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Numerical Error
Indicators and the
Second Law

6.1 Introduction
As discussed in previous chapters, entropy provides a valuable design tool for analyzing performance of fluid engineering systems and designing alternatives that
improve energy efficiency. This book has been primarily focusing on local entropy
tracking within individual components of a system, while other authors such as
Rosen and Dincer (1999) have developed comprehensive methods of overall exergy
analyses of a system. This chapter focuses on the role of entropy and the Second Law
of Thermodynamics in numerical simulations, particularly involving error indicators
for computational fluid dynamics (CFD). Entropy indicates the degree of molecular
chaos or randomization, and this disorder can be interpreted in a physical sense (a
traditional view), as well as a computational sense (a more recent view). The traditional view may be traced back to pioneering developments by the German mathematical physicist, Rudolf Clausius, in 1850, on the importance of entropy in steam
engine performance. Computational modeling of entropy has arisen more recently
with the advent of digital computers. It relates entropy and the Second Law with discretization errors (Naterer and Schneider, 1987), artificial dissipation (Hughes et al.,
1986), and nonphysical numerical results (Majda and Osher, 1979). This chapter will
focus on numerical errors, whereas the following chapter will describe the role of
entropy and the Second Law in solution uniqueness and numerical stability of CFD
simulations.
In early pioneering work, Lax (1971) implemented a discrete entropy equation
to identify physically relevant and unique solutions in finite difference compressible
flow simulations. Harten (1983) then symmetrized the governing equations through
a change of variables (entropy gradient variables) to improve the performance of
iterative algebraic solvers. Merriam (1987) has shown that satisfaction of the Second Law is sufficient, in some cases, to ensure stability of compressible flow computations. This numerical stability also suggested that entropy could serve as an
effective error indicator and criterion for solution convergence. Camberos (1998)
showed that entropy provides an effective measure of residual error and convergence
because of its physical significance with a full functional dependence on all fluid
state variables. Naterer and Schneider (1994) have demonstrated that solution errors
and nonphysical phenomena, such as numerical oscillations, coincide with a discrete
violation of the Second Law. In this way, solution accuracy and entropy production
are closely related in a numerical sense. Conventional error indicators with Taylor
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series expansions can only indicate the limiting behavior of numerical errors, when
the grid spacing approaches zero. A mathematical Taylor series analysis generally
lacks a physical interpretation. It usually cannot identify errors for coarse grids. It
also cannot identify nonphysical aspects of the numerical results. Entropy and the
Second Law provide a useful alternative because they establish a physical basis that
relates physical plausibility of results, numerical accuracy, convergence, reliability,
and stability of simulations, all within the scope of the Second Law.
MacCormack’s second-order time-split scheme (MacCormack and Baldwin,
1975) and the ARC2D and ARC3D codes of Pulliam and Steger (1980) were key pioneering developments of Navier–Stokes solvers for three-dimensional viscous compressible flows. Subsequent advances were made for boundary layer and shock wave
interactions, unstructured grids (finite elements; Lohner et al., 1984), and conservation-based methods (finite volumes; Karki and Patankar, 1989). However, much effort
and difficulty arose from general error analysis and robustness of the numerical codes.
Solutions were sensitive to time steps, grid spacing, and empirical constants in the
schemes. Rigorous order accuracy often could not be established. Complicated problems required specialized “tuning” of coefficients, but the tuning would be altered for
each new problem. More grid points and faster computers could achieve more accurate
solutions, but they could not necessarily bring a more robust or stable algorithm.
As many numerical methods lacked a unified approach to error analysis, subsequent developments implemented entropy and the Second Law for this purpose in
CFD codes for viscous compressible flows. Hughes and coworkers (1986) developed
finite element schemes that satisfied the Second Law in a global sense. However,
numerical oscillations may still occur in individual elements because the Second
Law was not enforced at a local level. Merriam (1987) presented a general methodology for satisfying the entropy inequality on a cell-by-cell basis. A general method of
analysis, rather than a specific finite element or finite volume scheme, was presented.
Entropy-based corrections for error reduction were later implemented for compressible flows (Naterer and Schneider, 1994) and duct flows (Nellis and Smith, 1997).
Finite volume methods are widely used for compressible flow simulations
because of their capabilities, conservation properties, and physically based discretization (Patankar, 1980). The discrete equations are obtained by integration of the
governing equations over discrete control volumes. Approximations of the convection and diffusion terms are usually made at the midpoint of the volume surface
(integration point). Unlike the conservation equations, entropy is governed by an
inequality (Second Law). This chapter focuses on how entropy and the Second Law
can effectively characterize the accuracy and numerical errors inherent in discrete
modeling of the conservation equations, such as convective upwind schemes (next
section). Also, this chapter will present a novel entropy-based approach for calculating the residual error in steady-state problems. The technique calculates the difference in entropy (averaged over the computational domain) as a metric to analyze
solution convergence. Several steady-state calculations of viscous compressible flow
fields will be presented, together with an averaged metric based on entropy. This
metric is the difference in the averaged entropy from one time step to the next step.
Convergence is reached when the entropy-based residual is reduced by several orders
of magnitude. The attractive feature of an entropy-based residual is that it provides
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a global measure of changes in the numerical solution, and it implicitly depends
on all problem variables simultaneously (mass, momentum, and energy). Typically,
conventional error residuals and convergence indicators depend on a single-state
variable or certain metrics that are limited to a selected set of problems. In contrast,
the universality of entropy does not suffer from these limitations. Thus, it makes an
ideal candidate as a robust error indicator and criterion for convergence.

6.2 Discretization Errors of Numerical
Convection Schemes
6.2.1 Finite Volume Formulation
This section presents a procedure that applies entropy principles to a numerical
scheme that satisfies the Second Law for a component of the overall formulation,
namely, the convection scheme. The governing equations for viscous compressible
flow and heat transfer are the Navier–Stokes equations. These equations have been
presented in earlier chapters, but they will be rewritten here in a generalized transport form for a subsequent entropy analysis. Define a vector of conserved quantities,
q, and a corresponding flux, f, with an advective component, fa, and a pressure (p)
and diffusive component, fd.

