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Entropy Production
in Microfluidic Systems

5.1 Introduction
Microfluidic irreversibilities of friction, heat transfer, and electrodynamic transport
have significance in the achievement of various technological goals involving microand nanoenergy systems, for biodevices, micropower sources, and other applications
(Gad-el-Hak, 1999). Microelectromechanical systems (MEMS) have promising
applications to aerodynamics, drag reduction, and slow control. For example, embedded surface microchannels can take advantage of local slip-flow behavior to reduce
wall friction and entropy production of external flows (Naterer, 2004). In these applications, pressure losses arising from flow irreversibilities affect the power consumption and performance of microsystems. This chapter examines how entropy and the
Second Law have importance in the design and optimization of microdevices.
Fluid flow through microchannels has been studied extensively by many authors
(Cho et al., 2001; Ng and Tan, 2004; Zhao et al., 2001), including experimental,
numerical, and theoretical studies. Ng and Tan (2004) developed a three-dimensional finite volume model of fluid motion within rectangular microchannels based
on the Navier–Stokes equations, including an electric double layer (EDL) along the
walls. Electromagnetic effects of the EDL can be modeled as a type of body force
and source term in the momentum equation. Cho et al. (2003) developed a condition
for electrowetting on dielectric (EWOD) in microfluidic motion through parallelplate channels.
In past studies, some conflicting opinions have arisen with regard to the apparent viscosity of fluids in microchannels. This debate involves whether the apparent
(required or measured) viscosity of a microchannel flow equals the bulk viscosity
at large distances away from the wall. For thin films, Israelachvili (1986) reported
values of apparent viscosity that were much larger than the bulk viscosity. Migun
and Prokhorenko (1987) reported that the apparent viscosity increases for capillaries smaller than a micron in diameter. However, other researchers (Anderson and
Quinn, 1972) have reported that the apparent and bulk viscosities are nearly equal
for flows in capillaries.
The bulk viscosity is generally determined from classical thermodynamics,
whereby curve fits of measured data to interpolation polynomials are used to
estimate the variations of viscosity with temperature and pressure. Using methods of statistical thermodynamics, a velocity or temperature distribution function can be used to include the effects of intermolecular interactions (Ferziger
and Kaper, 1972). Avsec (2003) applied statistical methods to include translational,
rotational, vibrational, and electron excitation effects on property evaluation
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for liquids. Gad-el-Hak (1999) included a Knudsen number (Kn) dependence in the
velocity distribution function.
Pfahler et al. (1990, 1991) measured the friction factor of liquids (isopropyl alcohol, silicon oil) and gases (nitrogen, helium) flowing through microchannels etched in silicon. The liquid flow rate was measured as a function of channel
size, pressure drop, and type of fluid. It was observed that the fluid’s apparent viscosity was smaller than values predicted for macroscale flows. Although some
speculation regarding rarefaction and thermal effects were noted, the authors
“do not have a satisfactory theoretical explanation for the phenomena observed”
(Pfahler et al., 1991). A trend of decreasing friction factor at lower Reynolds
numbers was observed, although macroscale theory predicts a constant friction factor for laminar flow.
Entropy production includes both frictional and thermal irreversibilities, which
lead to pressure losses in microchannel flows. Additional irreversibilities of phase
transition, electromagnetic transport, and radiative heat transfer have been reported
previously (Bejan, 1996; Naterer, 2001). Camberos (2003) predicted the electromagnetic irreversibilities in compressible flows with computational fluid dynamics
(CFD) applications of improved aircraft design. This chapter develops models of
entropy production including such irreversibilities, but focuses on applications to
microdevices. The main objectives of this chapter involve showing how entropy and
the Second Low provide key insight regarding fluid friction, pressure losses, and
energy conversion in microdevices.

5.2 Pressure-Driven Flow in Microchannels
5.2.1 Continuum Equations and Slip Boundary Conditions
Microchannel flows can be subdivided into different flow regimes. Depending on
the Knudsen number (Kn), different methods of CFD are needed. The ratio of the
mean free path of the fluid to a characteristic length scale of the problem is called
the Knudsen number. The flow regimes include the continuum flow ( 0 ≤ Kn ≤ 10 -3 ) ,
slip flow (10 -3 ≤ Kn ≤ 10 -1 ), transition flow (10 -1 ≤ Kn ≤ 10 -1 ) , and free-molecule
regimes (101 ≤ Kn ≤ ∞ ). At 10-3 < Kn < 10-1, the flow lies within the slip-flow regime
where the continuum-based equations (Navier–Stokes equations) and a slip boundary condition are applied. In this regime of fluid motion, a linear relation between
applied stress and strain rate is used for Newtonian fluids.
Consider the following Navier–Stokes equations for gas flow in the slip-flow
continuum regime,
∂( ρ ) ∂( ρu ) ∂( ρv)
+
+
=0
∂t
∂x
∂y

(5.1)

∂( ρu )
∂p
+ ∇ ⋅ ( ρvu ) = + ∇ ⋅ ( µ∇u )
∂t
∂x

(5.2)

∂( ρv)
∂p
+ ∇ ⋅ ( ρvv) = + ∇ ⋅ ( µ∇v)
∂t
∂y

(5.3)

© 2008 by Taylor & Francis Group, LLC

7262_C005.indd 112

1/19/08 11:44:19 AM

113

Entropy Production in Microfluidic Systems

subject to slip boundary conditions at the walls of the microchannel. The symbols,
ρ and µ denote the density and dynamic viscosity of the fluid, respectively. These
properties will be assumed uniform throughout the channel. To calculate the temperature field,
p = ρ RT

(5.4)

which represents the ideal gas equation of state.
Maxwell’s first-order slip velocity (Maxwell, 1879) will be used for boundary conditions at the walls of the microchannel. This boundary model incorporates two coefficients involving velocity and temperature gradients at the wall, i.e.,
ugas - uwall = ξ1
2 -σ

∂u
∂T
+ ξ2
∂y wall
∂x

(5.5)
wall

3µ

where ξ1 = σ λ and ξ1 = 4 ρT λ . It is unusual to observe streamwise temperature
gas
gradients affecting the slip velocity at the wall. A higher component of thermally
induced wall slip occurs at smaller gas densities, as the internal energy of gas molecules has greater impact on a near-wall region of intermolecular interactions when
fewer molecules occupy the region. These mechanisms of near-wall energy exchange
can be characterized through the entropy production rate. The frictional dissipation of kinetic energy to internal energy, including near-wall friction associated with
velocity slip, occurs at a rate given by the entropy production rate. When this entropy
production rate is multiplied by temperature, it becomes the local rate of exergy
destruction, X& d′′′, per unit volume.
Using the Gibbs equation, it can be shown that the rate of exergy destruction for
near-isothermal microchannel flows can be written directly in terms of the velocity
gradients as follows:
 ∂u ∂v  2
  ∂u  2  ∂v  2  
&
Xd ′′′ = µ 
+  + 2  +    
 ∂y   
 ∂y ∂x 
  ∂x 


(5.6)

Thus, wall slip affects the velocity profile and resulting exergy destruction. The frictional
dissipation of kinetic energy leads to pressure losses in microchannels, which depend on
cross-stream velocity and streamwise temperature gradients, according to Equation 5.5.

