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Entropy Transport
with Phase Change
Heat Transfer

8.1 Introduction
This chapter examines the role of entropy and the Second Law of Thermodynamics
in selected problems involving phase change heat transfer, particularly with solidification, melting, and film condensation. It is not intended to cover all aspects of multiphase problems, but rather a sample of selected topics in specific areas where entropy
and the Second Law have particular importance. Typical applications arise in heat
exchangers, multiphase processing in chemical equipment, and so forth. Rosen and
coworkers (1999, 2004) have developed methods of exergy analysis for applications
to systems like industrial steam process heaters and thermal energy storage systems.
This chapter examines the role of entropy and exergy as design tools for developing
improvements to such engineering systems, particularly involving phase change and
multiphase flows.
Solidification and melting arise in many engineering applications, including
materials processing, ice accretion on structures, and thermal energy storage in
electronic assemblies. The design and prediction of these phase change processes
typically involve solutions of the conservation equations (mass, momentum, energy,
and species equations). A variety of numerical procedures, such as finite differences
(Salcudean and Guthrie, 1979), finite elements (Pardo and Weckman, 1990), finite
volumes (Bennon, Incropera, 1988), and combined finite volume-element methods
(Naterer and Schneider, 1996), have been developed for these problems. Numerical
models provide effective tools for better understanding of transport processes during
solidification and melting. This includes solute segregation, thermosolutal convection, and interdendritic and shrinkage flows. Flood and Davidson (1994) observed
the formation of centerline macrosegregation in aluminum cast ingots including the
sensitivity to ingot thickness and casting speed. Rady and coworkers (1997) used a
finite volume method to predict thermal and solutal buoyancy during solidification
of hypereutectic and hypoeutectic binary alloys. Additional phenomena involving
interdendritic flows, including solute redistribution in the mushy zone, were examined by Maples and Poirier (1984). Modeling developments in these phase change
problems were summarized and discussed in a comprehensive review by Salcudean
and Abdullah (1988).
In solid–liquid phase change problems, entropy can serve as an effective parameter for understanding and describing various physical processes. For example, interface
properties like interface “roughness” are determined from the entropy change during
phase transition. At microscopic scales, a rough or “nonfaceted” surface exhibits a low
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entropy of fusion. During solidification, dendritic arms grow in a direction corresponding to the maximum thermal irreversibility, because it is aligned with the
heat flow direction (i.e., direction of the local temperature gradient). As a result,
entropy is an important characteristic of the two-phase permeability, when describing how pockets or channels of liquid are formed within the solid matrix. Another
complex process is thermal recalescence, which involves a transient temperature
rise during cooling of a freezing crystal it occurs from a latent heat release that
exceeds the other modes of cooling. In this case, a positive rate of entropy change
can indicate the duration and magnitude of the local reheating. These processes
have been observed by many researchers, but less attention has been given to the
role of entropy during the processes. Bejan (1996) applied minimization of entropy
generation to various multiphase systems, including refrigeration, energy storage systems, and power generation. Charach and Rubinstein (1989) investigated
entropy generation during phase change heat conduction. Much additional opportunity exists for incorporating entropy and the Second Law into phase change
analysis.
As discussed in previous chapters, past computational fluid dynamics (CFD)
studies have shown that the Second Law can improve solution accuracy (Lax, 1971)
and upwinding accuracy (Naterer, 1999) in fluid flow simulations. In the context of
phase change heat transfer, these results can be extended to establish the uniqueness of interface resolution, subject to different convergence tolerances imposed on
a numerical model. Entropy production can also establish an optimal and convergent
phase distribution during numerical iterations, without randomly cycling through
phases, because only entropy-producing solutions are physically possible. Arbitrary
convergence tolerances can be reduced or eliminated with the Second Law. Numerous techniques have been developed for convergence acceleration in nonlinear problems, including relaxation factors and multigrid methods (Minkowycz et al., 1988).
Interface tracking by sequential steps was proposed by Schneider and Raw (1984),
whereby two phase rules were used to coordinate the orderly progression of phase
transition between adjacent control volumes. In this chapter, it will be shown that
these iterative procedures are closely linked to the Second Law.
This chapter will derive an alternative entropy-based framework (or heat-entropy
analogies) for various transport processes during phase change. This includes interphase momentum exchange and recalescence phenomena. The intrinsic generality
of entropy as an abstract concept provides opportunities for deeper insight into complicated phenomena. Previous analogies have established connections between heat
transfer and friction coefficients (i.e., Reynolds analogy between heat and momentum), and similar opportunities can be realized with entropy. It will be shown that
transport phenomena involving one variable (temperature) may be inferred through
consideration of the other analogy variable (entropy). This type of similarity can be
particularly useful if prediction of a certain variable is difficult or time-consuming,
whereas analysis involving the other analogy variable may be more readily implemented. Additional benefits arising from the Second Law in computational models,
such as numerical stability, may be realized.
In addition to past numerical studies, experimental data provides vital insight
for detailed understanding of phase change processes. Previous experimental studies
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of solidification and melting have often used aqueous mixtures, such as sodium
chloride and water (Hayashi and Komori, 1979) or ammonium chloride and water
(Szekely and Jassal, 1978), due to their translucency, low melting temperatures, and
similar behavior to dendritic solidification in metals. Important transport processes
have been observed in these studies (Burton et al., 1995; Clyne and Kurz, 1981;
Voller and Brent, 1989), including dendritic formations (Yoo and Viskanta, 1992),
planar interface movement, microgravity formations, and solid matrix permeability
(Naterer, 2000). This chapter will investigate the importance of entropy and the
Second Law in these processes. Applications ranging from materials processing to
energy storage will be considered. An example is phase change materials (PCMs)
for thermal management of electronic assemblies (Vesligaj and Amon, 1999). The
temperature difference between an electronic component and the PCM, ∆T, at a fixed
heat transfer rate, Q, is reduced when the entropy production rate, Q∆T 2 /T 2, is minimized. In this example and others, the unique insight provided by the Second Law
will be examined.

8.2 Entropy Transport Equations for Solidification
and Melting
The governing equations for solid–liquid phase transition are the conservation
equations (mass, momentum, and energy), in conjunction with an appropriate
phase diagram, equations of state, and supplementary equations relating microscopic and macroscopic quantities. Continuum equations can be written for the
conserved quantities, x k , where x k refers to a vector of conserved quantities, including mass and energy, and the subscript k refers to phase k, that is, k = 1 (solid) and
k = 2 (liquid). The mixture equations are obtained by summing the individual
continuum equations over both phases within a control volume, including solid
and liquid phases, and rewriting the variables in terms of mixture variables. A
mixture quantity is defined as the mass fraction-weighted sum of individual phase
components. For example,
v = fl v l + fs v s

(8.1)

k = fl kl + fs ks

(8.2)

refer to the mixture velocity and thermal conductivity, respectively. If a conserved quantity is written without a subscript involving a phase, then it refers to a mixture quantity.
After performing the summation of conservation equations over both phases,
the mixture equations for mass and momentum, respectively, can be expressed in the
following manner:
∂ρ
+ ∇ ⋅ ( ρv ) = 0
∂t

(8.3)

ρ

∂( ρv )
+ ∇ ⋅ ( ρvv ) = -∇p + ∇ ⋅  l µl ∇v + Fb + Fp
∂t
ρ


(8.4)
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where Fb and Fp refer to body forces and phase interaction forces, respectively. In the
present analysis, the body forces, Fb, are given by
Fb = ρgβT (T - T0 ) + ρgβC (C - C0 )