ρu
 ρ

 ρu 
 ρuu
q =   and f = 
 ρv 
 ρvu
 ρe 
 ( ρe + p )u
 


0
ρv  


- p + τ xx
ρuv

 - 
τ yx
ρvv  

( ρe + p )v  uτ xx + vτ xy - jx

0
τ xy
- p + τ yy









y 

uτ xy + vτ yy - j

		

(6.1)

The heat flux vector, j, in Equation 6.1, can be related to temperature, T, by Fourier’s
law. For each conserved quantity, there exists a corresponding transported scalar, f .
For example, x-momentum is conserved (q2 = ru), and the scalar f = u is transported
by the flow in the momentum equation. The governing equations can be written
in the following conservation form or a nonconservation transport form (excluding
continuity):
∂q
+ ∇ ⋅ f a + ∇ ⋅ f d = 0 ( Conservation Form )
∂t

(6.2)

∂φ
+ ρv ⋅ ∇φ + ∇ ⋅ f d = 0 ( Nonconservation Form )
∂t

(6.3)

	  

ρ

The components of the stress tensor, t, in Equation 6.1 are

τ xx = 2 µ

∂u 2  ∂u ∂v 
- µ
+
∂x 3  ∂x ∂y 

(6.4)
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 ∂u ∂v 
τ xy = µ 
+
= τ yx
 ∂y ∂x 

τ yy = 2 µ

(6.5)

∂v 2  ∂u ∂v 
- µ
+
∂y 3  ∂x ∂y 

(6.6)

where m is the dynamic viscosity. In addition, the ideal gas law, p = r RT, and the
relations g = cp/cv and R = cp - cv, where cp and cv refer to specific heats, allow calculations of pressure as follows:


p = (γ - 1) ρ  e 

1 2 1 2 
u - v 
2
2 

(6.7)

Consider a numerical discretization with a problem domain subdivided into finite
volumes and elements. In one dimension, Figure 6.1a illustrates the grid structure,
whereas Figure 6.1b shows the appropriate schematic definitions for two dimensions. In
one dimension, a control volume is defined by the two adjacent half-elements surrounding each node, and the integration points (ip) are located at the control volume surfaces.
The integration point resides at the element midpoint. Linear interpolation functions
are used within each element to represent the variation of dependent scalars, in terms of
nodal variables. Integrating Equation 6.2 over a control volume and time step,

∫

V

q(t + ∆t )dV -

∫

V

q(t )dV +

(a)

t +∆t

∫ ∫ f ⋅ ndAdt = 0
t

Control Volume
i–1/2 i

i–1

i+1/2

Local Node Number

1

2
SCV 2
Flow Direction

i+1

Element

Integration Points at
Control Volume Surfaces
(b)

(6.8)

S

SCV 1
SCV 4

iP

4
Subvolume
Node

Upstream
Point
Upwind Diﬀerence

Finite Element

Control Volume

Figure 6.1 (a) One-dimensional, and (b) two-dimensional schematic of a finite volume.

© 2008 by Taylor & Francis Group, LLC

7262_C006.indd 146

1/19/08 3:42:43 PM

147

Numerical Error Indicators and the Second Law

The discrete equations can be obtained by integration over a specific time interval
t n ≤ t ≤ t n+1 and one-dimensional volume xi -1/2 ≤ x ≤ xi +1/2. The discretized conservation and nonconservation (transport) forms of the governing equations, Equation 6.2
and Equation 6.3, respectively, then become
q in +1 - q in fi +1/2 - fi -1/2
+
=0
∆t
∆xi

φin +1 - φin
1
+
∆t
∆xi



∑ m& φ

ip ip

ip

( Conservation Form )

(6.9)

 ∂φ  
- Γ ip    = sources ( Nonconservation Form ) (6.10)
 ∂x  ip 


		
where m& refers to the mass flow rate, Γ represents a general diffusion coefficient,
and “sources” refers to the remaining source-type terms in the governing equation.
Conventional methods of interpolation are used to approximate the transient, diffusion, and source terms. To specify a well-posed algebraic system, the advection
terms in Equation 6.10 at the integration points need to be related to nodal variables.
This requires modeling for the transport of a scalar quantity, f, across a control volume surface, or integration point, such as f = u in the momentum equation.

6.2.2 Central, Upwind, and Exponential Differencing Schemes
Various methods can be used in numerical schemes to estimate an integration
point value such as φi+1/2. For example, the approximation φi +1/2 = φi represents an
upwind differencing scheme (UDS). In two-dimensional problems, an analogous
procedure is the skew upwind differencing scheme (SUDS), which uses the local
flow direction to determine the appropriate upstream location for the scalar variable approximation. Without the influence of pressure forces on the integration
point velocity, there can be a nonphysical decoupling between pressure and velocity. For example, if a large pressure gradient in a flow field has no direct influence
on the integration point velocity, it could lead to direct violation of the Second Law.
In contrast to UDS, the central differencing scheme (CDS) uses linear interpolation between adjacent nodal values to find the integration point variable, that is,
φi +1/2 = (φi + φi +1 )/2 . In CDS, the convective flux dependence on downstream variables may have nonphysical trends when the Peclet number is high and upstream
convection influences are dominant.
Convection models may use some combination of adjacent nodal values for the
integration point approximations. For example, hybrid schemes such as the exponential differencing scheme (EDS) provide the correct balance between UDS and CDS
influences, based on the local grid Peclet number ( Pe = ρui ∆xi / Γ) (Minkowycz et al.,
1988). EDS obtains a smooth transition from CDS for Pe → 0 to UDS for Pe → ∞.
Neglecting transient, pressure, and source terms in Equation 6.3 and solving the
resulting equation subject to specified values of f at the nodes yield the EDS solution.
Evaluating f at the integration point with this EDS solution,
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1+α 
1-α 
φi +1/2 = 
φ +
φ
 2  i  2  i +1

(6.11)

where

α = 1-

2( e Pe /2 - 1)
Pe 2
≈
Pe
e -1
5 + Pe 2

(6.12)

The latter approximation is an alternative to reduce the computational expense of
frequent exponential calculations (Minkowycz et al., 1988, see Chapter 7 by Raithby,
G.D. and Schneider, G.E.). This scheme has first-order accuracy, in terms of the
Taylor series truncation error. Higher-order schemes, such as quadratic upstream
interpolation for convection kinetics (QUICK) (Leonard, 1979), reduce the discretization errors through quadratic interpolation for integration point values. The finite
element differential scheme (FIELDS) solves an approximation to the governing
equations at the integration point to incorporate the local fluid physics, such as local
pressure and source term effects (Schneider and Raw, 1987). It will be useful to
determine whether FIELDS, UDS, and other schemes comply with the requirements
of the Second Law at a local (control volume) level. Such schemes will be denoted
as “entropy-stable” schemes. Solutions that obey the Second Law will exhibit proper
physical characteristics.
A flow field governed only by the conservation laws in Equation 6.2, but not necessarily the discrete form of the Second Law, could display unusual physical behavior. For example, it is highly improbable that heated fluid elements could become
sufficiently organized to independently produce a cold fast fluid stream that converts
internal energy to kinetic energy. Although possible through the First Law, the statistical probability of observing this process is extremely small, according to the
Second Law. The Second Law states that entropy, which is a property of matter that
measures the degree of disorder at the microscopic level, can be produced, but never
destroyed in an isolated system. These observations also apply to numerical computations, wherein numerical approximations should not produce nonphysical results
that violate the Second Law.
The Second Law of Thermodynamics is written below in a form similar to
Equation 6.2:
P&s = S,t + F,x ≥ 0

