  I
-  I a - 1 exp 
i0 (1 - K 6 x )g exp 
h 
 RT   
2 F  pH2 δ H2  pH2 δ H2
 2 F Da,eff



-

RT 
RTlc i0 (1 - K 6 x )g
 aF 
ln  1 exp 
h
I
 RT  
4 F 
8FDc,eff pO2

-

2 F 2 CH + Dm 
i
 a F   4 mu 2 L
ln  1 - 0 (1 - K 6 x )g exp 
h +
(3 - 3x + 3x 2 - 6hx + 4 h 2 )
 RT  
Tlm nd
hT
 iL

		


RTlc i0 (1 - K 6 x )g
 aF  
exp 
h 
1 +
I
 RT   
8FDc,eff pO2



(3.96)

In the TAP-TCS model, the concentration polarization (third term on the right side)
becomes negligible. In the following section, numerical predictions will be studied
to outline how entropy-based design can provide a valuable tool for improving fuel
cell performance.

3.5.3 Proton Exchange Membrane Fuel Cell (PEMFC) and Solid Oxide
Fuel Cell (SOFC) Design
In this section, numerical results for PEMFCs and SOFCs will be presented (Naterer
and Tokarz, 2006). Problem parameters are presented in Table 3.1 and adopted from
Chan and Xia (2002), Chen et al. (2004), Ghadamian and Saboohi (2004), and Kim
et al. (1999). Entropy production involves electrochemical reactions at the electrode
surfaces, mass transfer ohmic heating, and frictional losses within the fuel channel.
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Table 3.1
Operating Conditions and Problem Parameters
Proton Exchange Membrane Fuel Cell
Channel temperature, T (K)
Inlet gas velocity, u0 (m/s)
Inlet gas pressure, P0 (atm)
Inlet gas concentration, C0 (mol/m3)
Exchange current density, i0 (A/m2)
Activation overpotential, h (V)
Reaction order, g
Electrons transferred in reaction, n
Charge-transfer coefficient, a
Molar weight, M (kg/mol)
Viscosity, m (kg/ms)
Channel height, h (m)
Standard equilibrium potential, E0 (V)
Pressure gradient (Pa/m)
Slip coefficient, x

353.15
0.7
2.0
69.0
0.00001
0.3
0.5
4
2.0
0.032
0.00002
0.001
1.167
250.0
0.1

Solid Oxide Fuel Cell
Operating temperature, T (oC)
Operating pressure, p (atm)
Electrolyte resistance, Ri (Wcm2)
Concentration resistance, Rconc (Wcm2)
RT/4F
Exchange current density, i0 (A /cm2)
Effective diffusion coefficient, Da,eff (cm2/s)
Cathode thickness, lc (m)
Average pore radius, (mm)
Electrolyte thickness, le (mm)
Anode thickness, la (mm)
Partial pressure ratio, ph2/ph2o