(8.5)

where g, b T, and b C represent the gravity vector and thermal and solutal expansion
coefficients, respectively. The phase interaction forces, Fp, will be determined from
appropriate supplementary relations.
The conservation equations for species and energy, respectively, are given by
∂( ρC )
+ ∇ ⋅ ( ρvC ) = ∇ ⋅ ( ρl fl Dl Cl + ρs fs DsCs ) + ∇ ⋅ ρ(C - Cl )v
∂t

(8.6)

( ∂ρh )
+ ∇ ⋅ ( ρvh ) = ∇ ⋅ ( k∇T ) + ∇ ⋅ ρ( h - hl )v
∂t

(8.7)

where h refers to enthalpy. In phase k, this enthalpy is written as
hk (C , T ) =

∫

T

T0

cr ,k (ζ )dζ + hr ,k (C , T )

(8.8)

In Equation 8.8, cr,k (T) refers to the reference specific heat of phase k. The final
terms in Equation 8.6 and Equation 8.7 are written in a way that simplifies their evaluation as source terms, Sc and Se, respectively, in a conventional numerical model.
The previous governing equations must be solved in conjunction with a phase equilibrium diagram (see Figure 8.1). The following assumptions will be used in the
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Figure 8.1 Binary alloy phase diagram.
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Figure 8.2 Schematic of phase interface.

upcoming analysis: continuous liquid–solid mixture without internal gas voids; twodimensional, incompressible, laminar, Newtonian flow; and a stationary solid phase
during phase transition.
In addition to the conservation equations, interfacial constraints will be required
for balances of conserved quantities and entropy across the moving phase interface.
In numerical models, interface tracking typically requires iterative solutions, because
the interface position is generally unknown and its motion has a nonlinear behavior.
The interfacial constraints will be utilized with entropy as a basis for effective interface tracking. The binary phase diagram will be used to determine the equilibrium
temperature and concentration at the solid–liquid interface. In Figure 8.2, a typical
schematic of the solid–liquid interface is illustrated (note: n, Vi, dA, and dfsdV refer
to the normal direction, interface velocity, area, and solid fraction increment multiplied by a change in volume, respectively).
The heat transfer from the liquid phase into the phase interface, HTl, consists of
conduction (Fourier’s law) and advection components,
HTl = - kl dA

dT
dt + ρlVl el dAdt
dn l

(8.9)

A similar heat transfer expression can be written in the solid phase. Consider a control volume at the phase interface with a thickness dn. Then the change of energy
that accompanies the advance of the interface arises from the energy difference of
an entirely liquid volume, dAdn, and a final solid volume, so
dE ≡ HTl - HTs = ρl el dAdn - ρs es dAdn

(8.10)

Based on the results in Equation 8.9 and Equation 8.10, it can be shown that the following interfacial energy constraint is obtained
- kl

dT
dT
+ ks
= -Vs ρs De f + ρs De f Vi
dn l
dn s

(8.11)
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where Def = el - es is the latent heat of fusion and Vi refers to the interface velocity.
In the present analysis, the solid phase will be assumed stationary, so the first term
on the right side of Equation 8.11 is neglected.
Similarly, the interfacial constraints for the other conserved variables, such as
mass, solute concentration, and momentum, can be obtained from appropriate balances across the phase interface. For example, the interfacial relation for the concentration of component c in a multicomponent mixture, Cc, is obtained as follows:
- ρl Dl

dCc
dC
+ ρs Ds c = -Vs ρsCc,ls + ρsCc,lsVi
dn l
dn s

(8.12)

where the difference between phase concentrations, Cc,ls = Cc,l - Cc,s, is obtained
from the binary phase equilibrium diagram (see Figure 8.1).
In the case of entropy transport, the following transport equation in phase k is
obtained:

D ( fk ρk s k )
 f k ∇T 
= ∇⋅ k k
+ ∇⋅

 T 
Dt


N

∑
c =1

fkζ c,k jc,k 
 + P& s,k
T


(8.13)

where P& s,k refers to the entropy production rate and ζ c,k = ∂ek /∂Cc,k is the chemical
potential of constituent c in phase k. It can be interpreted as an increase of work
potential in the fluid, if dCc,k of constituent c is added to the mixture. On the right
side of Equation 8.13, the terms represent the entropy flow associated with the heat
flux and species (mass) flux, jc,k, and the entropy production rate, respectively.
Entropy is not measured directly, so an additional relationship involving entropy
and the conserved quantities, such as energy (or temperature), solute concentration,
etc., is needed. The following Gibbs equation for a multicomponent mixture in terms
of phase k will be used:
dsk =

dek pdvk
+
T
T

N

∑
c =1

ζ c,k dCc,k
T

(8.14)

where vk represents specific volume of phase k. A latent heat term is not included in
Equation 8.14 because the equation is written within a single phase k.
Assuming an incompressible substance in each phase, rewriting Equation 8.14 in
terms of a substantial derivative and rearranging terms,
T

D( fk ρk sk ) D( fk ρk ek )
=
Dt
Dt

N

∑g

c ,k

c =1

D( fk ρk Cc,k )
Dt

(8.15)

Substituting terms from Equation 8.6 and Equation 8.7 into this equation,
D ( fk ρ k s k ) 1
1
=
kk ∇ 2T + τ : ∇v k + P& e,k Dt
T
T

{

}

N

∑ζ

c ,k

{-∇ ⋅ jc,k + P& c,k}

(8.16)

c =1
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Expanding the divergence terms in this equation, using the product rule and comparing the result to Equation 8.13, we obtain the following result for the entropy
production in phase k:

P& s,k =

fk kk (∇T )2 µΦ P& e,k 1
+
+
T2
T
T
T

N

∑

jc,k ⋅ ∇ζ c,k +

c =1

1
T2

N

∑

N

ζ c,k jc,k ⋅ ∇T -

c =1

		

∑
c =1

ζ c,k P& c,k
T
(8.17)

The production terms on the right side of Equation 8.17 vanish after summation
over the phases because production or destruction of energy or species in one phase
is accompanied by destruction or production in the other phase. However, this does
not apply to entropy because processes such as heat transfer, viscous dissipation,
and fluid mixing are irreversible and thus produce entropy within an individual
phase.
The entropy interfacial constraint can also be written in terms of the local
entropy production rate at the phase interface. The entropy transfer from the liquid
phase into the interface, ETl, may be written as
ETl = - kl

dA dT
dt + ρlVl sl dAdt
T dn

(8.18)

which consists of entropy flow arising from heat conduction, as well as advection,
because liquid motion carries entropy into the interface. A similar expression, ETs,
can be obtained for the solid phase. Similarly, as the energy analysis, the entropy difference between a liquid volume, dAdn, at the interface and a subsequent solidified
volume can be written as
dS = ρl sl dAdn - ρs ss dAdn = ETl - ETs + ρl Ps,i dAdn

(8.19)

where the interfacial entropy production, Ps,i, accounts for the entropy produced per
unit mass due to heat transfer and shear action along the dendrite arms, when the
dendrite moves a distance dn during the time interval dt.
Combining the previous equations and rearranging terms,
( ρl sl - ρs ss )

dn
k dT
k dT
dn
=- s
+ s
+ ρlVl sl - ρsVs ss + ρl Ps,i
dt
Tl dn l Ts dn s
dt

(8.20)

Using the continuity equation, the following result for the entropy production at the
phase interface is obtained:
Ps,i =

ρs
ρl

De f 
kl dT  1 1 

 Ds f - T  + ρ V dn  T - T 
l l
l i
s

(8.21)
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where Dsf = sl - ss refers to the entropy of fusion. The entropy of fusion is approximately constant for most metals and alloys, Dsf ≈ 8.4 [J/molK]. The lowercase symbol
for entropy, s, refers to the intensive (specific) variable, whereas the upper-case notation refers to the extensive variable. Richard’s rule states that the entropy of fusion is
approximately equal to the heat of fusion divided by the phase change temperature.