(6.13)

where the subscript notation with a comma refers to differentiation. For example,
the subscript “x” refers to a partial derivative with respect to x in one dimension, or
the divergence operator in multidimensions. Also, P& s refers to the entropy production rate and S(q) and F(q) represent the thermodynamic entropy and entropy flux,
respectively, that is,
S = ρs

(6.14)

F = ρus

(6.15)
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and s represents the specific entropy. For an ideal gas,
 p/ p0 
s = cv log 
γ 
 ( ρ/ρ0 ) 

(6.16)

where the subscript 0 refers to values at a specified initial state. In Equation 6.13, the
equality refers to reversible processes, and the inequality refers to irreversible processes.
The entropy and entropy flux must obey two important mathematical properties:
	   

S,qq < 0 ( convexity )

S,q f,q = F,q ( compatibility)
The convexity condition requires irreversible processes to produce entropy. It
ensures that entropy is bounded from above, because S,qq must be a negative definite
matrix. The entropy distribution typically reaches a maximum value at thermal and
mechanical equilibrium. In the compatibility criterion, F,q represents the entropy
flux derivative matrix (a second-order tensor) with a vector component in each
of the three coordinate directions. Also, f,q is a third-order tensor that denotes a
derivative of four fluxes in three directions with respect to four conservation variables. The compatibility condition guarantees the existence of an entropy flux
satisfying the Second Law, whenever an entropy conservation principle holds for
reversible processes.
For a discrete volume, the Second Law can be expressed as

P& s =

Sin+1 - Sin Fi +1/2 - Fi -1/2
+
≥0
∆t
∆xi

(6.17)

After the solution of the conservation equations is obtained, an additional step is
required to find q(x,t) from the nodal and integration point values so that S(q) and
F(q) can be properly integrated. An approach that does not violate the Second Law
during this reconstruction step is needed. In this way, if a negative entropy production
rate arises in the numerical analysis, it can be attributed to the discretized conservation equations, rather than the entropy inequality, Equation 6.17. Thus, assume that
q = qi within the control volume, where the subscript i refers to node i. This assumption
meets the previous requirement because a piecewise constant distribution maximizes
the entropy within each control volume with respect to the choice of qi. A fundamental result of thermodynamics states that for all processes at a constant total volume
and energy, the entropy increases or remains constant. Thus, when a system reaches
thermal and mechanical equilibrium, then its entropy must be a maximum. Because
the state transition from q(x,t) to qi is physically irreversible (in practice), the entropy
contained within an isolated control volume must increase and achieve a maximum
value at the equilibrium state, q(x,t) = qi. It will be approximated that q is piecewise
constant, at its integration point value, along each control surface.
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The entropy is expanded with a truncated Taylor series as follows:
Si = Sin + S,t (t - t n ) +

1
S,tt (η )(t - t n )2
2

(6.18)

where t n ≤ η ≤ t . Similarly, defining q i ≤ ζ ≤ q i +1/2 and expanding the entropy flux
about an integration point,
Fi +1/2 = Fi + F,q (q i +1/2 - q i ) +

1
F,qq (ζ )(q i +1/2 - q i )2
2

(6.19)

If q is scalar, then the squared term in Equation 6.19 represents a scalar multiplication. Otherwise, when q is a vector, then the term is evaluated by the product of the
vector and its transpose. In a similar fashion, we can expand the entropy flux about
the other integration point.
Fi -1/2 = Fi + F,q (q i -1/2 - q i ) +

1
F,qq (ζ )(q i - q i -1/2 )2
2

(6.20)

Substituting these relations into the expression for the entropy production,

 (q i +1/2 - q i )2 - (q i - q i -1/2 )2  
 q i +1/2 - q i -1/2   1 
  + S,tt ∆t + F,qq 
P& s = S,t + F,q 
 
∆x
∆x


 2

		

(6.21)

Using the compatibility condition, and simplifying the first term in Equation 6.21,

 (q i +1/2 - q i )2 - (q i - q i -1/2 )2 
 q i +1/2 - q i -1/2   1
  + S,tt ∆t + F,qq 
P& s = S,q q,t + f,q 

∆x
∆x


 2
		
		
(6.22)
This equation expresses the entropy production rate in terms of several problem variables, so it is difficult to implement or verify the positive definite character of each individual term. Simplifying the expression, in the first term with another Taylor series,
q i +1/2 = q i + q,x ( xi -1/2 - xi ) +

1
q,xx ( xi +1/2 - xi )2
2

(6.23)

Writing another similar expansion about x = xi -1/2 and substituting the results into
Equation 6.22,
P& s = S,q (q,t + f,x ) +

1
S,tt ∆t ≥ 0
2

(6.24)

The row vector S,q in Equation 6.24 represents a rate of change of entropy with
respect to the conserved quantity. If the conservation equations are solved in an exact
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fashion, then the first term in Equation 6.24 vanishes, and the second term remains
positive to satisfy the entropy inequality. It should be noted that Equation 6.24
remains valid at both the control volume level (where the overall conservation equations are applied) and the integration point level, where modeling of convective terms,
such as φi +1/2 = φi (UDS), are made. In the latter case, violation of the inequality in
Equation 6.24 may lead to nonphysical errors such as false diffusion (in the case of
UDS) or oscillations (in the case of CDS). The subgrid modeling of convection at
the integration points should be governed by the same entropy requirements as the
overall conservation equation.
The bracketed component of the previous entropy inequality contains the
scalar conservation equation. Discretizing that equation by standard differencing
techniques,
 φi +1/2 - φi 
 P - Pi 
 φ - 2φi +1/2 + φi 
 φ n +1 - φ n 
L (q% ) + δ = a1 ρ 
+ a3  i +1/2
+ a4 Γ  i +1
 + a2 ρu 




∆t
∆xi2
 ∆xi / 2 
 ∆xi / 2 

			

		

(6.25)
In this form, the exact equation, L(q) = 0, Equation 6.3, is replaced by a discrete
approximation, L(q% ) + δ = 0, where L() refers to the differential operator (left side)
in Equation 6.3 and δ refers to discretization errors at xi+1/2. It is known that δ → 0
as the grid and time step are refined. The conventional models for integration point
approximations can be extracted from Equation 6.25 as follows:
1. CDS for a1 = a2 = a3 = δ = 0 and a4 ≠ 0.
2. UDS for a1 = a3 = a4 = δ = 0 and a2 ≠ 0.
3. EDS for a1 = a3 = δ = 0, a2 = α / Pe, and a4 = (1 - α ) / 2.
Figure 6.2 shows these coefficients and their dependence on Pe. As Pe → ∞, it can
be shown from Equation 6.25 that | a4 | << | a2 .| Thus, the UDS upstream values
dominate the downstream influences, even though a2 becomes small.
0.6
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a2 (UDS)
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Figure 6.2 Conventional upwind coefficients.
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Figure 6.3 Schematic of converging-diverging nozzle.