750
2.0
0.092
0.297
0.02204
0.113
0.166
0.00005
0.5
40.0
750.0
32.352

The overall efficiency of a fuel cell system depends on other losses, such as gas blowers, pumps, electrical losses (DC power conversion to AC), electrolysis, fuel storage,
and others. Unlike conventional methods of characterizing fuel cell losses that use
overpotential or polarization curves, the current entropy-based method provides a useful alternative by encompassing all losses of available energy. It strives toward the
upper limits of performance imposed by the Second Law. Entropy production provides
a useful parameter for systematic optimization of design parameters in fuel cells.
Irreversibilities and inefficiencies are important factors in evaluating feasibility
of energy conversion processes. This is particularly evident when comparing fuel
cells against other possible methods of future power generation, such as advanced
diesel engines for automobiles. For example, automotive PEMFCs can consume
10% or more power to drive pumps, blowers, heaters, and controllers (Bossel, 2003).
DC power is converted to voltage-adjusted DC or frequency-modulated AC, and
the electrical efficiency of the electric drive train can be about 90%. The process of
generating hydrogen for fuel cells has numerous irreversibilities. For electrolysis, an
overall efficiency of 70% for power plant to hydrogen production can be achieved.
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Furthermore, hydrogen gas needs to be compressed (about 90% efficient) or liquefied (65% efficiency) for transportation purposes. Hydrogen gas can be delivered to
filling stations by pipelines, which takes about 10% energy (higher heating value,
or HHV) for gaseous hydrogen, or about 6% for liquid hydrogen. Also, about 3%
energy is needed to transfer gaseous hydrogen from a large storage tank into a car’s
tank. When combined with the efficiency for conversion of electricity in fuel cells,
Bossel (2003) has reported a “power plant to wheel efficiency” of about 22% for
typical operating conditions in a PEMFC, compared with advanced diesel (25%)
and hybrid electric with SOFC range extension (33%). Although promising advances
like thermochemical hydrogen production will significantly improve the power
plant to wheel efficiency, the improvement of fuel cell efficiency will continue to
be an important issue for their widespread adoption in the transportation sector.
An entropy-based design provides a more powerful design tool for this purpose of
improving fuel cell efficiencies.
In a PEMFC, hydrogen fuel is consumed at the electrode surface when it reacts,
releases electrons, and creates hydrogen ions (or protons). Electrons produced at the
anode pass through an electrical circuit to the cathode, while protons diffuse through
the electrolyte. The oxygen concentration decreases due to chemical reactions along the
electrode surface. In Figure 3.13, the predicted results with the LCF model show close
agreement with past data reported by Chen et al. (2004). Due to fuel consumption in
the x-direction of the channel, the gas density decreases. From requirements of mass
conservation, the gas velocity then increases. A slip-flow boundary condition is applied
along the anode or channel interface, which affects the magnitude of gas velocity. Along
this interface, entropy production arises from friction and viscous dissipation of kinetic
energy to internal energy within the gas stream. As a result, added blower power is consumed from the cell output voltage, to overcome pressure losses created by gas friction.
This energy conversion differs from electrochemical irreversibilities characterized by

Concentration (C), Velocity (u)

1.6
1.4

Proton Exchange Membrane Fuel Cell
(P = 400 Pa/m, h = 1 mm, = 0.1)

1.2
1.0
0.8

C (Chen et al. 2004)

0.6

C (LCF Model)
u (Chen et al. 2004)

0.4
0.2
0.000

u (LCF Model)
0.002

0.004

0.006

0.008

0.010

x(m)

Figure 3.13 Velocity and concentration profiles in the fuel channel.
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1.2
Entropy Production (W/m3 K*106)

PEMFC (T = 353 K, P = 1 atm)
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Figure 3.14 Entropy production at varying slip coefficients in a PEMFC.

conventional polarization methods. An entropy-based design can compare all irreversibilities directly against each other, in terms of their lost work potential.
In the LCF model, a slip velocity and slip coefficient (x) were applied in boundary conditions at the porous electrode interface, when predicting the gas velocity
profile in the fuel channel. In Figure 3.14, entropy production is shown at varying
slip coefficients and channel heights, with a minimum point in each case at a slip
coefficient of x = 0.5. For a fixed mass flow rate through a fuel channel, the gas
velocity and entropy production increase with smaller channel heights. At low slip
coefficients, additional friction at the wall yields higher entropy production. On the
other hand, higher slip coefficients affect the suction flow through the porous interface. The momentum balance alters the velocity profile and near-wall velocity gradient along the top wall, as well as skewing of the velocity profile in the lateral (y)
direction. The entropy production rises, and the optimal point is reached midway,
when net viscous dissipation within the channel is minimized.
Figure 3.15 illustrates the combined ohmic, concentration, and activation irreversibilities within the electrode. The total entropy production increases at higher
interface surface resistances, R(i) (units of kΩ/cm2), due to higher ohmic heating.
Electrode materials with higher electrical conductivity could reduce these ohmic
losses. Entropy production rises rapidly at low current densities, due to high activation losses. Activation losses also contribute to higher entropy production at larger
current densities. Some possible ways of reducing these irrversibilities include different materials, higher reactant concentrations (possibly using oxygen instead of
air), or higher operating temperatures. Furthermore, larger electrode surface roughnesses would increase the effective surface area, while increasing the exchange current density and reducing overall entropy production.
Figure 3.16 illustrates close agreement between predicted results with the current TAP-TCS model and past data. Voltage losses increase at higher electrode
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Entropy Production (J/kg K)
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Figure 3.15 PEMFC entropy production.