8.3 Heat and Entropy Analogies in Phase
Change Processes
The Reynolds analogy between momentum and heat flow relates the Nusselt number
to the friction coefficient. This section develops similar analogies between entropy
and heat flow. Transport phenomena involving one variable (temperature) will be
inferred through behavior of the other analogy variable (entropy). If predicting a
certain variable is difficult or time-consuming, but analysis with the other analogy
variable is more readily implemented, then the analogy can be particularly beneficial. Two specific examples of heat and entropy analogies will be given, involving
processes of interdendritic permeability and thermal recalescence.

8.3.1 Irreversibility of Interdendritic Permeability
Modeling of the two-phase momentum equations requires a supplementary relation for the momentum phase interactions, Fp, for closure of the solid–liquid phase
change equations. For fluid flow through a porous medium, Darcy’s law (Bird et al.,
1960), FpK = vf l (vl - vs), may be used for the phase interaction force dependence
on the porous medium permeability, K, and liquid fraction, f l. In Darcy’s law, a
fixed dendritic section (porous medium) is required. The assumption of a stationary
solid material (i.e., vs = 0) in the governing equations is needed for consistency with
Darcy’s law.
Previous models of solid–liquid phase change have often used the following
Blake-Kozeny equation (Bird et al., 1960) for the solid permeability:
 fl3 
K = K0 
2 
 (1 - fl ) 

(8.22)

where K0 is an empirical coefficient. This model was developed from a physical
analogy between interdendritic flow and Hagen-Poiseuille viscous flow (Bird et al.,
1960), through a noncircular tube with an equivalent hydraulic radius based on the
local liquid fraction (see Figure 8.3). At high values of f l (i.e., f l > 0.5), a crossflow
perpendicular to the dendrite arms may produce a higher pressure difference than
the results of the Blake-Kozeny prediction, because of wake interactions and interdendritic viscous effects. The following alternative model can be used to account for
the crossflow effects (Naterer, 2000):
 fl 
K = K0 

 1 - fl 

(8.23)
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Figure 8.3 Permeability analogy for interdendritic axial conditions.

It can be shown that both Equation 8.22 and Equation 8.23 approach the proper
limits as f l Æ 0 (solid) and f l Æ 1 (liquid).
Consider a flow alignment factor, c, to represent a weighting factor between the
axial relation, Equation 8.22, and the crossflow relation, Equation 8.23,
 fl 
 fl3 
K = K0 χ 

 + K 0 (1 - χ ) 
2
 1 - fl 
 (1 - fl ) 

(8.24)

where the first and second terms represent axial and crossflow permeabilities, respectively. For example, c = 0 corresponds to a crossflow, and c = 1 represents an axial
flow, with the appropriate permeability factors used in each limiting case.
Entropy and the Second Law may provide key insight about how c can be best calculated to ensure physically plausible trends of interdendritic flow. Because the direction of dendritic growth is related to the local thermal irreversibility, entropy can be
used to interpret axial and crossflow contributions to the interdendritic permeability.
Consider a weighting between v and the dendritic growth direction, based on thermal irreversibility and entropy. In dendritic solidification, the primary dendrite arms
grow in the direction of the local temperature gradient (Flemings, 1974). This gradient gives the direction of steepest ascent (or descent for a negative gradient vector).
Because the primary dendrite arm growth is aligned with the local temperature gradient, this growth occurs toward the steepest temperature slope. This direction corresponds to the maximum thermal irreversibility. This thermal irreversibility, P& s,t ,
can be subdivided into x- and y-direction components, P& s,tx and P& s,ty , respectively, in
the following manner:
2

P& s,t =

k  ∂T 
k
  + 2
T 2  ∂x 
T

2

 ∂T 
 ∂y  = P& s,tx + P& s,ty

(8.25)

Although entropy production is a scalar (not a vector), we may define an equivalent
entropy vector, P̂ s,t, consisting of the above components of entropy production in the
x- and y-directions, given by P&s,tx î and P&s,tx ĵ (note: unit vectors î, ĵ), respectively.
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For example, a large component P& s,tx (in comparison to P& s,ty) suggests that entropy
production arises mainly from heat flow in the x-direction. Based on this concept, a
flow alignment weighting factor is defined as follows:

χ=

| v ⋅ Pˆ s,t |
;
| v || Pˆ s,t |

Pˆ s,t ≡

ˆ
ˆ
P& s,tx i + P& s,ty ĵ

(8.26)

where c can be interpreted in terms of thermal irreversibility (or temperature
gradient) relative to the direction of local interdendritic flow. The square root in
Equation 8.26 is used for a more direct analogy between entropy production in
Equation 8.25 and temperature gradient (or heat flow).
The equivalent vector P̂ s,t is similar to the heat flux vector, with two exceptions:
(i) minus sign for Fourier heat flux, and (ii) magnitude of k | ∇T 2 | /T 2, rather than
k | ∇T |. A higher crossflow weighting is given when the interdendritic flow is normal
to the direction of maximum thermal irreversibility (direction of dendritic growth).
Conversely, the axial permeability is adopted when the velocity is aligned with the
direction of the maximum thermal irreversibility. Using a physical interpretation
based on entropy and the Second Law, the alignment weighting factor will be shown
(in an upcoming case study) to provide a robust method for accurate interface tracking of phase change processes.

8.3.2 Thermal Recalescence and Dimensionless Entropy Ratio
This second example demonstrates that another multiphase process (thermal recalescence) can be interpreted or modeled through analogies and insight provided by the
Second Law, which would not otherwise be gained through the conservation equations alone. During dendritic solidification, latent heat is released to the surrounding
liquid–solid mixture. If it exceeds the rate of external cooling, then a local temperature
rise, or recalescence, may be observed. Together, with solute diffusion, this reheating
may initiate melting of smaller dendrite arms at the expense of growing primary arms
(i.e., dendritic coarsening). Coarsening during crystal formation and sedimentation
in solidification processes may contribute to recalescence and latent heat release. In
both cases, thermodynamic irreversibilities with entropy production arise during the
heat transfer processes. Because reheating and coarsening may affect the final material properties, such as material strength, these processes have significance during
solidification processing of materials. In the following analysis, it will be shown that
entropy serves as an important variable in these processes.
Consider a simplified heat balance for a crystal (or dendrite) during solidification. The transient temperature change arises from the net heat exchange with the
surrounding solid–liquid mixture (described by an overall heat transfer coefficient, h)
and release of latent heat from the freezing crystal, that is,

ρVc p

∂T
∂f
= hA(T - T f ) - ρV De f l
∂t
∂t

(8.27)

where V, A, and Tf refer to a characteristic crystal (or dendrite) volume, corresponding surface area, and surrounding mixture temperature, respectively. Expanding the
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last derivative in Equation 8.27 through the chain rule, we obtain
∂T
hA
=
∂t
ρVc p



T - Tf


 1 + ( ∂fl /∂T ) De f /c p 

(8.28)

A characteristic length scale, Lc, may be represented by the ratio V/A (reciprocal
appears in the above equation).
Equation 8.28 can be written in a dimensionless form by selecting appropriate reference scales for temperature and time (i.e., tref = L2c /α ). The dimensionless entropy,
temperature, time, and Stefan number (c p DT /De f ) will be denoted by s*, θ, t*, and Ste,
respectively. Writing Equation 8.28 in dimensionless form, it can be shown that