The following case study aims to determine whether these coefficients violate
the entropy inequality in Equation 6.24. The first term after the equality in Equation
6.24 in a product between each component of the row vector S,q and a conservation
(or transport) equation represented by each component of a column vector, i.e., S,q1
(continuity) + S,q2 (momentum transport equation) + S,q3 (energy transport equation). The numerical entropy production of each individual contribution should be
high enough to prevent an overall negative sum and a violation of Equation 6.24.
The effect of a particular transport equation can be isolated within Equation 6.24 to
determine its impact on entropy stability of the numerical method.

6.2.3 Case Study of Nozzle Flow Analysis and Design
This case study examines the entropy stability of convection schemes for convergingdiverging nozzle and channel flows (see Figure 6.3). Numerical simulations were conducted with a control volume-based finite element formulation of the viscous compressible flow equations (Naterer, 1999). Figure 6.4 shows the steady-state density,
velocity, pressure, and temperature distributions, respectively, for the three example
cases. For the fully subsonic flow, the flow accelerates in the converging section until
a point of maximum velocity and minimum pressure is reached at the throat. Then
the flow decelerates in the diverging section until it reaches the prescribed outlet
condition. However, in the supersonic flow example, the maximum Mach number
(Ma = 2.2) occurs at the outlet because the flow continually accelerates through the
diverging section of the nozzle to meet the prescribed outlet condition.
The example involves compressible air flow through a converging–diverging
nozzle with a specified cross-sectional area, A(x):

A( x ) = Ath + ( Ae - Ath ) 1 

2

x
 ,x ≤ 5
5

(6.26)

2

x 
A( x ) = Ath + ( Ae - Ath ) - 1 , x ≥ 5
5 

(6.27)

where 0 ≤ x ≤ 10[m] and Ath and Ae represent the throat and exit areas (Ae = 2.035
Ath; see Figure 6.3). Gas properties for air include g = 1.4, cp = 1004[J/kgK], and
R = 287 [J/kgK]. In this problem, the stagnation pressure (P0 = 93.75 [kPa]), temperature
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Figure 6.4 Profiles of (a) density; (b) velocity; (c) pressure; and (d) temperature.

(T0 = 300 [K]), and inlet Mach number (Mai = 0.3) are specified. The inlet conditions
are used as initial conditions throughout the problem domain. No-slip conditions
are defined along the nozzle walls. Numerical simulations were conducted with a
time-marching scheme from the initial conditions to the final steady-state solution.
Three different back pressures are specified, and these three values produce the following results in the diverging section of the nozzle: (1) subsonic flow
(Pe = 80 [kPa]); (2) mixed flow with a shock wave (Pe = 50 [kPa]); and (3) supersonic
flow (Pe = 8.8 [kPa]). If the back pressure is not low enough to induce sonic conditions at the throat, then the flow remains subsonic throughout the nozzle (Case 1).
As the back pressure is further reduced, the throat eventually becomes sonic, and
the mass flux through the nozzle reaches a maximum value. If the back pressure is
reduced below this critical condition, then the throat remains choked at the sonic
value, and a normal shock wave occurs in the diverging section to meet the outlet
condition (Case 2). The design pressure ratio is achieved when the back pressure is
further reduced until the diverging flow is entirely supersonic (Case 3). This design
condition is often used for efficient operation of a rocket exhaust.
For accelerating flow in a converging nozzle, the row vector S,q in Equation 6.24
refers to a rate of change of entropy with respect to a conserved quantity. For example, if the x-momentum (q2 = ru) increases by an incremental amount, dq2, when the
flow accelerates through a converging nozzle, then the term S ,q2dq2 represents the
associated entropy increase. The term Sq dq would represent the cumulative effect
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Figure 6.5 Rate of entropy change.

of changes in all conserved quantities on the entropy change. From Equations 6.1,
6.7, 6.14, and 6.16, the entropy derivative becomes

(γ - 1) ρu 2 
(γ - 1) ρu
(γ - 1) 

S,q = s + cv  -γ +
, - cv
, ρcv


2
P
P
P 




(6.28)

The components of S,q are illustrated in Figure 6.5 for the case of air with g = 1.4,
T = 300[K], r = 1.16[kg/m3], cv = 717.4[J/kgK], and P0 = 101[kPa]. In Equation 6.26
for one-dimensional flows from left to right, the sign of S,q1 may be positive or negative, but S,q2 ≤ 0 and S,q3 ≥ 0. These properties can be observed in Figure 6.5. In
physical terms, this implies that the entropy would decrease with a positive change,
dq2. In Figure 6.5, it can be observed that |S,q2 | for supersonic flow is larger than the
corresponding subsonic value at a fixed pressure.
For subsonic converging-diverging nozzle flow, from Equation 6.28, numerical
entropy production associated with discretization of the momentum equation is
( S,q f,x ) 2 =

- cv (γ - 1) ρu 
P

 ui +1/2 - ui 
 P - Pi 
 u - 2ui +1/2 + ui  
+ a3  i +1/2
+ a4 Γ  i +1
 a2 ρ u 


 
 ∆xi / 2 
 ∆xi / 2 

∆xi2



		

(6.29)

This equation indicates a set of necessary constraints on conventional upwind
schemes to satisfy the entropy inequality. For example, consider an accelerating flow
in a subsonic converging-diverging nozzle (i.e., ∂u / ∂x > 0 ), upstream of the throat.
If the flow remains subsonic, then it will decelerate upstream of the throat due to the
upcoming area expansion in the duct. As a result, the concavity of the velocity profile
changes in the region upstream of the throat, from concave upward to concave downward. Under these conditions with CDS, UDS, SUDS, or EDS ( a3 = 0 ), it can be
observed that S,q f,x < 0 in Equation 6.29 and the entropy inequality in Equation 6.24
is violated. In practice, viscous terms are negligible outside the boundary layer in
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this case, but nevertheless, Equation 6.29 still remains negative for accelerating
flows. Thus, the upwinding must be modified to prevent negative entropy production. For example, the schemes may apply the approximation to decelerating flows
instead, or modify the upwinding with additional terms.
Consider a modified upwind scheme that imposes a momentum constraint on the
pressure terms in Equation 6.29, to satisfy Equation 6.24. A pressure influence at the
integration point is introduced to prevent the problem in the previously mentioned
example with an accelerating flow. For steady flow, Bernoulli’s equation can be written in the following form (Fox and McDonald, 1992):
Pi + ρ

ui2
u2
= Pi +1/2 + ρ i +1/2 + losses
2
2

(6.30)

where losses ≥ 0 represent frictional losses. The velocity terms in Equation 6.30 can
be factored in the following form:
Pi - Pi +1/2 + ρu ( ui - ui +1/2 ) = losses