5.2.2 Case Study of Exergy Losses in Channel Design
A numerical study of microfluidic entropy production was conducted by Ogedengbe et
al. (2006), with a finite volume discretization of the continuum governing equations. In
this section, numerical results of nitrogen gas flow through microchannels (from that
study) are examined at varying mass flow rates, pressure ratios, Reynolds numbers, and
channel aspect ratios. Figure 5.1 shows a schematic of the microchannel flow configuration, and Table 5.1 outlines the problem parameters and thermophysical properties
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Figure 5.1 Schematic of microchannel flow problem.

of the gas. Sample results of slip-flow velocity profiles are illustrated in Figure 5.2. It
can be observed that the wall velocity increases at lower momentum accommodation
coefficients, due to a higher resulting slip coefficient (note: x2 = 0 in Figure 5.2).
In Figure 5.3, the cross-stream profile of the entropy production rate (per unit
volume) is illustrated at varying pressure ratios in the fully developed section of the
channel. The pressure ratio refers to the inlet pressure divided by the outlet pressure.
The area covered under each curve represents the entropy production per unit area at
a specific location, x*. It can be observed that the entropy production rate rises when
the pressure ratio falls from 2.7 to 1.34. The lowest entropy production occurs at the
pressure ratio of 3.0. The diffusion layer grows faster at lower pressure gradients,
thereby leading to higher entropy production. The minimum entropy production rate
(per unit volume) occurs at the midpoint of the channel, due to the zero transverse
velocity gradient at that position.
In Figure 5.4, the predicted entropy production rate (per unit area) and varying
slip coefficients (ζ2) in the streamwise direction (x* = x/L) are illustrated. At each x*
position, the entropy production is calculated based on an integrated profile across
the channel. The inlet velocity profile is uniform, so a developing flow region leads
to higher exergy destruction (per unit area) in the x-direction, when the diffusion
layer propagates inward to the core of the microchannel. It was confirmed that the
velocity profile reaches a fully developed condition upstream of the outlet. As a
result, the entropy production rate (per unit area) reaches a peak value near the outlet
and remains constant thereafter to the outlet. The pressure declines along the microchannel, so temperature decreases according to the ideal gas law. As a result, the slip
coefficient rises in the x-direction.

Table 5.1
Problem Parameters and Fluid Properties
Length (μm)
Height (μm)
Dynamic viscosity (Ns/m2)
Gas constant (J/kg K)
Outlet pressure (kPa)
Pressure ratio (Pin / Pout)
Reynolds number (Re)

1560, 2560, 3560, 4560, and 5560
1.0
0.000016
296.8
100.8
1.34, 2.70, 3.00, and 3.34
0.001, 0.002, and 0.003
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Figure 5.2 Predicted velocity profiles at varying slip coefficients.
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Figure 5.3 Predicted entropy production rate (per unit volume) at varying pressure ratios.
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Figure 5.4 Streamwise exergy destruction rate (per unit area) with a varying slip coefficient.

Entropy Production Rate (per Unit Area), W/m2K

The total entropy production rate within the microchannel is calculated based on
the sum of individual rates from all control volumes within the domain. This includes
control volumes in both developing and fully developed sections of the microchannel.
In Figure 5.5, the total entropy production rate (per unit area) is illustrated at varying
Reynolds numbers and channel aspect ratios, ε (note: fixed pressure ratio of 2.7).
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Figure 5.5 Changes of entropy production rate (per unit area) at varying Reynolds numbers.
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The entropy production rate (per unit area) increases linearly with 1/ε, because the
microchannel volume increases when 1/ε rises. Also, it increases at higher Reynolds
numbers, because the mass flow increases and fluid friction rises. Because entropy
production characterizes the frictional dissipation of kinetic energy and resulting
pressure losses, the current results show that entropy production can serve as a key
parameter to improve energy efficiency of microsystems.

5.3 Applied Electric Field in Microchannels
5.3.1 Irreversibilities with a Constant Magnetic Field
Surface and electromagnetic forces are key differences that distinguish microchannel flows from fluid motion in large-scale channels. A common method of flow
control in microchannels involves electromagnetic forces that are exerted on the
fluid. Manipulating different charge patterns along the walls of a microchannel will
affect the speed and direction of electrokinetic flow. A charged surface of a microchannel can attract ions of the opposite charge in the surrounding fluid. The resulting spatial gradient of ions can lead to an EDL. This EDL contains an immobile
inner layer and an outer layer, which can be affected by an external electric field.
The EDL reduces the liquid velocity and affects the frictional losses. For example, the
friction coefficient increases when the ionic concentration of an aqueous solution
decreases. In this section, spatial changes of the electromagnetic forces on the fluid
will be considered when predicting entropy production of microchannel flows.
Consider a nonpolarized thermomagnetic field that is exerted on a steady-state
fully developed flow in a rectangular microchannel (see Figure 5.6). The separation
between the walls, 2b, is assumed to be much larger than the distance of 2a. An
electromagnetic wave is polarized if the electric field vibrates in only one direction.

Diﬀusive Layer
(Mobile)

Bulk Solution

u(z)

b
Wall
E

i

B
q
y

x
z

a

Inner Layer
(Immobile)

Positive Ion
Negative Ion
Neutral Molecule

Figure 5.6 Schematic of an applied electric field in a microchannel.

© 2008 by Taylor & Francis Group, LLC

7262_C005.indd 117

1/19/08 11:44:37 AM

118

Entropy-Based Design and Analysis of Fluids Engineering Systems

The electromagnetic waves transmitted through the microchannel are nonpolarized,
when the applied electric field is assumed to vibrate in many directions, simultaneously. Polarization is a phenomenon associated with transverse electromagnetic
waves. Longitudinal waves, such as sound, are nonpolarized. Ordinary light is
another example of nonpolarized electromagnetic waves, because the electric field
vibrates in multiple directions at the same time. The nonpolarized waves traveling
in the y-direction of the microchannel are a superposition of many waves. For each
wave, the electric field is perpendicular to the y-axis, and the angle it makes with the
x-axis varies for different waves. For polarized waves, the angle that the electric field
makes with the x-axis would be unique.
The general form of the momentum equation for electrohydrodynamic flow is

ρ

v
∂v
v v
v v v
+ ρv ⋅ ∇v = -∇p + ∇ ⋅ ( µ∇v ) + i × B
∂t

(5.7)

where the last term represents the electromagnetic force. The variables i and B refer to
the current density and magnetic field strength, respectively. The following reduced
form of the momentum equation is approximated for steady-state microchannel flow
at small Reynolds numbers (see Figure 5.6):
v v v
0 = -∇p + ∇ ⋅ ( µ∇v ) + i × B

(5.8)

Consider fluid velocity, magnetic field, and current density fields that are mutually
orthogonal. The net force exerted by the magnetic field on the fluid is perpendicular
to the direction of the fluid velocity. The applied electric field is nonpolarized, and
the cross-product of the electromagnetic source term in Equation 5.8 is simplified to
give the following reduced form of the x-momentum equation:
0=-

dp
d 2u
+ µ 2 + iy Bz
dx
dz

(5.9)

The terms represent pressure, viscous, and electromagnetic forces on the liquid.
Using Ohm’s law to express the current density in terms of fluid velocity yields

µ

d 2u
dp
+ σ e Bz2 u =
2
dz
dx

(5.10)

where σ e and Bz refer to the electrical conductivity and magnetic field strength
(z-direction), respectively. For fully developed flow in the microchannel, the pressure
gradient becomes constant and independent of the magnetic field strength.
In terms of the Hartmann number, M (where M = aBz σ e / µ ), Equation 5.10
becomes

µ

d 2u  M 2 µ 
dp
-
u=
dz 2  a 2 
dx

(5.11)
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Applying no-slip boundary conditions at z = a and z = -a (note: origin of coordinates
at the midplane of Figure 5.6), the analytical solution of Equation 5.11 becomes
u( z ) =

a 2 ( dp/dx )  cosh( Mz / a ) 
- 1


µ M 2  cosh M

(5.12)