θ& h ′Lc
=
θ
kl

 kl 
 kl 
 k  ≡ Nu  k 
s
s

(8.29)



1
h ′ = h 1 
 1 + Ste/( ∂fl /∂θ ) 

(8.30)

where

refers to a modified heat transfer coefficient that accounts for simultaneous external
cooling and release of latent heat from the solidified crystal to the interdendritic fluid.
Also, the overdot in Equation 8.29 represents differentiation with respect to time.
Comparing Equation 8.29 with the rate of entropy change arising from the sensible
heat portion of the Gibbs equation (i.e., Maxwell-type relation where cdT = Tds*),
k 
∂s∗ θ&
= = Nu  l 
∗
∂t
θ
 ks 

(8.31)

The change of liquid fraction with temperature is calculated based on a supplementary relation, such as an approximated linear variation of f l with q through
the two-phase region. In a similar way as analogies between heat and momentum
transport (i.e., Reynolds analogy), this result suggests a type of analogy between
heat and entropy.
The process of dendritic coarsening is closely related to recalescence during
solid–liquid phase change. During coarsening, small or secondary dendrite arms (or
crystals) shrink or melt at the expense of heat transferred from the large and growing
main dendrites. The previous results suggest that entropy may serve as an effective
variable in characterizing the coarsening and recalescence. Because entropy cannot be measured directly, it requires measurements indirectly through other means.
The magnitude of recalescence is observed by a measured temperature rise. The
corresponding dimensionless temperature gradient at the dendrite arm (characterized by the Nusselt number) can be interpreted in terms of the local rate of entropy
change. This entropy change (measured indirectly) incorporates heat flow from
the interdendritic fluid, as well as latent heat released from the crystal or dendrite.
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Both mechanisms are important aspects for understanding recalescence and coarsening, during remelting of small, secondary dendrite arms.
Further information regarding the effective heat transfer coefficient, h ′ (and
Nu), could be gained by performing many phase change experiments with different
initial temperatures (leading to different Grashof numbers) and then seeking a suitable dimensionless correlation for the Nusselt number, Nu, in terms of the Grashof
number, Gr, and other parameters. This is similar to the approach when single phase
convection correlations are constructed for external or internal flows. For example,
the initial and wall temperatures can be measured (with resulting Grashof number),
then the entropy changes and other parameters can be found by a specific phase
change experiment. The effective heat transfer coefficient can be estimated from
Equation 8.31. These experiments can then be repeated for other fluids and presented
in a final correlated form.
In the previous analysis, a uniform heating or cooling rate was assumed. Entropy
can serve as an effective variable for recalescence analysis, because the local heating
or cooling rate can be related to the correlation involving heat transfer coefficient
and entropy in Equation 8.31. The heat-entropy analogy can provide an improved
estimate of the relevant heating or cooling rate, based on the result of how the Nusselt
number is correlated with the local rate of entropy change. In particular, the average heat transfer coefficient during this period can be estimated by integration over
the range where a positive entropy derivative is observed in the data (i.e., conditions
corresponding to recalescence or coarsening). In this way, the time period of recalescence can be expressed in terms of a heat-entropy analogy.
Consider the freezing of an ammonium chloride and water mixture in a rectangular enclosure with an initial temperature and solute (ammonium chloride)
concentration of 318 K and 0.72, respectively (Naterer, 2001). Thermal and solutal
buoyancy in the liquid region generates two counterrotating convection cells on the
left and right sides of the cavity, respectively (see Figure 8.4). Upward transport of
crystals by these convection cells and sedimentation of crystals along the vertical
midplane create a growing mushy layer (NH4Cl dendrites and liquid) along the
lower boundary of the domain. The crystals along the vertical midplane descend to
create an inverted v-shaped sedimentation layer. Due to different sizes and structures of crystals, the descent of various crystals is initiated at different positions.
Recalescence is a thermal phenomenon that occurs when the rate of latent heat
release from a freezing crystal (or dendrite) exceeds the rate of heat transfer from the
surrounding solid–liquid mixture. This creates a local heating effect that has important impact on the properties of solidified materials, such as mechanical strength.
For example, it can lead to material defects such as dendrite tearing through repetitive freezing-melting cycles. A freezing crystal (or detached dendrite arm) may lead
to reheating and melting of the surrounding solid back to liquid. Combined with
solute transfer, the local melting of smaller dendrite arms may occur at the expense
of growing primary arms (called dendritic coarsening). From temperature fluctuations alone, the occurrence of these processes may not be evident. The heat-entropy
analogy aims to provide new insight in these regards. Thermal irreversibilities
occur by heat transfer and phase change in these processes. The previous analysis
gave a relationship between the rate of entropy change and the ratio between the
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Figure 8.4 Schematic of (a) convection cell and (b) thermocouple positions.

transient temperature derivative and temperature itself. Comparing Figure 8.5a and
Figure 8.5b at location 3, it can be observed that the temperature rise after about
0.26 h (i.e., period of recalescence; Figure 8.5a) is closely coincident with the crossover to a positive value of entropy change in Figure 8.5b.
This analogy between temperature and entropy can shed new light on the associated thermodynamic processes. The magnitude of the highest entropy change indicates the maximum rate of reheating and coarsening, whereas the duration of the
positive entropy change indicates the length of time over which the recalescence
occurs. The magnitude of the entropy change includes the following thermal irreversibilities: (i) release of latent heat by the freezing material, and (ii) coarsening by
heat absorption or melting of the smaller arms, combined with heat release from the

© 2008 by Taylor & Francis Group, LLC

7262_C008.indd 225

1/19/08 11:58:24 AM

226

Entropy-Based Design and Analysis of Fluids Engineering Systems
75.0

(1)

(2)

(3)

(4)

60.0

Legend Liquidus

Temperature (°C)

45.0

30.0

15.0

0.0

–15.0

(17)
0

(20)
2300.0

4600.0
t(s)

6900.0

9200.0

(a)
0.40
T0 = 343 K, C0 = 0.68

ds/dt (W/kgK)

0.20

0.00

–0.20
Location (3)
Location (4)

–0.40

Location (7)
Location (8)

–0.60

0.27

0.46

0.66
Time (hr)
(b)

0.86

1.05

Figure 8.5 (a) Measured temperatures, and (b) rate of entropy change for solidification
with free convection in a cavity.
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growing larger arms. The magnitude of these combined irreversibilities decreases after
the point of maximum ds/dt in Figure 8.5b.
At higher initial concentrations of water, the level of initial undercooling of the
liquid is lower (i.e., liquidus temperature minus the wall temperature is lower). As a
result, slower solid growth occurs with less pronounced temperature fluctuations from
thermal recalescence. A period of recalescence (Dt > 0) occurs when the rate of latent
heat release within a freezing crystal (or dendrite) exceeds the rate of heat transfer from
the solid–liquid mixture around the crystal, thereby creating a local heating effect.
Thermal irreversibilities arise during recalescence when heat is released by
freezing material and transferred to the surrounding liquid or solid. Similarly, irreversibilities occur during coarsening by heat absorption or melting of smaller arms,
as well as heat release by growing larger arms. These effects can be related to the
magnitude and slope of the entropy change. The magnitude of the maximum entropy
change indicates the highest rate of reheating and coarsening, whereas the duration
of positive entropy change indicates the approximate time period of recalescence.
As the coarsening time increases, an increasing number of smaller arms disappear
while the main dendrite arms grow larger and their spacing increases.