(6.31)

where u = (ui + ui +1/2 )/2. It is evident from Equation 6.30 and Equation 6.31 that
setting a2 = a3 in the physical influence scheme (PINS) and a4 ≈ 0 (negligible downstream influences for high Pe number case) allows the losses to be isolated. Then
Equation 6.27 may be rewritten as follows:
( S,q f,x ) 2 = 2

a2 cv (γ - 1) ρu
(losses ) ≥ 0
∆xi P

(6.32)

Using this formulation, the Second Law requirement in Equation 6.24 is then
satisfied.
Consider another example for more general duct flows with friction. A detailed
comparison between PINS (subscript pins) and other conventional schemes (subscript o), such as CDS, UDS, SUDS, and EDS, will be examined and interpretated
in the context of general duct flows with friction. The wall shear stress is defined as
τ w = f ρu 2 /2, for incompressible flows where f refers to the friction factor (Fox and
McDonald, 1992). Defining G = (S,q f,x) and Ec = u2/(cp ∆ T) (Eckert number), the
difference between upwind schemes can be computed using the ideal gas law with
the following result:
G pins - Go = 2

a2,o cv (γ - 1) ρu  a2, pins
2(γ - 1)  D   1  
-1
 (losses ) (6.33)
  
∆xi P
γ
L  fEc  
 a2,o

where D and L refer to diameter and length, respectively.
The critical points, Ec and D% /L, where this difference changes signs, occur when
Ec =



 D%   a2, pins
a2,o
2(γ - 1)  D  
γ
and   = 
- 1
fEc
  

γf
L  a2, pins - a2,o 
 L   a2,o
 2(γ - 1)

(6.34)
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Figure 6.6 Regions that satisfy the entropy constraint (in terms of the Eckert number).

Thus, conventional upwind schemes will exhibit entropy-stable behavior for low
Eckert numbers below the critical points. These trends are illustrated in Figure 6.6,
where the following sample constants have been selected: g = 1.4 (air), a2,pins =
a3,pins = 1, and Pi ≡ cv (γ - 1) ρui (losses )( a2, pins - a2,o ) / ∆xi . Below the critical points,
G pins < Go but G pins ≥ 0 for all Eckert numbers, so Go ≥ 0 is guaranteed also in this
region. However, above the critical points, PINS satisfies the entropy inequality,
Equation 6.24, but the other schemes may violate it. Both Figure 6.6 and Figure 6.7
show that the difference, G pins - Go , increases with the friction factor at a specific
Ec or D/L (diameter per length) ratio. This indicates that higher wall friction produces more entropy for a pressure-weighted scheme than a scheme (such as UDS)
2
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Figure 6.7 Regions that satisfy the entropy constraint (in terms of D/L).
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without this dependence. Friction, pressure loss, and entropy production are thus
closely related to the integration point approximations. Because the current analysis
only considers the momentum transport parts of Equation 6.24, the overall accuracy
and entropy stability of an entire finite volume method has not been formally confirmed. Each integration point discretization is generally constructed independently
of the other transport equations. In closing, this case study has shown that pressureweighted upwinding with PINS leads to entropy stability in the convective formulation of the momentum equation.

6.3 Physical Plausibility of Numerical Results
6.3.1 Entropy Correction of Numerical Diffusion
In the previous section, compliance with the Second Law was outlined for individual
components of the numerical formulation (specifically the convective upwind scheme).
In the absence of preventative measures to ensure physically plausible results, an alternative is a corrective measure that uses errors based on computed negative entropy
production to recalculate results, therein striving to satisfy the Second Law. This section describes a corrective procedure that first detects anomalous flow patterns in the
flow field (like numerical oscillations) using the local entropy production rates, then
performs a corrective procedure by applying a required diffusion coefficient to ensure
positive entropy production. The analysis will be performed with a control volumebased finite element method (Naterer and Schneider, 1994).
Let Vj denote the volume associated with node j, so the integral form of the Second Law can be written as
r
r r
∂S ( q )
(6.35)
Vj
+
F ( q ) ⋅ ds ≥ 0
∂t
sj

∫

To perform the integration, a typical four-noded, quadrilateral finite element was
illustrated in Figure 6.1b. The element comprises four subcontrol volumes, each of
which is associated with the node located at its outermost corner. The subcontrolvolume boundaries are defined by the element external surfaces and lines corresponding to local coordinate values of s = 0 and t = 0 (origin at the center of the
element). Considering the shaded subcontrol-volume of Figure 6.1b, integration of
Equation 6.35 over a subcontrol volume results in

∫

Sj

r r
F ( q ) ⋅ ds =

4

∑ F (q
r r

ipj

) ⋅ ∆s ipj

(6.36)

j =1

where in each term, ∆s is an outward facing normal at the midpoint of the appropriate edge.
Two alternative temporal discretizations will be considered in the formulation
of the Second Law. The first approach is an explicit backward difference for the
transient term. This backward difference may potentially lead to a violation of the
Second Law inequality if the temporal discretization is inadequate. The second
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approach is a “semidiscrete” method, wherein the entropy time derivative is rewritten in terms of spatial derivatives through the chain rule, and no discrete time step is
introduced (Naterer, 1989). Both methods were described previously in Section 2.7.3.
Although the semidiscrete formulation is exact in one dimension (Merriam, 1988),
it too may violate the Second Law through its midpoint approximations of entropy
and conserved variable fluxes in multidimensions. It is desirable to use a discretization that minimizes the numerical entropy production rate such that entropy-violating solutions are not concealed by artificial entropy production through temporal
differencing.
As shown in Section 2.7.3, the difference between entropy production rates
obtained from the semidiscrete and fully discrete formulations is a linear function of
r
& ) j < 0 ) can
the entries of the Hessian of S ( q ). This remainder term (denoted by ( Ps
be written in the following summation form (Naterer, 1989):
( P& s ) Rj =

Vj
2 ∆t

4

4

l =1

m =1

∑∑h αα
lm

l

m

(6.37)

where hlm denotes the entries of the Hessian matrix, H = ∂2 S/∂q 2 , and α l = ( qln, +j 1 - qln, j ).
Because H is convex (negative definite), the quadratic form given by the double sum
in Equation 6.37 must be negative for all (α1 , α 2 , α 3 , α 4 ), and it follows that
( P& s ) Rj ≤ 0

(6.38)