After nondimensionalizing the z-coordinate (z* = z/a) and velocity (u* = u/ub where
ub refers to the mean velocity), it can be shown that
u* =

M cosh M - M cosh( Mz* )
M cosh M - sinh M

(5.13)

Using a large Hartmann number approximation (LHA model), the velocity becomes
u* = 1 - e M ( z* -1)

(5.14)

Using similar assumptions for the energy equation, the reduced form of the
energy equation becomes
k

2
iy2
d 2T
 du 
+
µ
+
=0


 dz 
dz 2
σe

(5.15)

Solving this equation subject to the boundary conditions of a uniform wall heat flux,
on
θ ( z* ) =

2C 2 ( z*2 - 1) + 8C (cosh Mz* - cosh M )/ M + cosh 2 Mz* - cosh 2 M
k (T - Tw )
= qw*
2
µub
4C 2 + 8C sinh M + 2 M sinh 2 M

		

(5.16)

where C = M(K – 1) cosh M – K sinh M and K represent a nondimensional load factor
(ratio of the applied electric field strength to the product of the mean velocity and
magnetic field strength).
It can be readily verified that this result is symmetrical about the midplane of
the microchannel. In the case of a constant wall temperature, the thermal boundary
conditions are given by

θ ( ±1) = 0

(5.17)

Solving the internal energy equation subject to these boundary conditions, it can be
shown that

θ=

M2
( M cosh M - sinh M )2
2C
1
C2

×  (1 - z*2 ) +
(cosh M - cosh Mz*) + (cosh 2 M - cosh 2 Mz*) 
2
M
4



(5.18)

This result shows that both the Hartmann number and load factor affect the temperature profile.
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Under the assumptions outlined previously, the corresponding reduced form of the
exergy transport equation can be expressed as (Camberos, 2002):
DX
∂  
T  ∂T  ∂(uτ ) &
=
k 1 - 0 
+
- Xd
Dt ∂z  
T  ∂z 
∂z

(5.19)

where DX/Dt refers to the total convective derivative of exergy, X. The rate of
exergy destruction, X& d, can be represented by the reference temperature, T0, multiplied by the local entropy production rate, P&s . Thus, entropy production is needed
to calculate the exergy destroyed by friction and thermal and electromagnetic
irreversibilities.
The entropy production rate can be expressed as a sum of positive-definite terms
corresponding to friction, thermal, and electromagnetic irreversibilities, that is,
k∇T ⋅ ∇T µΦ σ e v v v v v v
P&s =
+
+
( E + v × B) ⋅ ( E + v × B)
T2
T
T

(5.20)

The terms on the right side represent a sum of squared terms, so the entropy production is positive, thereby complying with the Second Law of Thermodynamics.
Based on the previous assumptions in the fluid flow and heat transfer formulations,
it can be shown that the reduced form of the entropy production equation can be
written as
2
2
iy2
k  dT 
µ  du 
P&s = 2 
+   +

T  dz 
T  dz 
σ eT

(5.21)

Define the following nondimensional entropy production, P&s*, and wall temperature:
P&
P&s* = s 2
k/a

(5.22)

kTw
µub2

(5.23)

θw =

Using these variables, the nondimensional entropy production equation becomes
iy*2
( dθ /dz* )2 ( du/dz* )2
P&s* =
+
+
(θ + θ w )2
θ + θw
θ + θw

(5.24)

In an upcoming case study, a detailed analysis of this entropy production (particularly the electrohydrodynamic term) will be presented.
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Substituting the velocity and temperature profiles, the nondimensional entropy
production at the wall becomes
2

q*2 
 1 M2K 2
M 2 sinh M
P&s*,w = w2 + 
+
θ w  M cosh M - sinh M  θ w
θw

(5.25)

This expression for the entropy production rate can be simplified for large Hartmann
numbers. For example, the exponential e-M becomes less than about 0.03% of eM for
values of the Hartmann number above 3. In this case, the entropy production at the
wall becomes
2

q*2  µu 2 
M4
M2K 2
P&s*,w = w2  b  +
+
2
θ w  kTw 
( M - 1) θ w
θw

(5.26)

This result can be rearranged in terms of the Reynolds number (Re), magnetic Prandtl
number (Prm), and thermomagnetic number (N), respectively, as follows,
2

1  q ′ m& 2 ρ 2 
P&s*,w =  w 3 5  Re -8 + N (1 + K 2 ) Prm2 Re 2
4  16β µ θ w 

(5.27)

where
Re =

ρub a
µ

(5.28)

Prm =

µµeσ e
ρ

(5.29)

N=

H e2
σ e kTw

(5.30)

and m e and He refer to the magnetic permeability and electric field strength, respectively. Also, b and qẃ are the microchannel aspect ratio (b/a) and wall heat flux per
unit length, respectively.
Differentiating the previous result with respect to the Reynolds number and setting the result equal to zero yields the following optimal Reynolds number:
ReL ,opt =

0.574 B1/ 5
[ N (1 + K 2 )β 6 ]1/10

(5.31)

where the duty parameter, B, is given by
B=

q ′m& 2 ρ 2
Prm µ 5θ w

(5.32)
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The irreversibility distribution ratio (or entropy generation number), Ns, is defined
as the ratio of the actual entropy generation to the minimum rate of entropy generation, i.e.,
P&
Ns = & s
Ps,min

(5.33)

After substituting the previous expression for ReL,opt, it can be shown that

Ns =

1  ReL 
5  ReL ,opt 

-8

+

4  ReL 
5  ReL ,opt 

2

(5.34)

The first term on the right side outlines the rate of change due to the thermal irreversibility, whereas the second term includes the combined friction and electromagnetic
irreversibilities. The result suggests that the entropy generation number changes
faster at low Reynolds numbers (below ReL,opt), when the thermal irreversibility is
the largest portion of the total irreversibility.

5.3.2 Case Study of Channel Design at Varying Hartmann Numbers
Using the previous formulation, the section will present a case study with entropy
production in a microchannel (Naterer and Adeyinka, 2005). Predicted results will
be compared against computational simulations with a finite element volume formulation. Predicted results will be compared against past data reported by Bejan (1996),
Salas and coworkers (1999), and Adeyinka and Naterer (2004). The predicted results
will be presented in terms of nondimensional variables described in previous sections. These nondimensional variables include the cross-stream coordinate (z* = z/a),
velocity (u* = u/ub), Hartmann number (M), temperature (θ), Reynolds number (Re),
load factor (K), and duty parameter (B). In Figure 5.7 and Figure 5.8, the predicted
nondimensional velocity and temperature fields are shown at varying Hartmann
numbers. It can be observed that the temperature and near-wall temperature gradient decrease at lower Hartmann numbers. Also, they decrease at larger values of the
load factors. The electromagnetic resistance of fluid motion decreases at larger load
factors, when the magnetic field strength decreases. As a result, the fluid velocity
increases in the denominator of the nondimensional temperature, thereby reducing
the temperature of the fluid. As expected, the temperature decreases when the wall
heating rate is reduced.
In Figure 5.9, the rate of exergy destruction is illustrated for a microchannel
half-width of 43 mm, load factor of 0.5, Hartmann number of 20, and varying magnetic field strengths. It can be observed that exergy destruction decreases at lower
magnetic field strengths, due to smaller electromagnetic irreversibilities. The exergy
destruction reaches a peak value at the wall. Then it decreases to a local minimum
and rises to a uniform nonzero value in the core of the microchannel. The exergy
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Figure 5.7 Predicted velocity profile at varying Hartmann numbers.