8.4 Numerical Stability of Phase Change Computations
8.4.1 Modeling of Two-Phase Entropy Production
In addition to heat-entropy analogies based on entropy in the previous section, the
Second Law can provide unique insight for improving the performance of a numerical formulation. In this section, a Second Law formulation is presented with predictive and corrective capabilities for the improvement of phase change predictions.
The formulation can serve as an effective complement to the discretized conservation equations in the overall numerical procedure. This section will focus on numerical modeling and implications of entropy and the Second Law in the numerical
formulation.
The Second Law for a multiphase mixture can be written in the following form:
P& s,k ≡

∂Sk
+ ∇ ⋅ Fk ≥ 0
∂t

(8.32)

In Equation 8.32, P& s,k , S(f k), and F(f k) refer to the entropy production rate in phase
k, entropy (as a function of the vector of conserved quantities, f k), and the entropy
flux in phase k, respectively. Expanding the entropy flux in terms of advective and
diffusive components, Equation 8.32 can be written as

D ( λ k ρk sk )
 λ k ∇T 
= ∇⋅ k k
+ ∇⋅

 T 
Dt


N

∑
c =1

λk gc,k jc,k 
 + P& s,k
T


(8.33)

where l k , sk , and gc,k = ∂ek ∂Cc,k refer to the mass fraction, specific entropy and chemical potential of constituent c, in phase k, respectively. The summation includes
each chemical potential from c = 1 to c = N constituents, i.e., N = 2 for a binary
alloy. The species flux, jc,k, for constituent c in phase k is determined by Fick’s law.
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On the left side of Equation 8.33, the substantial derivative includes both transient
and advection terms. The entropy flux (Fk) in Equation 8.32 includes an advective
component from the substantial derivative in the left side of Equation 8.33, as well
as diffusive (energy and species) components in the first two terms on the right side
of Equation 8.33.
A positive–definite expression is needed for the evaluation of the entropy production rate. From Section 8.2, this expression can be determined from the Gibbs
equation and the entropy transport equation. The following mixture expression can
be derived after summing over both solid and liquid phases:
2

P& s =

∑
k =1

λk kk (∇T ⋅ ∇T ) µΦ 1
+
T2
T
T

N

∑

jc,k ⋅ ∇gc,k +

c =1

1
T2

N

∑g

j

c ,k c ,k

⋅ ∇T

(8.34)

c =1

where Φ refers to the viscous dissipation function. From Section 8.2, the interfacial
entropy production is,
Ps,i =

DE f 
ρs 
k dT  1 1 
DS f + l
≥0




ρl
T
ρlVi dn l  Tl Ts 

(8.35)

where DS f = sl - ss refers to the entropy of fusion (approximately equal to the heat
of fusion divided by the phase change temperature). The entropy production in
Equation 8.35 includes effects of viscous dissipation due to shear action along a dendrite arm, as it moves a particular distance over a time interval.
The discretized form of the Second Law can be written as
 Sin +1 - Sin 
P& s ≡ 
 DV +
Dt 

∑ F (DS ) ≥ 0
ip

ip

(8.36)

ip

where the summation over “ip” integration points refers to surface flux calculations
in a finite volume method.
A reconstruction step is required in Equation 8.36 because the distribution of
conservation variables φ ( x,t ) must be approximated from integration point and nodal
values. It will be assumed that f is piecewise constant within a control volume. This
quasiequilibrium assumption can complete the reconstruction step, without violating the Second Law. The Gibbs equation will be used to write the transient entropy
derivative in Equation 8.36, in terms of variables obtained from solutions of the
conservation equations, such as temperature and liquid fraction, as follows:
Sin +1 - Sin ρc p
= n
Dt
Ti

 λln,i+1 - λln,i 
 Ti n +1 - Ti n 

 + ρDS f 

Dt
Dt

(8.37)

In this approach, entropy computations can be distinguished between sensible and
latent heat contributions.
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An entropy equation of state is required for implementation of the Second Law.
For solid–liquid phase transition, the entropy varies with temperature and concentration. Based on the form of the Gibbs equation for an incompressible substance,
consider a piecewise logarithmic equation of state in the following form:
 T 
s(T , C ) = sr ,k + cr ,k log 

 Tr ,k 

(8.38)

where the subscripts r and k denote reference and phase, respectively. In the solid
phase (k = 1), the following reference values will be used:
sr,1 = 0
cr ,1 = cs
Tr ,1 = Te (eutectic)
In the mushy (two-phase) region (k = 2), the reference specific heat must include both
sensible and latent entropy contributions. Also, the reference entropy is determined
at the solidus line. The following reference values are obtained (Naterer, 2000):
sr ,2 = cs log(Tsol /Te )
cr ,2 =

(

csTliq - clTsol
Tliq -Tsol

)+

cl - cs +DS f
log (T
Tliq /Tsol )

Tr ,2 = Tsol
Finally, the Gibbs equation and the binary phase diagram (Figure 8.6) can be utilized to derive the following reference values in the liquid phase (k = 3):
sr ,3 =

(

csTliq - clTsol
Tliq -Tsol

) log (T

liq

/Tsol ) + cs log (Tsol /Te ) + cl - cs + DS f
cr ,3 = cl
Tr ,3 = Tliq

Examples of typical entropy equations of state are illustrated in Figure 8.6a and
Figure 8.6b (note logarithmic scale). Thermophysical properties of the material in
Figure 8.6a and Figure 8.6b include cs = 167[J/kg K] and cl = 167[J/kg K]. The melt
temperature, eutectic temperature, and liquidus-eutectic intersection (see Figure 8.1)
are T = 343[K], T = 341[K], and CL = 0.4, respectively. In Figure 8.6a, L = 32.6[KJ/kg]
and CS = 0.2, whereas in Figure 8.6b, L = 3.26[KJ/kg] and CS = 0.38 (see
Figure 8.1).
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Figure 8.6 Entropy equation of state with (a) L = 32.6 kJ/kg, CS = 0.2; (b) L = 3.26 kJ/kg,
CS = 0.38.

8.4.2 Iterative Phase Rules and the Second Law
Because the phase change process is nonlinear, numerical iterations are needed
within a time step to achieve solution convergence. Determining the phases in each
control volume requires a solution of the energy equation, but the phase distribution
is needed before a solution can be obtained. Thus, a tentative phase distribution is
required prior to the solution of the energy equation. If the computed solution leads
to a different phase distribution, then further iterations are required until convergence between tentative and computed phases is achieved. The phase iterations will
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be established based on discrete analogies of the Second Law (the following three
rules):
1. A control volume must pass through a melt region, during phase transition
between solid and li quid phases.
2. Phase transition in a control volume cannot occur without a phase transition to the same phase in an adjacent volume first.
3. The tentative phase within a control volume must give a positive entropy
production rate for the discrete time step. If the Second Law is violated
in a control volume, then an entropy-based correction is required in the
numerical formulation.
It has been shown that the first two rules can be interpreted as discrete analogies of
the Second Law (Naterer, 2001). For example, rule (1) remains consistent with nonnegative entropy production in the interfacial entropy constraint, Equation 8.35. It
is not surprising that the Second Law can be interpreted in various different ways.
For example, Carnot’s statement of the Second Law requires that heat cannot be
converted completely and continuously into work. On the other hand, Kelvin stated
that it is impossible by means of an inanimate material to derive a mechanical effect
from any portion of the material, by cooling it below the temperature of the coldest
of the surrounding objects. In a similar way, the previous phase rules express alternative consequences of the Second Law in the case of a solid–liquid phase change.
The previous rules (1) and (2) represent effective procedural guidelines for phasetemperature iterations, as well as discrete analogies of the Second Law.
Under certain circumstances, a volume may ultimately exist in a phase different
from its neighboring volumes (i.e., supercooled dendrite pocket ahead of a liquidus
interface) without violating the second rule during its progression between phases.
To clarify this situation, consider a sequence of solution iterations illustrated by steps
(0) to (5) for a binary alloy in Figure 8.7 with solution convergence at step (5). In this
example, different initial mean solute compositions, C1, C2, and C3 in volumes 1,
2, and 3, respectively, create the liquidus temperature, TL , and solidus temperature,
Ts, step functions (see Figure 8.7). After solution (1), rule 2 enforces volumes 3 to 7
to return to a liquid (L) phase because none of their neighbors existed in a melt (M)
phase at step (0). A similar result for volumes 4 to 7 occurs after solution (2). After
solution (3), rule 1 permits a solid (S) volume 3 due to the nature of the liquidus and
solidus temperatures between two melt (M) volumes. Following a subsequent rule
2 correction after solution 4, the final state illustrates a converged solution with a
solid volume 3 between two volumes, 2 and 4, with melt (M) phases. The solution
converges because the tentative and modified phases agree with one another after the
application of the phase rules. This example demonstrates how physical reasoning
embodied by phase rules and the Second Law provides a sound basis for numerical
iterations of a phase change problem.
Although rules 1 and 2 do not ensure positive computational entropy production
in rule 3, they permit a closer compliance with the Second Law, in comparison to
other iterative techniques based on ad-hoc convergence tolerances or purely numerical manipulations such as underrelaxation factors. Local satisfaction of the Second
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Figure 8.7 Binary alloy solidification from side boundary.