This result shows that the fully discrete entropy production rate is less than or equal
to the semidiscrete entropy production rate, independent of the time step or control
r
r
volume size. At steady state, ( q nj +1 - q nj ) vanishes, and the entropy production rate is
entirely determined by the spatial discretization. In this case, the equality in Equation 6.38 holds. In a similar manner, it can be shown that the volumetric entropy
production rate formed by implicit time advance is less than or equal to the semidiscrete entropy production rate. These results are equally valid for both Euler and
r
Navier–Stokes
equations, except that the entropy function, S ( q ), and entropy flux
r r
F ( q ) will be different.
The Euler equations do not provide any natural dissipation mechanism (such
as viscosity in the Navier–Stokes equations) to diffuse numerical oscillations
resulting from inadequate mesh refinement in regions of large gradients like shock
waves. Instead, smoothing algorithms such as methods of Lohner et al. (1984) and
MacCormack (1975) have been used to add artificial dissipation terms. Early pioneering studies of Von Neumann and Richtmyer (1950) developed various techniques like
the user-specified constants to control numerical oscillations and stability. Upwind
differencing introduces an implicit artificial viscosity into a scheme. The effect of
artificial viscosity reduces the spatial flow gradients. It arises from even derivative
terms in the truncation error (called numerical dissipation). When odd derivative
terms appear in the truncation error, the properties of various waves are distorted.
This quasiphysical effect is called dispersion. A key benefit of an entropy-based
error analysis is that the Second Law is sensitive to both of these errors, because the
resulting effects are both nonphysical.
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From previous chapters, the following entropy transport and entropy production
equations have been derived:

ρ

r
Ds
∇ ⋅ q ′′ µΦ
=+
Dt
T
T

(6.39)

k∇T ⋅ ∇T µΦ
+
T2
T

(6.40)

P& s =

where Φ refers to the velocity gradient portion of the dissipation function. Because
∇ T ∙ ∇ T, Φ, and the fluid properties in Equation 6.40 are all greater than or equal to
zero, then P&s ≥ 0. However, discretization errors and nonphysical solution behavior
in the numerical solution may lead to local discrete violations of the Second Law,
thus potentially ( P&s ) j < 0 in some control volume j. If the Second Law is violated
locally, then a quantitative indication of the artificial viscosity required to correct
the solution may be expressed in terms of P& s from Equation 6.40. Using the Prandtl
number (Pr = v/a), an “artificial viscosity” can be factored out from the previous
entropy production equation to give

µ=

P& s
c p ∇T ⋅ ∇T /( Pr T 2 ) + Φ / T

(6.41)

In Equation 6.40, the local entropy production rate will be greater than or equal
to zero, both analytically and numerically, because it is a sum of squared terms.
However, temporal and spatial differencing of the entropy transport equation may
lead to nonphysical numerical results and negative entropy production rates within
a discrete control volume. If P& s is computed as a negative value, then the numerical solution behavior is not physically correct because the Second Law is violated,
and Equation 6.41 would imply a negative viscosity, which would steepen gradients
rather than smooth them. If μ and k are computed in Equation 6.40 using the magnitude of P& s from the entropy transport equation, then the “entropy-based” diffusion
could prevent potentially nonphysical solution behavior, such as rarefaction shocks
and numerical oscillations, because additional diffusion is a “smoothing” process.
To implement this approach, the corrective procedure should only be applied in
regions containing the nonphysical solution behavior because there is no physical
justification for modifying the solution elsewhere. Also, a mechanism is needed to
determine how much is a sufficient amount of diffusion. The Second Law can be
used as the required corrective mechanism. It is sensitive to the nonphysical numerical results. Also from Equation 6.41, it can be used to provide a quantitative measure
of the amount of diffusion required in the numerical procedure to correct any nonphysical results.
Following each time step, the entropy production rate is computed based on
the entropy transport equation. If a nodal value of P& s is negative, then the local
solution is not physically correct. Therefore, instead of proceeding to the next time
step, a corrective iteration of the Navier–Stokes equations is performed to find the
entropy production needed to prevent the computed entropy destruction. The entropy
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production rate for a control volume is given by the left-hand side of Equation 6.35.
For a desired production rate, given a prescribed temperature and dissipation distribution, the viscosity needed to supply this production rate can be computed from the
discrete representation of Equation 6.41. Given that Φ and (∇ T ∙ ∇ T) can be represented in terms of nodal velocities and temperatures,
l

Φj =

∑

l

C su
j ,kU k +

k =1

∑C

V

sv
j ,k k

(6.42)

k =1

l

(∇T ⋅ ∇T ) j =

∑C

T

TT
j ,k k

(6.43)

k =1

where the coefficients are determined through appropriate discretization of velocity
and temperature gradients. The required amount of viscosity can then be determined
by
(µ) j =

( - P& s ) j

(6.44)

Den j

where
Den j =

cp 

Pr 

l

∑
k =1



2
C TT
j ,k Tk  / T j + 



l

∑

l

C ej ,skuU k +

k =1

∑
k =1


C esv
j ,k Vk  / T j


(6.45)

where l = 4, 2, and 1 for interior, boundary, and corner control volumes, respectively.
This procedure attempts to overcome entropy destruction, but does guarantee that
the Second Law is satisfied in a single iteration of the corrective procedure.
The previous method has not rigorously proven that the entropy-corrected viscosity will ensure compliance with the Second Law. Multiple iterations might be
needed to ensure sufficient numerical diffusion. As a result, the numerical viscosity,
μe, with a single iteration is not always sufficient to completely remove nonphysical
solution behavior, so

µ e ← cm µ e

(6.46)

can be used as an alternative to accelerate iterations, where cm is a correction factor. It
typically has the range 1 < cm < 10. Because the numerical solution with cm = 1 does
not guarantee local satisfaction of the Second Law, cm > 1 may be required. Past studies have indicated that cm ≈ 1 for subsonic and transonic flows, 1 < cm < 5 for supersonic
flows, and 1 < cm < 10 for hypersonic flows (Naterer and Schneider, 1994).
Equation 6.44 provides a distribution of viscosity, as well as the conductivity
through the Prandtl number, for the correction iteration. However, because these
distributions could be digital in nature, due to the elimination of all positive values
of P& s, it is possible that the distribution could lead to unexpected results. Entropy
production alone, caused by local irreversibilities in the flow field or spatial
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differencing or both, may occur in regions of nonphysical solution behavior. But
in this case, there is no conclusive evidence that the solution is not possible. Also,
in the presence of rapid motion, such as fast shock propagation, it is also possible
that the detection-to-application delay may cause the addition of entropy production to “miss its target.” For these reasons, the formulation can further “diffuse” the
viscosity distribution calculated from Equation 6.44 through Jacobi iterations using
a diffusion operator. The maximum value of the calculated viscosity (after diffusion) is returned to its prediffusion value. In this way, the magnitude of the required
viscosity is retained, while the distribution becomes “smoother.” Once the viscosity
distribution has been smoothed, the control surface diffusive flows are reevaluated
using the shape functions. The discrete Navier–Stokes equations are then resolved
with these entropy diffusion terms to correct the nonphysical solution behavior.