surface resistances, due to additional ohmic heating. The TAP-TCS voltage losses
were calculated based on entropy production, rather than empirical polarization
methods documented by Ghadamian and Saboohi (2004). The results provide useful validation of the current predictive model of entropy production. As mentioned
previously, an entropy-based approach provides a useful alternative for characterizing
voltage losses, as it encompasses all types of irreversible losses within the fuel cell. For
example, power consumed by the fuel and air blowers, due to channel entropy production, comes at the expense of output voltage generated by the fuel cell. Thus, channel
1.2
PEMFC (T = 373 K, P = 1 atm, iL = 800 mA)

Voltage (V)

1.0
0.8
0.6
0.4

TAP/TCS Model

0.2

TAP/TCS Model

0.0

Ghadamian, Saboohi (R = 0.00001)
Ghadamian, Saboohi (R = 0.0005)
0

200

400
600
Current Density (mA/cm2)

800

Figure 3.16 PEMFC voltage profile.
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Figure 3.17 Voltage profile (SOFC; T = 750°C).

flow, ohmic heating, diffusion, and concentration losses are irreversibile losses that
can all be characterized consistently according to their rates of entropy production.
Their exergy losses will reduce the overall efficiency of the fuel cell. Unlike past
methods characterizing system losses through a “polarization” or “overpotential,”
the entropy-based approach can provide a more robust way of calculating all losses
of available energy including frictional, thermal, electrochemical, and so forth.
Previous figures have investigated PEMFCs, whereas Figure 3.17 illustrates
results for SOFCs. Voltage losses were calculated based on the entropy formulation
and compared successfully against measured data in Figure 3.17. The results of voltage losses were derived from the predicted entropy production, which could also be
expressed in terms of exergy destruction, after multiplying by the operating temperature of the fuel cell. This provides another useful parameter for design purposes,
as exergy losses have equivalent units of power. Thus, power lost to irreversibilities
could be calculated directly, or converted to economic losses after multiplying by
the local cost of electricity per kilowatt hour of operation of the fuel cell.

3.6 Case Study of Fluid Machinery Design
This last case study applies the method of entropy-based design to loss coefficients
and analysis of power generation from fluid machinery (particularly turbines in this
case study). The mechanical power generated by steam, gas, or wind turbines is
highly dependent on the shape of blades, velocity field, and other factors (Leclerc et
al., 1999). The turbine power output is related to the change of kinetic energy, internal
energy, and heat transfer rate from the system encompassing the turbine. Consider a
control volume including a turbine, with the inlet, outlet, and other boundaries sufficiently far from the turbine to permit uniform conditions along those boundaries
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Figure 3.18 Schematic of a flow channel for turbine analysis.

(see Figure 3.18). For example, a water turbine submerged below a free surface of
water is considered. A standard undergraduate thermodynamic analysis would yield
the following energy balance for the control volume:
dE
1 
1 


= m& 1  e1 + pυ1 + gz1 + V12  + Q& - W& - m& 2  e2 + pυ2 + gz2 + V22 


dt
2 
2 

(3.97)

where m& 1, e, υ , Q& , and W& refer to mass flow rate (constant throughout streamtube),
internal energy (per unit mass), specific volume (per unit mass), heat transfer, and
boundary work, respectively. The left side of the equation becomes zero under
steady-state conditions.
Applying an entropy balance to a differential section in Figure 3.18 and using
the Gibbs equation,
dυ 
 de
dQ& = Tm& 
+p
 - TdS&gen
T
T 

(3.98)

In this equation, the heat transfer differential represents a process, not a thermodynamic property or state variable. Summing over n sections throughout the entire
channel from the inlet (i = 1) to the exit (i = n), it can be shown that
Q& = m& ( e2 - e1 ) -

∑

n
i =1

Ti dS&gen,i

(3.99)

Substituting this result into the energy balance, the following result is obtained for
incompressible flows:
1
W& = m& ( gz1 + V12 - gz1 - V22 ) 2

∑

n
i =1

Ti dS&gen,i

(3.100)
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This result suggests that the power output is maximized when the net entropy production over the control volume encompassing the turbine is minimized. Thus, a key
objective is to minimize the energy availability lost on the right side of the equation from entropy production due to viscous mixing, flow separation, and other flow
irreversibilities. This goal can be achieved through design modifications (such as
modifications of the blade shape, gap spacing, thickness, and so forth), using CFD or
experimental techniques like particle image velocimetry (PIV), which would provide
whole-field data for local entropy production rates (Adeyinka and Naterer, 2004).
These methods of calculating and measuring whole-field distributions of entropy
production will be presented in upcoming chapters.
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