Law provides several potential benefits, such as convergence enhancement, and a
physically based understanding of discrete error analysis. The third rule aims to
ensure compliance with the Second Law. In the next section, a predictive technique,
as well as additional entropy-based diffusivity corrections, will be applied in the
computations.

8.4.3 Entropy Correction of Numerical Conductivity
In this section, an entropy-based approach will apply both corrective steps for accuracy improvements (entropy-based diffusivity), as well as predictive steps (nonlinear
time constraint) for stable computations. The magnitude of the computed negative
entropy production rate can provide a quantitative measure of the degree of discretization error in the control volume. The third phase rule in the previous section represents a quantitative rule, whereas the first two rules provide qualitative or procedural
guidelines. If the Second Law is violated within a discrete control volume, then
a quantitative indication of the diffusivity required to correct the solution may be
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expressed in terms of the negative entropy production rate (absolute value) from
Equation 8.34 and Equation 8.36. This effective diffusivity will be substituted into
the discrete equations, and a corrected solution will be obtained. It is anticipated that
this corrected solution can achieve closer compliance with the Second Law.
Summing over the solid and liquid phases, and rewriting Equation 8.34 in terms
of an entropy-corrected conductivity, ks,
 T2
T  cp  
ks ≈ P& s 
+  
 ∇T ⋅ ∇T Φ  Pr  

(8.39)

where cross-diffusion (Soret) effects have been neglected. In the numerical procedure, the solution is obtained by first solving the conservation two-phase equations
independently of the Second Law. Following each time step, the entropy production
rate is then computed based on the Second Law in Equation 8.36. If a nodal value
of P& s is negative, then discretization errors occur or the local solution exhibits nonphysical behavior. A computed negative entropy production at the phase interface
may indicate a discretization error arising from temporal or spatial differencing or
both. Thus, instead of proceeding to the next time step, a corrective diffusion step is
taken in the next solution of the discrete equations, to prevent the computed entropy
destruction. The required quantitative amount of corrective diffusion is inferred by
the magnitude of the discretization error outlined by Equation 8.39.
In the implementation of Equation 8.39, temperature gradients and the viscous
dissipation function are evaluated from the numerical solution and the interpolation
functions. Then, an entropy-based conductivity, ks, is combined with the molecular
conductivity in the following manner:
k → k + Max | ks , ε |

(8.40)

where e represents an upper limit on the corrective step. Because this entropy-based
approach is decoupled from the implicit solution of the conservation equations, the
term e may be interpreted as a relaxation factor in the corrective procedure.
Numerical dispersion is a quasiphysical effect that may distort phase relations
between various thermal or fluid waves, through odd derivative terms appearing in the
truncation error. A comprehensive error analysis, based on a Taylor series truncation
for multidimensional problems, is unavailable for nonlinear phase change problems
with fluid flow. The current entropy-based approach provides an alternative basis for
a unified approach to error analysis. Differences between computed and physical
entropy, particularly those differences leading to computational entropy destruction,
may allow us to quantify the amplitude and frequency of the discretization error.
Entropy-based corrections of the thermal diffusivity were introduced when negative entropy production rates were computed at the current time level. If the entropybased diffusivity coefficients alternated between zero and large nonzero values, then
a “smooth” diffusivity distribution could be obtained in an appropriate manner.
A concern would be poor results arising from the application of a highly irregular (digital) diffusivity field. A smoothing algorithm could be applied to overcome
this potential problem. Positive diffusivity coefficients are computed and located at
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global nodes whenever the Second Law is violated in the corresponding finite control volume. If the resulting diffusivity variations resemble a “digital” distribution
(i.e., diffusivity alternates between zero and nonzero values), then diffusion can be
applied over the entire mesh to smooth the distribution. For example, a Jacobi iterative procedure can be used to solve the diffusion (of conductivity) equation.

8.4.4 Entropy Condition for Temporal Stability
In addition to corrective steps described in the previous section to improve accuracy and convergence of numerical computations, entropy and the Second law can
provide key insight for predictive measures to ensure stability of phase change
computations. This section presents a stability analysis based on the Second Law,
which can be applied to time-step selection in phase change problems. Consider the
following one-dimensional transport equation for a general scalar, f:
La (φ ) = ρφ,t + ρuφ,x - Gφ,xx - c(φ - φr ) = 0

(8.41)

where the subscript comma notation refers to differentiation and G refers to a reference value. In Equation 8.41, G and c refer to diffusion and source term coefficients,
respectively. We will use ξ to refer to the entire source term, i.e., last term on the
right side of Equation 8.41. Integrating Equation 8.41 over a discrete volume (one
dimensional) and time step,
 φ% n - φ% n-1 
i
Ld (φ% ) = ρ  i
 Dx + ( M& φ% - Gφ% ,x ) i +1/2 - ( M& φ% - Gφ% ,x ) i -1/2 - ξDx
 Dt 

(8.42)

where M& = ρu refers to the mass flow rate per unit width and depth. The subscripts
i - 1/2 and i + 1/2 refer to west and east integration points, respectively. Also, L and
the superscripts a and d refer to operator, analytic, and discrete, respectively. In the
discrete formulation, Ld (φ% ) gives a nonzero residual, because the approximate solution, φ%, in general, will be different from the exact solution. In the following analysis,
the overbar tilde notation will be subsequently dropped, and it will be understood that
the discrete operator acts on the approximate solution, φ% .
Using standard finite difference approximations for the convection and diffusion
terms,
 φ n - φin-1  &  φi - φi -1  &
 φi +1 - φi 
Ld (φ ) = ρ  i
 + M (1 - α ) 

 + Mα 

Dt 
Dx 
Dx 
 φ - 2φi + φi +1 
- G  i +1
 - ξ Dx

Dx 2

(8.43)

Here α = 1 represents upwinding, and α = 1 / 2 represents central differencing. This
factor may include a weighting bias on the local Peclet number to include the
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proper balance between upstream and downstream influences. Using Taylor series
expansions,
 Dt 2 
φin = φin-1 + Dtφ,t + 
φ +L
 2  ,tt