6.3.2 Case Study of Shock Capturing in a Shock Tube
The method of entropy-based correction with a numerical viscosity (developed in
the previous section) will be applied to a shock tube problem in this case study. Consider shock tube flow with initial conditions illustrated in Figure 6.8. The problem
involves a 1-m-long duct containing air (assumed perfect gas) that is initially at rest
and divided by a diaphragm into a high pressure region (1032 kPa) and a low pressure
region (101.3 kPa). The diaphragm is located at x = 0.5 m. A finite element method
is used with grid Courant numbers (a ∆ t/∆ x), in the low pressure region varying
between 0.24 and 0.07. The boundary conditions are given by zero normal velocity
and zero tangential stress at the walls and ends of the shock tube. The conservation
of mass and energy equations are completed at the boundaries by using nodal representations of the required boundary surface flows.
In Figure 6.9, the predicted results with a control volume-based finite element
method (Naterer and Schneider, 1994) indicate that numerical oscillations develop at
the initial interface and shock front. The prediction of the rarefaction waves, shock
speed, and positioning, as well as the shock resolution, is shown. The dip in the pressure solution, which occurs at the original pressure interface, can be removed through
an artificial viscosity stability term of the form
r
q = α | ∇v |

(6.47)

where a = -r(cLL)c and c is the local speed of sound. Also, L is a local characteristic mesh length scale. The above term was added to the momentum equations, and
it represents an artificial diffusion term. The results of this addition are shown in
1m
High-Pressure Gas
4
1032 kPa

Low-Pressure Gas
101.3 kPa

1
Air

Diaphragm

Figure 6.8 Schematic of shock tube problem.
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Figure 6.9 Pressure profiles at varying cl coefficients.

Figure 6.9 for three different values of cL: 0.0, 1.0, and 3.0. This stability damping
yields good accuracy at the original high-low pressure interface. However, the numerical oscillations at the shock front are not diminished by this stability damping.
To remove the over- and undershoots at the shock wave, the method of entropycorrection of the numerical viscosity from the previous section was used. The viscosity distribution predicted by the Second Law formulation is shown in Figure 6.10.
It provides a highly localized viscosity. Six Jacobi iterations were used in the viscosity smoothing operations. The results indicate that the computed entropy production
5.0
Legend
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Figure 6.10 Artificial viscosity distribution.
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Figure 6.11 Predicted velocity profiles at varying cm coefficients.

provides a useful error indicator, which can be used in a corrective manner to improve
shock capturing in compressible flows. The results of the applied viscosity field are
shown in Figure 6.11 for values of cm = 0.0, 2.0, and 5.0. For cm = 3.0, the over- and
undershoots are significantly diminished. The distribution is determined entirely from
Second Law considerations, and there is little or no smearing of the shock front.

6.4 Entropy Difference in Residual Error Indicators
6.4.1 Formulation of Average Entropy Difference
The previous section has shown that negative entropy production can provide a useful error indicator for fluid flow simulations. More generally, fluid entropy differences (averaged over the computational domain) can provide a general measure of
residual “error” in fluid flow simulations. In many ways, this measure or metric has
key advantages over other conventional methods. When solving the equations of
fluid flow with a numerical technique, one would like to know when the solution has
reached a steady state, presumably, the correct solution.
A numerical solution of a steady-state problem is converged when further calculations will have little or no effect on the flow-field results. Whether the converged
solution is correct is another issue. For any given flow variable, like mass density,
momentum, or energy, versus time or iteration number, the solution convergence is
indicated by a flat line after some iterations. In principle, for any flow variable x,
the limit
lim

n→∞

∂ξ
=0
∂n

(6.48)
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indicates convergence where n refers to the iteration number. This limit indicates a
change in the flow variable with each iteration or time step. In numerical simulations,
the algorithm is limited to a finite number of iterations. This requires a “residual”
that effectively represents the finite version of a tangent slope given by Equation
6.48. A residual is any nonnegative indicator of changes in the solution with time (or
iteration). A finite difference representation of Equation 6.48 is

ξ n+1 - ξ n
= ξ n+1 - ξ n
n +1- n

(6.49)

A residual may be defined by Equation 6.49.
Any flow or solution variable can be “representative” of the overall solution.
Consider the following definitions that are indicative of particular features of the
flow field.
Mass Density:

ρ* = -

ρ
ρ
ln
ρo ρo

(6.50)

The density r o at a reference state is given at some standard conditions (for air, standard sea-level conditions can be used). A corresponding reference temperature and
pressure To, Po are also used.
Kinetic Energy:
kε * = -

ρ ε
ρo RTo

(6.51)

In this equation, ε = 12 ∑ uk2 , where uk are the velocity components and R is the gas
constant.
Internal Energy:
ie* =

ρ T
ln
ρo To

(6.52)

Specific Entropy:
 P P
0
s - s0 = Cv ln 
γ
 ( ρ ρ0 )





(6.53)

This equation holds for an ideal gas (Sonntag and van Wylen, 1982). Using the ideal
gas law, P = rRT, together with the definition of the ratio of specific heats, g = Cp /Cv,
the following nondimensional formula for the entropy is obtained:
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Nondimensional Entropy:
S≡

ρij  s - so  ρ  1
ρij 
T
ln - ln  .


 =
ρo
R
ρo  γ - 1 To
ρo 

(6.54)

Mathematically, residuals are abstract measures of a “distance” between elements in an abstract space. The abstract space represented in fluid flow simulations
involves the flow variables, which are typically mass, momentum, and energy. The
residual is a measure of the distance between the flow variables, at some point in a
calculation, to their steady-state values. In computational fluid dynamics, it is common to either take the maximum value of this distance function, or take its average
over the computational domain. For a two-dimensional domain with grid cells of
variable dimensions, the average can be expressed symbolically by the following
operation:
〈ξ 〉 =

∑ ∆x ∆y ξ ∑ ∆x ∆y
i

j ij

i

j

(6.55)

Average Mass Density Difference:
RESρ ≡ 〈|ρ n +1 - ρ n|〉

(6.56)

The 〈 〉 operator refers to averaging over the computational domain.
RMS Mass Density Difference:
RESρ 2 ≡

〈( ρ n +1 - ρ n )2 〉

(6.57)

RES p ≡

〈( p n +1 - p n )2 〉

(6.58)

RMS Pressure Difference:

Average Entropy Difference:
RES∆S ≡ 〈|S n +1 - S n|〉

(6.59)

Other variations are also possible, but Equation 6.56 through Equation 6.58 represent
the most common examples (Anderson, 1984). In the next section, sample results of
the entropy-based residual error will be investigated for a specific case study.