destruction increases for wider microchannels because added surface area increases
the friction irreversibilities. Also, the electromagnetic irreversilibity decreases at
higher load factors due to a lower magnetic field strength. As a result, the higher load
factor of K = 1.0 in Figure 5.10 yields a monotonically decreasing exergy destruction toward zero in the midplane of the microchannel, without a local minimum and
rising trend observed in Figure 5.9. The results in Figure 5.9 and Figure 5.10 indicate the friction irreversibility is highest near the walls, whereas the electromagnetic
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Figure 5.8 Nondimensional temperature at various heating rates.
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Figure 5.9 Exergy destruction at varying magnetic field strengths.

irreversibility is dominant within the core of the microchannel. If the fluid friction is
sufficiently small at low Reynolds numbers and the Hartmann number is sufficiently
large, the maximum exergy destruction may occur at the midplane. Unlike classical problems involving convective heat transfer without electromagnetic forces, the
point of maximum exergy destruction may not be located at the wall. In this case,
local loss coefficients would be better represented in terms of local exergy destruction, rather than friction coefficients at the wall, which may not best reflect the most
relevant location of dissipative losses in electrohydrodynamic flows.
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Figure 5.10 Exergy destruction at varying channel widths.
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Figure 5.11 Optimal Reynolds number at varying magnetic field strengths.

In Figure 5.11, the optimal Reynolds number, ReL,opt, which minimizes the net
exergy destruction, is plotted at varying duty parameters, aspect ratios, and flow
configurations. The optimum for electrokinetic flow is lower than other configurations, and it increases at higher duty parameters and smaller aspect ratios. This optimum involves a balance, which minimizes the net exergy destruction arising from
combined effects of friction and thermomagnetic irreversibilities. The friction irreversibility is reduced with a smaller surface area and net friction, but higher, larger
irreversibilities occur due to a higher temperature (between fluid and wall) needed to
transfer a specified heat flow (q´) over a smaller area. However, the thermal irreversibility decreases with a larger surface area, because a smaller temperature difference
between the fluid and wall is needed to transfer the fixed heat flow. This reduction
comes at the expense of higher friction irreversibilities, when a larger surface area
(i.e., larger Reynolds number) contributes to added surface friction. Furthermore,
the electromagnetic irreversibility increases at higher Reynolds numbers, because
Ohm’s law implies that this irreversibility is proportional to the velocity squared.
These trends contribute to the physical mechanisms that minimize the net rate of
exergy destruction at ReL,opt in Figure 5.11.
Operating at other conditions below or above ReL,opt implies that additional electric input power is needed to transfer fixed rates of mass and heat flow through the
microchannel. Additional power is needed to offset higher internal irreversibilities,
which dissipate kinetic energy into internal energy, rather than transferring power
for mass transport. In the case of electro-osmotic flow, additional input power is
needed to generate sufficient charge distributions along the wall for the specified
mass flow rate. Other methods of microfluidic flow control, such as pressure or thermocapillary driven flow, would also entail wasted power input to overcome system
irreversibilities.
The previous results of entropy production (or exergy destruction) have practical
significance in electrokinetic flow control in microchannels. Exergy losses characterize the friction, pressure losses, and kinetic energy dissipated to internal energy
within the microchannel. As a result, they have an important role in the performance
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of microdevices. For example, consider cooling of an electronic assembly with
microchannels. Each unit of exergy destroyed corresponds to an amount of internal
energy, which could have been removed by convective cooling, but was not removed
due to energy dissipated by the thermomagnetic irreversibilities. Additional power
input is needed to offset these irreversibilities. As future microdevice technologies
become more complex in terms of energy conversion between various subsystems,
the spatial tracking of entropy production throughout these networks will become an
increasingly valuable tool in reaching the highest levels of performance and device
efficiency.

5.4 Micropatterned Surfaces with Open Microchannels
5.4.1 Fluid Flow Formulation
Controlled surface roughness has importance in various fluids engineering applications. Surface roughness affects the boundary layer formation in aerodynamics
of aircraft, vehicles, and so forth. Extended surfaces (fins), modified surface profiles, and other passive techniques of heat transfer enhancement are commonly used
in industrial heat exchangers. Random microscale features of a surface are often
modeled as a lumped or overall surface roughness. Recently, advances in micromachining fabrication can allow surface profiles to be carefully designed for various
purposes. In this section, the effects of embedded surface microchannels on boundary layer flow and convective heat transfer will be examined. It will be shown that
Entropy-Based Surface Microprofiling (EBSM) enables drag reduction and lower
entropy production of convective heat transfer, due to slip-flow conditions within the
embedded microchannels. Using EBSM, the power consumption to transfer specified rates of mass and heat flow across a surface can be reduced.
Consider external flow past a flat surface with embedded open microchannels (see Figure 5.12 and Figure 5.13). This flow configuration closely resembles
a flat plate boundary layer flow, with a Blasius similarity solution for streamwise
changes of flow variables. But open microchannels are aligned parallel to the incoming flow along the surface, with micron or submicron scale depth. Unlike random
surface roughness, the well-controlled profiles of these embedded microchannels
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No-Slip Region
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y
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Diverging Microchannels

Figure 5.12 Schematic of embedded microchannels.
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Figure 5.13 Top view of microchannels with (a) converging and (b) diverging profiles.

can allow geometrical optimization for drag reduction and heat transfer enhancement.
A basic geometry of flat plate flow is considered in this section, although, the technique can be readily extended to more complex geometries.
In the x-z direction (i.e., side view within a microchannel), a Couette-type flow
is encountered. A Couette flow refers to a one-dimensional shear layer enclosed by
fixed velocities at both edges of the layer. For example, a linear variation of velocity
occurs between a moving plate and a stationary wall below the plate. In the case of
the open microchannel, a nonzero Blasius velocity and slip velocity are encountered
at the top and base of the microchannel. Diffusion-dominated transport of momentum in the z-direction yields a similar linear profile between both edge velocities.
The slope of this profile decreases in the x-direction, as the top velocity changes in
the slip-flow pattern of the boundary layer development.
Considering a front view of the plate in the z-y direction at a fixed x-location,
the cross-stream flow is neglected, and the z- and y-velocities will be assumed to
be negligible, relative to the streamwise (x-direction) velocity component. Transition between slip-flow and no-slip regimes occurs at the top corners of the embedded
microchannels. Consider a slip-flow embedded microchannel, with a Knudsen number and characteristic length based on both depth and width. At the top corners,
the near-wall slip-flow profile approaches no-slip behavior before reaching the top
edge of the microchannel. This transition occurs because the local Knudsen number decreases at the top edges of the microchannel. This transition may produce a
small submicron semicircular type of zone of influence at the top corners. Little
or no experimental data has been reported in the technical literature regarding such
slip-flow variations arising from this transition. Past studies have mainly reported
slip-flow coefficients based on measured mass-flow rate slopes against various pressure differences in closed microchannels. The current transition regime and mixed
Knudsen numbers would not arise in those cases. Also, past measurements yield a
single (net) coefficient, without spatial variations across the microchannel. In this
method, a single coefficient simulates a spatial variation and transition regime in a
similar fashion.
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Analytical solutions of laminar boundary layer flow can be determined from the
method of similarity selection. The predicted velocity field, u, from this method for
flat plate boundary layer flow can be expressed in terms of a similarity variable, h,
freestream velocity, u∞, and a stream function derivative as follows:
u
= f ′ (η )
u∞

(5.35)

u∞
νx

(5.36)

where

η=y

Transforming the two-dimensional, steady, laminar boundary layer equations with
this similarity variable, the governing equation for mass and momentum transport
within the boundary layer becomes the following well-known Blasius equation,
f ′′′(η ) +