(8.44)

 Dx 2 
φi +1 = φi + Dxφ,x + 
φ +L
 2  ,xx

(8.45)

A similar expansion may be written for the scalar value at the upstream location
about point i. Substituting these expansions into the discrete operator,


G
1-α 
Ld (φ ) = La (φ ) + 
ρur Dxφ,xx φ,x 

 
2 
Dx  i +1

1

G
α
-   ρur Dxφ,xx φ,x  +  ρDtφ,tt 
 2
Dx  i -1  2
i





(8.46)

where ur represents a reference, or characteristic (i.e., lagged), linearization velocity.
Also, higher-order terms have been neglected.
Also, taking derivatives in Equation 8.41,

ρφ,tt = - ρur φ,xt + Gφ,xxt - ρcφ,x

(8.47)

ρφ,xt = - ρur φ,xx + Gφ,xxx - ρcφ,t

(8.48)

In the present analysis, only transient, convection, and source-type terms will be
subsequently analyzed because these terms will predominantly affect the numerical
stability. Then, substituting Equation 8.47 and Equation 8.48 into Equation 8.46,
Ld (φ ) = La (φ ) +

1
1
ρur (ur Dt - Dx )φ,xx + ρDtc( 2ur φ,x + cφr - cφ )
2
2

(8.49)

Thus the discrete operator depends on the second-order spatial derivative of the scalar, such as temperature, and higher-order terms (neglected).
In addition, the Second Law of Thermodynamics may be written as
P& s = S,t + F,x

(8.50)

where S(f) and F(f) represent the entropy and entropy flux, respectively. As discussed
in previous chapters, these entropy functions must satisfy two important properties:
(i) downward concavity, and (ii) compatibility. Let us now premultiply the discretization error, L d(f), by S,f in Equation 8.49 to give the following expression for the
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entropy-weighted discretization error:
1
1

S,φ Ld (φ ) = S,φ La (φ ) + S,φ  ρur (ur Dt - Dx )φ,xx + ρDtc( 2ur φ,x + cφr - cφ )  (8.51)
2
2

Also, from the chain rule of multivariable calculus,
S,φ φ,xx = ( S,φ φ,x ),x - ( S,φφ )(φ,x )2

(8.52)

where the last term is positive definite as a result of downward concavity of the
entropy function. Expressing f in dimensionless terms with a Taylor series expansion about the phase interface, then seeking an analogous result as Equation 8.52
from the chain rule for the first-order derivative of f, it can be shown that
S,φ φ,x = ( S,φ φ ),x - Dx( S,φφ )(φ,x )2

(8.53)

If we integrate Equation 8.52 over a discrete volume, then the first term on the right
side becomes the difference between the entropy gradient at the two edges of the
control volume, whereas the remaining terms represent average values of entropy
derivatives and entropy production. The difference between entropy gradient terms
diminishes, in comparison to the remaining terms, when the grid spacing is refined.
Approximating the right side (entropy-weighted discretization error) in
Equation 8.51 as zero, and using the chain rule to write the first term as the entropy
production rate,
1

1

P& s = S,φ  ρur ( Dx - ur Dt )φ,xx + HOT  + S,φ  ρDtc( -2ur - cDx )φ,x + HOT  (8.54)
2

2

where HOT refers to higher-order terms. Thus, substituting Equation 8.52 and
Equation 8.53 into Equation 8.54, it can be shown that
P& s = -

1
1
ρur ( Dx - ur Dt )S,φφ (φ,x )2 - ρDtc( -2ur - cDx ) DxS,φφ (φ,x )2 ≥ 0
2
2

(8.55)

As a result of the downward concavity property of entropy, and the requirement of
positive entropy production in the Second Law, the following result is obtained:
Dt ≤

ur Dx
(ur + cDx )2

(8.56)

Thus, the Second Law identifies an appropriate time step for the numerical computations. Results from the previous stability constraints are illustrated in Figure 8.8a
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Figure 8.8 Stability curves for (a) a fixed interface velocity and (b) fixed grid spacing.

and Figure 8.8b. It can be observed that the time step must be reduced when the
grid spacing increases, or the phase change coefficient, c, increases (i.e., interface
velocity and source terms increase), to maintain stable computations. In a similar
manner as the CFL Courant condition for single phase problems, the time step is
reduced when ∆x approaches zero because a disturbance would not propagate beyond
the extent of the control volume boundaries for stable time advance.

8.4.5 Case Study of Melting in an Enclosure
This section presents a case study with several example problems that apply the
methods developed in the previous section to demonstrate the valuable utility of
the Second Law in phase change analysis. The application problems in this section will illustrate both physical and computational aspects of entropy production,
as well as their roles in predictive capabilities of the overall numerical formulation.
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Figure 8.9 Schematic of melting problem.

A control volume-based finite element method (Naterer and Schneider, 1996;
Naterer, 2000) will be used in the numerical analysis. Although the present results
will consider heat transfer with melting and solidification, the entropy principles can
be extended to other heat transfer problems, such as phase change with boiling or
condensation. The following thermophysical properties for materials in the application problems will be given in the liquid (subscript l) and solid (subscript s) phases.
For the Ag (silver)–Sn (lead) alloy, cp,s = 250[J/kgK], cp,l = 285[J/kgK], m l = 7.1 ×
10-8[kg/ms], ks = kl = 315[W/mK], r = 105000[kg/m3], L = 120[kJ/kg], Te = 494[K],
Tm = 1234[K], ce = 0.54, and kp = 0.43. For the Lipowitz (Cerrobend) material, cp,s =
cp,l = 167[J/kgK], vl = 3.31 × 10-7[m2/s], ks = 19[W/mK], Kl = 5.5[w/mK], L = 32.6[kJ/kg],
and Tm = 374[K].
Consider an application problem with melting from an upper boundary (see
Figure 8.9) (Gau and Viskanta, 1984). In this example, an initially solid material at
Tc = 68[o C] is suddenly exposed to a hot upper boundary ( Th = 92[o C]). The melting
temperature is Tm = 70[o C], and both vertical boundaries are well insulated. Melting of the solid begins near the upper boundary and proceeds downward as time
advances.
Interface movement results are illustrated in Figure 8.10a. Sharp changes in curvature of the temperature profiles characterize the interface movement over time.
Each sharp change of curvature occurs at the melting front. As time advances, the
temperature gradient and heat flux decrease in the bulk liquid region, because the
interface moves farther inward. In Figure 8.10a, close agreement between the computed results and experimental data (Gau and Viskanta, 1984) is achieved when the
grid spacing is reduced.
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Figure 8.10 Computed (a) interface position and (b) entropy production.