6.4.2 Case Study of Error Indicators in Supersonic Flow
This section presents a case study that uses an entropy-based residual as an error
indicator for compressible flow simulations. The explicit numerical scheme solves
the Euler equations with a technique described by Camberos (1995). For a nozzle
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y
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Figure 6.12 Flow-field contours of constant density for two-dimensional supersonic wedge
flow.

flow problem, an implicit scheme is used with a Gauss–Seidel line relaxation technique for the thin-layer Navier–Stokes equations (MacCormack, 1985). This section
focuses on how flow variables and residuals change with each iteration.
The first example represents supersonic flow of an ideal gas over a two-dimensional wedge. The configurations and contours of constant density are shown in
Figure 6.12. Because the method is explicit and first-order accurate, the oblique
shock wave is quite thick, but oriented at the correct location, as predicted by theoretical gas dynamics. In Figure 6.13, the iteration history for the representative flow
Entropy-Based Norm

0.2
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Mass Density
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Figure 6.13 Iteration history for representative flow variables: two-dimensional supersonic wedge flow.
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Figure 6.14 Iteration history for residual metrics: two-dimensional supersonic wedge flow.

variables is shown. Note that a flat line is evident after about 300 time iterations
(or time steps). According to this indicator, the solution is essentially converged. In
addition, visible changes in the flow-field solution (not shown) represented in Figure 6.12 are no longer evident. From Figure 6.14, it appears that after 300 iterations,
the residual metric based on an average mass density difference has dropped about
two orders of magnitude. This is true for other metrics as well, although they are
about one order of magnitude less (down to 10-4, compared with 10-3 for density).
The sudden drop in the residual that appears at around n = 350 is a spurious but
benign result after the oblique shock wave reaches a stable location. The initial conditions were uniform incoming flow at a 10-degree flow angle toward a solid surface,
so the oblique shock appears at the leading edge. It gradually propagates through the
grid to its final location. Figure 6.14 shows that nearly machine zero is reached after
about 750 iterations. A large number of iterations is typical of explicit numerical
solutions to steady-state fluid flow problems.
Contours of constant Mach number are shown in Figure 6.15 for supersonic flow
over a convex corner, which leads to a centered Prandtl-Meyer expansion fan. The
numerical method is explicit and first-order accurate, so the expansion fan is quite
thick, but oriented at the correct location, as predicted by theoretical gas dynamics.
Figure 6.16 shows the iteration history for the representative flow variables. A flat line
for all of the variables is evident after about 250 iterations. The solution (from this
indicator) is essentially converged. Visible changes in the flow field solution (as represented in Figure 6.15) are no longer evident. From Figure 6.16, not all of the flow
variables have reached steady state. In particular, the line representing the kinetic
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M = 3.0

M = 3.55

Figure 6.15 Flow-field contours of constant Mach number: two-dimensional Prandtl–
Meyer expansion.

energy appears to flatten out at around 100 iterations. This indicates that one should
choose a representative flow variable that takes into account all of the state variables to
guarantee that convergence has been reached. From Figure 6.17 at 250 iterations, the
residual based on the average mass density difference has dropped about two orders
of magnitude. This also holds for other residuals as well, although their values are
about one order of magnitude less (down to 10-4 compared with 10-3 for the density).
Figure 6.17 also shows that machine zero is reached after about 400 iterations, which is
again typical of explicit numerical solutions for steady-state fluid flow problems.
Supersonic flow over blunt bodies involves the formation of bow shock waves.
It provides the challenge of “shock capturing” when the equations of gas dynamics
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Figure 6.16 Iteration history for representative flow variable for two-dimensional Prandtl–
Meyer expansion.
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Figure 6.17 Residual error metrics for two-dimensional Prandtl–Meyer expansion.

are solved in conservation law form. Because the method used in these examples is first-order accurate and explicit, the bow shock wave is thick, but located
approximately at the correct location as expected from theoretical gas dynamics.
The pressure jump obtained by the numerical solution, from the leading edge of
the shock wave to the stagnation point at the square block, is within 5% of the predicted value from normal shock wave theory. Contours of constant Mach number
are shown in Figure 6.18, where the blunt body is the square block shown in black.

M=3

Figure 6.18 Mach contours for two-dimensional supersonic flow.
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Figure 6.19 Iteration history of flow variables.

Figure 6.19 shows the iteration history for the representative flow variables of mass
density, kinetic energy, internal energy, and entropy difference. Note that a flat line
is evident after about 600 iterations. The solution (based on this indicator) is essentially converged. In addition, visible changes in the flow-field solution (represented in
Figure 6.18) are no longer evident. From Figure 6.20, at 600 iterations, the residual
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Figure 6.20 Iteration history of flow variables.
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Figure 6.21 Residual metrics for 1/10 size Blunt body.

based on the average mass density difference has dropped about three or four orders
of magnitude. Similar results are obtained for other residuals. Figure 6.20 shows that
machine zero is essentially reached after about 3400 iterations.
For the blunt body problem, a grid size of 100 × 100 cells was used, with the
blunt body occupying 10 × 10 grid cells. By reducing the size of the body to a single
grid cell, and thereby moving the outflow boundaries farther from the simulated
solid surface, the number of iterations required to reach machine zero is reduced to
700 (Figure 6.21). Compared with 3400 shown in Figure 6.20, this is a significant
decrease.
In Figure 6.22, two-dimensional flow through a converging-diverging nozzle
is examined. The thin-layer Navier–Stokes equations are solved with Gauss–Seidel
line relaxation and an implicit technique described by MacCormack (1985). In
Figure 6.22, the lower portion of the nozzle contour is shown, with the centerline
indicated at the upper portion of the figure. The inlet conditions are subsonic. The
velocity flow field is shown in Figure 6.22. For this problem, the solution is approximately second-order accurate, and the line relaxation technique is implicit.
In Figure 6.23, only the residual metric based on the average entropy difference
is shown. For this case, there are two methods for imposing the wall-boundary condition. One method is specifying the normal flux term equal to the pressure at the
wall. The other method imposes a flux-splitting technique, with a layer of cells adjacent to the wall to create a layer of ghost cells with the normal velocity component
reflected. As shown in Figure 6.23, the two techniques have different convergence
histories. Machine zero is reached after about 500 iterations, but the solution appears
to converge much earlier, at about 50 to 70 iterations. No major difference between
the techniques for imposing the wall-boundary condition was observed.
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Figure 6.22 Converging–diverging nozzle flow implicit of thin-layer, Navier–Stokes equations (TL-NSE) solution.
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Figure 6.23 Residual error metrics for two-dimensional thin-layer Navier–Stokes implicit
solution.
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It is beneficial to reduce the number of iterations without compromising solution
quality. A possible method would monitor the residual by calculating the difference
in the tangent slope for entropy, as it changes with each iteration. This can be accomplished once the residual has dropped two or three orders of magnitude from its
initial value, to ensure that the iteration curve for the representative variable has
flattened out sufficiently. An automatic procedure could be developed to reduce user
input and monitoring of a fluid flow calculation that requires many iterations.
The results indicate that entropy can provide several advantages over other conventional methods for characterizing solution residuals. Fluid entropy, S = S(Q),
is functionally dependent on all of the fluid state variables, Q = (q1, q2 , q3 , q4 , q5),
namely, mass density, momentum density, and total energy density. Also, entropy
has a physical significance embodied by the Second Law of Thermodynamics, that
requires nonnegative entropy production.
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