1
f (η ) f ′′(η ) = 0
2

(5.37)

This nonlinear ordinary differential equation will be solved by a Runge-Kutta
method, subject to boundary conditions of f′ (∞) = 1 and f (0) = 0. The no-slip condition at the wall is f′ (0) = 0.
The analytical solution can be obtained from successive integrations as follows:
η


exp  
0 
u
u* = = f ′ (η ) =
∞

u∞

exp  
0 

∫

∫

∫

η%

∫

η%

0

0


f /2dη̂  dη%


f /2dηˆ   dη%


(5.38)

It can be shown that the functional forms of the momentum and thermal energy
equations are equivalent, so a similar procedure yields the following result for the
nondimensional temperature within the boundary layer:
η


exp  - Pr

0 
T - Tw
θ (η ) =
=
∞

T∞ - Tw

exp  - Pr

0 

∫

∫

∫

η%

∫

η%

0

0


f /2dηˆ   dη%


f /2dηˆ   dη%


(5.39)

When the Prandtl number of the fluid is close to 1 (common fluids such as air), the previous expressions for nondimensional velocity and temperature become identical.
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For the case of a slip-flow condition at the wall (within an embedded microchannel), the boundary condition involves the nonzero wall velocity and spatial gradient of velocity (second derivative of the stream function at the wall), so that
f ′ (0) = K1 f ′′ (0)

(5.40)

where
 2 -σ 
K1 = 
Kn Re 1/2
 σ  x x

(5.41)

In Equation 5.41, Knx and Rex are the local Knudsen and Reynolds numbers, respectively. The boundary condition implies that wall slip increases with higher velocity
gradients at the wall. For no-slip conditions, f′′ (0) = 0.3321. It can be shown that
f′′ (0) varies with K1 for the slip-flow problem, that is,
f ′′ (0) =

1.39
4.185 + 0.96K11.11

(5.42)

After the third-order Blasius equation is solved, subject to the slip-flow boundary condition, the resulting stream function, f(h), can be numerically differentiated
to yield the velocity field and wall shear stress, τw, distributions, i.e.,

τw =

ρ1/2 µ1/ 2 u∞3/ 2
f ′′(0)
x1/ 2

(5.43)

Rearranging this result in terms of the local Reynolds number,

τw
= f ′′ (0) ⋅ Rex -1/2
ρu∞2

(5.44)

Unlike macroscale systems with a no-slip condition at the wall, the slip-flow
conditions and in a microchannel can lead to lower shear stresses along the walls.
These trends have been investigated previously for gases (Martin and Boyd, 2001)
and liquids (Choi et al., 2002). Choi et al. (2002) have reported higher water flow
rates induced by a different surface coating along a microchannel wall, thereby
leading to a variation of slip velocity and shear stress along the wall. Such slipflow effects increase when the channel height decreases and the wall shear stress
increases. The percentage reduction of wall shear stress due to the slip-flow condition, as compared to the no-slip solution, can be determined from the previous similarity solutions. The result follows from the difference of 100% (0.3321 - f′′ (0)),
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where f′′ (0) refers to the result from the slip-flow solution. The value of 0.3321
corresponds to the classical Blasius solution with a no-slip velocity at the wall.
Martin and Boyd (2001) have examined the validity of key assumptions adopted
in this similarity solution. At all locations except the leading edge, the streamwise velocity gradient is assumed to be much smaller than the cross-stream (ydirection) gradient.
In the slip-flow condition, the Knudsen number, Kn, characterizes the degree
of rarefaction of fluid motion. As discussed previously, the continuum assumption
of fluid flow is considered valid when Kn ≤ 10-3, whereas free molecular flow
occurs when Kn ≥ 10. Between these two limits, the slip-flow regime exists within
the range of 10-3 ≤ Kn ≤ 10, and a transition region occurs for 10-3 ≤ Kn ≤ 1. A
similar condition of temperature discontinuity exists for the thermal problem,
but “no-jump” (thermal problem) replaces the condition of “no-slip” (flow problem). The boundary between the slip-flow and transition regimes is problem- and
geometry-dependent.
The principles underlying the no-slip, no-jump conditions for velocity and
temperature require that there cannot be any finite discontinuities of velocity and
temperature at the wall. Such discontinuities would entail infinite velocity and
temperature gradients, thereby leading to infinite viscous stresses and heat fluxes.
Based on continuum theory, the no-slip, no-jump conditions require an infinitely
high number of collisions between the fluid and solid surface. In practice, such
assumptions lead to reasonably accurate predictions, provided that Kn < 0.001 for
gases. For flows at higher Knudsen numbers, the mean free path of molecules is
no longer sufficiently small relative to a characteristic length of the micron or submicron device (such as the microchannel height). Slip-flow conditions entail direct
momentum exchange of intermolecular interactions near the wall. The probability of
a fluid molecule striking another fluid molecule within an embedded microchannel,
rather than a wall, decreases at higher Knudsen numbers. A molecule may reflect
from several walls before colliding with another fluid molecule traveling in the principle flow direction. Some molecules reflect specularly, and others reflect diffusely
from the surface of the walls. Thus, a portion of momentum of incident molecules is
lost to the wall, while the remaining portion is retained by the reflected molecules.
The tangential momentum accommodation coefficient is used to represent the fraction of incident molecules that is reflected diffusely. This coefficient typically varies between 0.2 and 0.8, and it depends on the fluid properties, solid wall, and the
surface finish.
For an idealized smooth wall, the incident angle exactly matches the reflected
angle of impacting molecules. The molecules conserve tangential momentum,
thereby not exerting shear on the wall. This process of specular reflection leads to
perfect slip at the wall. But for an actual wall with surface roughness, the molecules
reflect at some random angle, which is uncorrelated with their incident angle. Perfectly diffuse reflection requires zero tangential momentum for the reflected fluid
molecules to be balanced by a finite slip velocity, to account for the shear stress transmitted to the wall. A near-wall force balance requires that the difference between the
slip velocity and wall velocity balances the product of mean free path and velocity
gradient perpendicular to the wall. This balance will be applied as the slip-flow
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boundary condition in the previous similarity solution of boundary layer flow. Slip
occurs only when the mean velocity of molecules changes significantly over a distance of about one mean free path.

5.4.2 Heat Transfer Formulation
For convective heat transfer analysis in the thermal boundary layer, the reduced form
of the governing energy equation is simplified as follows for the current problem:

ρc p u

∂T
∂T
∂2T
+ ρc p v
=k 2
∂x
∂y
∂y

(5.45)

subject to the following boundary equations at the edge of the boundary layer and
wall, respectively,
T ( x, y → ∞ ) = T∞
-k

∂T
∂y

(5.46)

= qw′′

(5.47)

0

In this problem, the wall heat flux is specified, and the wall temperature, Tw(x), is
unknown. When the Prandtl number of the fluid is close to 1 (common fluids such as
air), the functional form of the boundary layer equations for velocity and temperature become analogous. When the velocity solution is obtained from the momentum
equations, it can be modeled as a known coefficient when solving the temperature
boundary layer equation.
Define the following variable as the wall temperature difference:

θ w ( x ) = Tw ( x ) - T∞

(5.48)

After solving the energy equation, subject to the boundary conditions and evaluating
the result at y = 0 for the wall temperature difference, it can be shown that (Kays and
Crawford, 1980)

θw ( x ) =

0.623 -1/ 3 -1/ 2
Pr Rex qw′′
k

x

∫ [1 - (ξ / x)
0

3/ 4 -2 / 3

]

dξ

(5.49)

A thermal boundary condition with a constant heat flux has been applied at the wall.
In the problem configuration, the y-direction is perpendicular to the wall. Thus,
both the solid side (y → 0-) and fluid side of the wall (y → 0+) are assumed to have
an equivalent heat flux, qw′′,, passing through an infinitesimal control volume along
the wall (y = 0), due to conservation of energy. After the boundary layer equation is
solved, subject to the constant heat flux condition at the wall, the wall temperature
can be obtained as a function of x, qw′′, and T∞. In the no-slip (no-jump) case, the
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spatial temperature profiles on both sides of the wall must meet at a common wall
temperature. Each profile exhibits a certain slope at the wall to match the Fourier
heat flux corresponding to the specified flux of the boundary condition.
But in the slip-flow case, these profiles are assumed to be offset at the wall, due to a
temperature jump condition. In addition, the near-wall slopes of temperature are assumed
to match the corresponding slopes of the equivalent no-slip case, when the same specified flux condition is applied at the wall. More specifically, qw′′, is specified and T(x, y →
0+) is solved in the slip-flow problem. Then T(x, y → 0-) can be obtained from a thermal
jump condition, while simultaneously matching the required Fourier heat flux at the solid
side of the wall (y → 0-). The same constant wall flux can be obtained in both no-slip and
slip-flow cases, provided that the near-wall temperature slopes are equivalent.
Due to the similarity between molecular diffusion of heat and momentum near the
wall at fluid Prandtl numbers close to 1, the magnitude of temperature jump at the wall
can be approximated with the momentum accommodation coefficient. But the previous convective heat transfer analysis does not need this accommodation coefficient in
the solution procedure, when a specified flux boundary condition is used at the wall. It
is only needed if spatial temperature variations within the wall are required, or a conjugate (conduction and convection) analysis is required to find the wall heat flux.
The local convection coefficient can be evaluated based on the result from the
temperature field, thereby leading to the following expression for the local Nusselt
number (Kays and Crawford, 1980):
Nux = θ 0 Pr 1/ 3 Re1x/ 2

(5.50)

where q 0 = 0.453 for the current case of a specified flux boundary condition. It can be
shown that the same Nusselt number is obtained for the case of a constant wall temperature, except that the leading coefficient becomes q 0 = 0.3321. This heat transfer
coefficient is about 36% lower than the value at the same point on the plate with a
constant wall flux. But the average Nusselt number and average q w are only about 2%
lower than the case of a constant wall heat flux at x = L.

5.4.3 Formulation of Entropy Production
The total entropy production over a plate of length L and a width of W consists of a
thermal irreversibility and a friction irreversibility, which can be expressed in integral form as follows:
 q ′′ 
S&gen =  
 T∞ 

2

W

∫ ∫
0

L

0

dxdy u∞
+
h
T∞

W

∫ ∫
0

L

0

τ w dxdy

(5.51)

The previous correlations for the convection coefficient (based on the Nusselt
number) and wall shear stress will be substituted into this equation. In this section,
the entropy production will be analyzed for the following three cases: (i) diverging
and converging embedded microchannels; (ii) unspecified (exponential) profile of
microchannels; and (iii) unspecified cross-stream variation of the microchannel geometrical profile.
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Case (i): Diverging and Converging Microchannels, Laminar Flow,
Uniform Wall Heat Flux
For diverging (or converging) microchannels, the predicted entropy production
involves a parallel section and varying slip areas. Using the previous expressions
for the heat transfer coefficient and wall shear stress, it can be shown that the total
entropy production over the plate becomes
 q ′′ 2ν 2  
S& gen =  2 2  n
 kT∞ u∞  
 u 2µ  
+  ∞  n
 T∞  

ReL

∫ ∫
0

ReL

0

∫ ∫
0

Ws + 2 d

Ws + 2 d

0

Rex1/ 2
dyd Rex +
θ s′ ( 0 )

fs′′( 0 )
dyd Rex +
Rex1/ 2

ReL

∫ ∫
0

ReL

0

∫ ∫
0

W - nWs

W - nWs

0


Rex1/ 2
dyd Rex 
θ ns′ ( 0 )



fs′′( 0 )
dyd Rex 
1
/
2
Rex


+ S&gen, f + S&gen,h

(5.52)
		

		
where the subscripts s and ns refer to slip-flow and no-slip regions, respectively.
The number of microchannels is denoted by n and other geometrical parameters are
illustrated in Figure 5.12. The latter two integrals, S&gen, f and S&gen,h, refer to the wall
friction irreversibility difference and wall thermal irreversibility difference due to
slip minus no-slip conditions, that is,
 q ′′ 2ν 2 
S&gen,h = 
2n
 Re∞2 u∞2 
 u 2µ 
S&gen, f =  ∞  2 n
 T∞ 

ReL

∫ ∫
0

ReL

0

∫ ∫
0

δ

δ

0

 Rex1/ 2 Rex1/ 2 
 θ ′ ( 0 ) - θ ′ ( 0 )  dyd Rex
s
ns

 fs′′( 0 ) fns′′( 0 ) 
 Re 1/ 2 - Re 1/ 2  dyd Rex
x
x

(5.53)

(5.54)

It can be shown that the total entropy production over the plate becomes a sum of
entropy production rates for parallel microchannels (subscript p) and irreversibility difference integrals for diverging and converging microchannels ( S&gen, f plus S&gen,h), i.e.,
S&gen = S&gen, p + S&gen,h + S&gen, f

(5.55)

The second and third terms in Equation 5.52 represent a parallel microchannel term
in Equation 5.55. The result in Equation 5.55 applies to diverging microchannels.
An analogous result is obtained for converging microchannels, after subtracting the
latter two terms (rather than adding the terms). Without the latter two terms, the
result represents the entropy generation over a surface with interspersed parallel
microchannels.
Case (ii): Unspecified (Exponential) Profile, Laminar Flow,
Uniform Wall Heat Flux
Consider another case where the best geometrical profile of embedded microchannels is unknown (or unspecified). The profile is characterized by an unknown
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function, h(y), which is determined based on minimization of entropy production
along the microprofiled plate. Define a nondimensional profile variable as follows:

η=

y
;
L cot θ 2

0 ≤η ≤1

(5.56)

The varying distance between the microchannel base and edge point (see Figure 5.13)
becomes
h = ( L tan θ1 cot θ 2 )η

(5.57)

An exponentially varying profile shape is defined by
h = ( L tan θ1 cot θ 2 )η a

(5.58)

From this definition, it is required that h(0) = 0 and h(1) = Ltan(q1) cot(q 2).
In terms of these variables, the thermal irreversibility difference integral becomes
 q ′′ 2ν 1/ 2   1
1 
S&gen,h =  2 1/ 2  2 n 
 kT∞ u∞   θ s′ ( 0 ) θ ns′ ( 0 ) 

1

∫ ∫
0

L

h

L cot θ 2 x1/ 2 dxdη

(5.59)

Performing the integrations with the varying geometrical profile,
 q ′ 2ν 


 2 
S&gen,h =  2  0.921nK11.11 cot θ 2 - 
 cot 5/ 2 θ 2 tan 3/ 2 θ1  ReL1/ 2

3a + 2
 kT∞ u∞ 



(5.60)

Similarly, the friction irreversibility integral becomes
 u 5/2 ρ1/ 2 µ1/ 2 
S&gen, f =  ∞
 2 n ( fs′′( 0 ) - fn′′s ( 0 ))
T∞


1

∫ ∫
0

L

h

L cot θ 2 x -1/ 2 dxdη

(5.61)

which yields
 u µ2  

5.56
cot θ - 2 cot 3/ 2 θ 2 tan1/ 2 θ1  Re 3/ 2 (5.62)
S&gen, f =  ∞  
1.
.
328
n
×
2


 L
 ρT∞   4.185 + 0.96 K11.11

a+2
The same result is obtained as the previous case (embedded linearly converging
and diverging microchannels), except that the factor 2/5 is replaced by 2/(3a + 2) in
the thermal irreversibility integral. Also, 2/3 is replaced by 2/(a + 2) in the friction
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irreversibility integral. When a value of a = 1 (linear profile) is substituted into these
expressions, the generalized results match the special geometrical case for linearly
converging and diverging microchannels.
The previous irreversibility difference integrals are combined into the total entropy
production over the plate (per unit width). Then, the optimal shape profile of the embedded microchannels can be obtained by differentiating that expression with respect to
the profile parameter, a, and setting the result equal to zero. For a diverging profile,
6A
2B
+
=0
(3a + 2 )2 ( a + 2 )2

(5.63)

 q ′ 2ν 
A=
0.921nK11.11 cot 5/ 2 θ 2 tan 3/22 θ1 ReL1/ 2
 ρu∞T∞2 

(5.64)

where

 u µ2  

5.56
B= ∞ 
- 1.328 n cot 3/ 2 θ 2 tan1/ 2 θ1 ReL 3/ 2
1
.
11

 ρT∞   4.185 + 0.96 K1

(5.65)

For a converging profile, a minus sign is placed before each expression for the
coefficients A and B. Solving the previous algebraic equation for the optimal profile
coefficient,

(

2


a=
-3 A - 3B + 9( A + B)2 - 3( A + 3B)(3 A + B)
 3 A + 9 B 

)

(5.66)

When substituted into the profile distribution for h(y), the resulting shape of the
embedded microchannels minimizes the entropy production over the plate.
Case (iii): Unspecified Cross-Stream Profile Variation, Laminar Flow,
Uniform Wall Heat Flux
Leaving out the integration of total entropy production in the y-direction, the minimization of entropy production yields a detailed variation of microchannel profile in that direction. The thermal and friction irreversibility difference integrals
become
 q′2 
S&gen,h =  2  0.461K11.11 (1 - f 3/ 2 ( a, η ) cot 3/ 2 θ 2 tan 3/ 2 θ1 ) ReL -1/ 2
 kT∞ 

(5.67)

 u 2µ  

2.78
S&gen, f =  ∞  
- 0.664  (1 - f 1/ 2 ( a, η ) cot1/ 2 θ 2 tan1/ 2 θ1 ) ReL1/ 2
 T∞   4.185 + 0.96 K11.11

		

(5.68)
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Combining these irreversibility integrals with the portions arising from parallel
embedded microchannels, the total entropy production over the plate becomes
 q′2 
S&gen =  2  4.016 + 0.461K11.11 + 0.461K11.11 (1 - f 3/ 2 ( a, η ) cot 3/ 2 θ 2 tan 3/ 2 θ1 ) 
 kT∞ 
 u 2µ  
2.78
ReL -1/ 2 +  ∞  
+ 0.664
 T∞   4.185 + 0.96 K11.11



2.78
1/ 2 ( a, η ) cot1/ 2 θ tan1/ 2 θ ) Re 1/ 2
+
0
.
664
(
1
f
 L
2
1

 4.185 + 0.96 K11.11


		

(5.69)

The first, second, fourth, and fifth terms represent the irreversibility contributions
from the parallel microchannel profile. The remaining third and sixth terms, involving the trigonometric factors, represent the contributions arising from profile corrections (due to deviations of the profile width in the streamwise direction).

5.4.4 Case Studies of Surface Micropattern Design
In this section, EBSM results illustrate how the method can provide an effective design
tool for reducing drag and entropy production in external flows along a flat plate. Numerical results for air (300 K) are considered. In Figure 5.14, the change of optimized profile parameter, a, at varying Reynolds numbers, wall heat fluxes, and slip coefficients,
is presented. Geometrical and surface parameters are shown in the figure. Each profile
parameter minimizes the combined entropy production of thermal and friction irreversibilities under each set of flow conditions. This parameter affects the relative proportion
of surface area containing slip-flow and no-slip conditions. The friction irreversibility
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Figure 5.14 Change of optimized profile parameter with Reynolds number.
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increases for larger surface areas exposed to no-slip conditions, due to added surface
friction. But the thermal irreversibility decreases, because a smaller temperature difference (between the wall and surrounding fluid) is needed to transfer a fixed rate of heat
flow, q´. Slip-flow conditions within the embedded microchannels lead to lower friction irreversibility, but only over a certain range of conditions, because they contribute
simultaneously to additional surface area with friction.
Slip-flow conditions affect the momentum exchange of intermolecular interactions near the wall. The probability of a fluid molecule striking another molecule
within an embedded microchannel, rather than a wall, decreases at higher Knudsen
numbers. From results obtained in this section, the Knudsen number varies between
about 0.02 and 0.07. These values fall within 0.001 < Kn < 0.1, which represents the
range governed by the Navier–Stokes equations with slip-flow boundary conditions
(Gad-el-Hak, 1999).
In Figure 5.14, the optimized surface profile parameter decreases at higher
Reynolds numbers. At a fixed freestream velocity, the surface area increases at higher
Reynolds numbers. Also, smaller profile parameters lead to a decreasing slip-flow
area. At higher Reynolds numbers, the minimal entropy production moves to lower
values of the profile parameter. The friction irreversibility rises earlier at those lower
values, due to larger surface area. Also, Figure 5.14 shows that the profile parameter increases at higher wall heat fluxes. More slip-flow area is needed to overcome
added thermal irreversibility at those higher heat fluxes.
Air flow at 300 K past a surface with 2800 parallel microchannels and a surface
heat transfer rate of 50 W/m is considered in Figure 5.15. The figure shows predicted
trends of entropy production over a range of Reynolds numbers. The benchmark solution refers to the asymptotic no-slip limit, when correlations for the Blasius similarity
solution can be integrated directly to yield the net entropy production. This case without microchannels represents the classical boundary layer flow and convective heat
transfer from a flat nonprofiled surface. It can be observed that the current numerical
100.00
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Experiment (K1 = 0; Czarske et al.)
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Microchannels (K1 = 2, d/W = 0.00002)
(Air, 300 K, q´ = 50 W/m, n = 2,800)

Sgen (W/m3K)

10.00

1.00

0.10

0.01
1.0E+01

1.0E+02

1.0E+03

1.0E+04

1.0E+05

1.0E+06

ReL

Figure 5.15 Reduced entropy production with embedded surface microchannels.
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slip-flow formulation approaches this benchmark solution properly in the no-slip
limit, when the slip coefficient becomes K1 = 0. The close agreement between predicted and benchmark results provides useful validation of the numerical modeling.
Experimental data have been reported by Czarske et al. (2002) regarding wall
shear stresses in the friction irreversibility portion of total entropy production. This
data represent measured changes of skin friction coefficients at varying Reynolds
numbers in the no-slip limit case. In Figure 5.15, this measured data (filled circle
markers) is used for comparisons against the numerical modeling (solid line) and
benchmark data (open circle markers) in the no-slip limit case. Close agreement is
reached in these comparisons, thereby providing additional useful evidence regarding the current model’s reliability.
The entropy production increases at low Reynolds numbers, when the smaller
surface area leads to a high thermal irreversibility. When the surface area decreases,
a larger temperature difference (between the wall and surrounding fluid) is needed
to transfer a fixed rate of heat transfer from the wall, q´. On the other hand, friction
irreversibilities increase at higher Reynolds numbers, due to more friction over a
larger surface area. Thus, an optimal Reynolds number occurs at a certain intermediate range, where the entropy production rate is minimized. The predicted results
show that the embedded microchannels allow lower values than the minimum
entropy production without microchannels, due to slip-flow conditions within the
microchannels. As a result, the adaptive microprofiling provides a useful technique
of reducing entropy production in external flows. In Figure 5.15, this entropy production decreases at higher slip coefficients and shallower microchannels. Drag reduction occurs at the higher slip coefficients, whereas less microchannel depth reduces
the friction irreversbility, due to less overall surface area.
In Figure 5.15, it can be observed that the plate without embedded microchannels
exhibits the lowest entropy production up to the critical Reynolds number. But this
trend changes appreciably at larger Reynolds numbers. When the plate length and
surface area become larger, the thermal irreversibility decreases, and added area
leads to greater surface friction. The resulting entropy production becomes lower for
cases with microchannels, because the added friction irreversibility is more noticeably reduced by slip-flow conditions when the surface area increases. The beneficial
impact of drag reduction by slip-flow conditions is not noticeable at lower Reynolds
numbers, as thermal irreversibilities constitute a larger portion of the total entropy
production. Additional surface area of embedded microchannels appears to raise
friction irreversibilities more than frictional reduction by slip-flow conditions.
When analyzing the external flow conditions in these problems, the Reynolds
number is characterized by the streamwise coordinate, x, and plate length, L. All
geometrical and external flow parameters were selected so that the Reynolds number
remains below the point of transition to turbulence at ReL = 5 × 105. The formulation could be extended to external turbulent flows, provided that turbulence equations are supplied for the convective heat transfer and wall friction correlations. The
open microchannel flow depends on the microchannel depth (or hydraulic diameter), so similarities exist with closed microchannel flows. According to Sharp and
Adrian (2004), who performed measurements of pressure drops in microtubes; they
confirmed that transition to turbulence occurs at Reynolds numbers of about 1800.
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Microtube transition to turbulence has similarities with rectangular channels of the
same hydraulic diameter. The transition to turbulence was estimated by the authors
when pressure drops exceeded macroscopic Poiseuille flow results for laminar flow
resistance. Also, micro-PIV measurements of mean velocity and root mean square
(rms) velocity fluctuations at the centerline were monitored at the transition point.
Experimental uncertainties of ±1% systematic and ±2.5% rms random errors were
reported by Sharp and Adrian (2004).
For microchannel depths and external flow velocities considered in this section, the Reynolds numbers are well below the transition point of 1800. The velocity
required in the Reynolds number is best represented by the velocity at the top of the
open microchannel (not the freestream velocity). Because this corresponds to the base
of the boundary layer in external flow, it is approximately equal to the slip-flow velocity at the wall. At low slip coefficients, this becomes much smaller than the freestream
velocity. For example, the similarity solution of f' (0) suggests that the wall velocity
is about 0.02% of the freestream velocity at K1 = 0.3. This produces much lower estimates of the microchannel Reynolds number, as compared with the freestream velocity. Thus, the open microchannel flow is assumed to be fully laminar.
In Figure 5.16, the ratio of actual entropy production to the minimum entropy
production (called the entropy generation number, Ns) is plotted at varying length
ratios (L/L opt) and expansion angles of the microchannels. Linearly converging microchannels and airflow at 300 K are considered. Other problem parameters are depicted
in Figure 5.16. For small surface areas (low values of L/L opt), the net entropy production occurs mainly from the thermal irreversibility. The varying expansion angles
have minor effects on Ns at low values of L/L opt, as those characteristics mainly affect
the friction irreversibilities. On the other hand, the slip-flow friction irreversibilities
rise faster than the no-slip case for all the expansion angles in Figure 5.16. For a
specified surface length, the entropy production increases faster at smaller base and
exit expansion angles, relative to the corresponding minimum entropy production,
which decreases with added slip-flow area.

NS

100

Plate; without Microchannels
Expansion Angles: 0.1, 0.4 (rad)
Expansion Angles: 0.1, 0.9 (rad)
Expansion Angles: 0.3, 0.4 (rad)
Expansion Angles: 0.3, 0.9 (rad)
Air (300 K)
q´ = 10 W/m
d/W = 1.0E – 06
K1 = 0.1
(Converging Microchannels)

10

1
1E – 03

1E – 02

1E – 01

1E + 00

1E + 01

1E + 02

1E + 03

L/Lopt

Figure 5.16 Comparison of predicted entropy generation number with benchmark result.

© 2008 by Taylor & Francis Group, LLC

7262_C005.indd 139

1/19/08 11:45:50 AM

140

Entropy-Based Design and Analysis of Fluids Engineering Systems

Optimized Proﬁle Parameter (a)
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Figure 5.17 Sensitivity to slip coefficient (converging microchannels).

Unlike previous cases with diverging microchannels, the predicted results in
Figure 5.17 consider converging microchannels. The microchannel converges into
the central parallel section, rather than expanding outward from it. On the vertical axis of Figure 5.17, the slip-flow area decreases at lower values of the profile
parameter. For example, because the geometrical configuration represents converging microchannels, the slip-flow area at a = -0.7 exceeds the slip-flow area at
a = -0.6. In Figure 5.17, the profile parameter decreases at higher slip coefficients.
A higher slip coefficient overcomes the added friction irreversibility of less slip-flow
area. Also, the profile parameter decreases at lower Reynolds numbers, which also
entails reduced friction irreversibilities with a smaller surface area.
The corners of the embedded microchannels represent a transition connecting
the no-slip regime (above microchannel; Kn < 0.001) and slip-flow regime (within a
microchannel; 0.001 < Kn < 0.1). When calculating the local Knudsen number, the
corresponding length scale must accommodate both microchannel depth and width,
or a hydraulic diameter-based length. Otherwise, no-slip conditions could be erroneously predicted near the corners. For example, a wide microchannel with a submicron or nanoscale depth could produce an unrealistically small Knudsen number if
the width alone were used. It is expected that the local Knudsen number decreases
below 0.001 and moves into the no-slip regime at some point near the top corner.
This arises with diminished effects of side walls on the intermolecular interactions
near the corners. This transition to no-slip conditions is assumed to produce a small
submicron semicylindrical type zone of influence at the top corners. This zone penetrates mainly into the open microchannel, as fully no-slip conditions are expected
outside of the microchannels.
The previous results have demonstrated a new method of surface-embedded microchannels for reducing wall friction, while simultaneously improving
heat transfer effectiveness by reducing the overall entropy production. It is shown
that local slip-flow conditions within the surface microgrooves can reduce the net
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entropy generation below minimum values achieved without such embedded microchannels. Entropy production is reduced when less kinetic energy is dissipated to
internal energy, due to the slip-flow surface behavior. The method of surface microprofiling takes advantage of optimally placed slip-flow regions interspersed in the
cross-stream direction across the surface.
In contrast to other conventional methods that optimize macroscale parameters
of surfaces, such as the width or aspect ratio of plates in external flow, this section
has optimized the microscale features of a surface. The optimal spacing between
microchannels and microchannel aspect ratios were predicted with a newly developed technique called EBSM. These conditions establish the most effective compromise between friction and heat transfer irreversibilities. It was shown that
embedded open microchannels within a surface can sufficiently reduce wall friction through slip-flow conditions, to overcome added friction from the larger surface area of these added microchannels. Similar enhancements of added thermal
effectiveness can be achieved with the new technique, thereby offering a useful
alternative over conventional methods of heat transfer enhancement, such as baffles, fins, and spiraling.
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