Entropy-corrected computations of interface movement and entropy production
results are illustrated in Figure 8.10a and Figure 8.10b, respectively. Corrective steps
in the computations are based on the entropy formulation. Without the entropycorrected model, the direct computations underpredict the interface position at

© 2008 by Taylor & Francis Group, LLC

7262_C008.indd 239

1/19/08 11:59:19 AM

240

Entropy-Based Design and Analysis of Fluids Engineering Systems

large Fourier (Fo) (nondimensional time) values. The entropy-correction technique
improves the predictions (see Figure 8.10a). At Fo = 0.32, the entropy production is
illustrated in Figure 8.10b. The large positive entropy production occurs near y/Y =
0.3 because the phase interface closely coincides with this position at Fo = 0.32 (see
Figure 8.10a). At the interface, an entropy of phase change is absorbed by the melting solid and then transferred outward by heat conduction.
In the direct computations, a positive entropy production is observed at the interface, but behind the advancing interface, some computational entropy destruction
occurs. This result coincides with discretization errors, due to coarse spatial differencing that leads to overpredicted interface locations in Figure 8.9 with 10 × 7 elements.
Improved predictions can be achieved with the entropy-corrected computations (see
Figure 8.10b). In the corrected computations, the diffusivity required to correct the
direct calculations is based on the magnitude of negative computed entropy production
(absolute value) whenever the Second Law is violated in a discrete control volume.
When both physical and computational parts of entropy production are combined, then interpretation of the entropy prediction becomes more difficult because
nonphysical data associated a nonobservable event may have been combined with
positive physical entropy production. In other words, a physically plausible result
may occur, even though the computations destroyed entropy, thereby creating a nonphysical situation. Unfortunately, this situation cannot be readily identified when the
numerical and physical parts of the computations are not separated. Conventional
analysis of errors, such as “diffusive” or “dissipative” errors, would not apply to
nonobservable processes. For example, a nonobservable process would be negative
kinetic energy. The abstract meaning of entropy computations requires a special
interpretation in such cases.
The Second Law may reveal nonphysical interactions between thermal or fluid
waves, which might otherwise be too complex to assess in terms of physical plausibility. For example, consider a soliton, which represents a wave that behaves like a particle. It can be shown that when high, fast waves are sent behind low, slow waves, then
each series of waves may preserve its identity through the interactions, even though
these interactions (soliton waves) are nonlinear. The outcome of such complex wave
interactions may not be easily understood. The Second Law is a physical principle
available to determine the correct behavior. In the current example, the propagation of
thermal waves is disturbed through its interaction with the phase interface and its subsequent release or absorption of latent heat. The Second Law can be used to identify
nonphysical processes through the manifestation of negative entropy production.

8.4.6 Case Study of Free Convection and Solidification
In this final example, solid–liquid phase transition with natural convection is predicted in a two-dimensional domain (see Figure 8.11a) (Naterer, 2000). This problem
considers solidification of an initially liquid metal at T = 70[o C], subject to Dirichlet
boundary conditions along the vertical boundaries and adiabatic boundary conditions along the upper and lower boundaries. Zero velocity conditions are specified
along all boundaries. In Figure 8.11a, Y = 8.89[cm], X = 8.89[cm] , Tc = 68[o C], and
Th = 92[o C].
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Figure 8.11 (a) Schematic of solidification problem and (b) onset on numerical oscillation.

Solidification begins at the cold right boundary, and the phase interface propagates inward as time advances. Thermal buoyancy creates an upward flow near the
left boundary and downward flow near the phase interface and mushy regions in the
right section of the domain. This resulting clockwise recirculation cell has a key
role in the phase interface advancement and heat transfer characteristics. Recall that
the following entropy-based time-step constraint, which was derived for numerical
stability,
Dt ≤

ur Dx
(ur + cDx )2

(8.57)
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where ur and cDx in Equation 8.57 refer to a reference velocity (or characteristic,
lagged, linearization velocity) and a characteristic velocity associated with phase
change, such as the interface velocity, respectively. In this two-dimensional phase
change example, the time-step constraint becomes Dt ≤ 5[s]. This stability condition
provides a general order of magnitude for recommended time steps.
Temperature results at t = 40[s] from two different time advances (Dt = 20[s] and
Dt = 5[s], respectively) were investigated. The results represent two different cases:
(i) time step exceeds nonlinear stability constraint, and (ii) time step complies with
the stability constraint. Convergence criteria (interequation residual tolerance and
maximum iteration cycles) are identical in both of the above cases; only the time step
is modified between different simulations. Instead of an ad-hoc time step selection,
the Second Law provided guidance in the time-step selection for subsequent numerical stability in the computations.
The time step adopted in the latter result (Dt = 5[s]) comes within a close proximity of the above entropy-based time-step guideline, and it yielded stable computations. However, the former case (Dt = 20[s]), which exceeds the time-step constraint,
leads to an onset of instability, or oscillation, arising near the phase interface (see
Figure 8.11b). The entropy-based time-step constraint provides an approximation of
the general order of magnitude required for stable computations with phase change.
In these computations, interequation iterations are performed between the momentum and energy equation (i.e., phase-temperature iterations based on discrete analogies of the Second Law). Additional predictive and corrective steps based on the
Second Law are performed to ensure numerical stability and convergence.

8.5 Thermal Control of Phase Change
with Inverse Methods
8.5.1 Formulation of an Inverse Method
The previous sections have examined the importance of entropy and the Second Law
in direct problems, where boundary conditions are known and internal temperatures,
velocities, and other dependent variables are sought. Inverse problems represent
another class of important problems that specify desired behavior of the dependent
variables within the domain, then require boundary conditions to be determined.
Inverse problems often suffer from greater instability problems than direct solutions
because any perturbations in boundary conditions are magnified into the domain to
generate numerical oscillations. This section will consider heat and entropy transport
in inverse modeling of phase change processes with solidification. Inverse methods
provide an effective way to control phase change processes by changing boundary
temperatures to achieve a desired progression of isotherms within the domain.
A fixed domain method will be used, and the phase interface moves uniformly
at a desired progression rate. An entropy-based correction is applied to improve the
numerical stability of the inverse computations. The formulation considers local violations of the Second Law (arising from spatial or temporal discretization errors) as
a criterion for a corrective strategy in the computations. The magnitude of negative entropy production is used for a quantitative correction of the apparent thermal
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Figure 8.12 Schematic of (a) multiphase control volume and (b) inverse Stefan problem.

conductivity. It will be shown that this approach provides an effective alternative to
previous inverse stabilizing techniques, such as future time stepping.
As an example of a typical inverse problem, consider solidification in a closed
region (see Figure 8.12) that is initially occupied by a pure liquid of temperature Tin(x),
where Tm denotes the melting temperature. The governing equation consists of onedimensional heat conduction with solid–liquid change, as developed previously in this
chapter. Because the top, bottom, and right boundaries of the cavity are insulated, no
temperature gradients (and no thermal buoyancy) arise in the liquid region. The position of the interface will be controlled by the temperature of the left boundary. The
conductivity, k, density, r, and specific heat, c, are independent of temperature. Also,
the melting temperature, Tm, is given. In this example, it is assumed that the interface
moves in the x-direction, and the shape of the interface remains a vertical straight line
(moving into the domain). Also, the velocity of the phase interface can be given as a
desired quantity. The temperature at the left boundary is uniform, and it only varies with
time, i.e., T0 = T0 (t). Although the domain is illustrated in a two-dimensional geometry
(Figure 8.12), this example can be treated as a one-dimensional heat transfer problem.
In an inverse problem, with the exception of the boundary having the unknown
controlling temperature, all boundary conditions can be treated as a direct problem,
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with Dirichlet, Neumann, or Robin boundary conditions. At the controlling boundary, the temperature distribution remains unknown, and it represents the final
solution of the inverse problem. This temperature is obtained through iterations, following an initial estimate. At the beginning of each time step, a temperature estimate
is initially taken. For example, it may be set as the temperature value at the previous
time step (lagged estimate). Then, during each subsequent step in the simulation, the
controlling boundary temperature (at x = 0 in our example) is updated at each iteration until the predicted interface movement agrees, within a given tolerance, with
the specified (or desired) phase interface movement. In the current formulation, the
following iterative update of the boundary temperature T0, is used:
T0( m +1) = T0m +

Tpm++11 - Tpm+1
Rp +1

(8.58)

where m, p + 1 (subscript), and R refer to the iterative counter, nodal point p + 1, and
the sensitivity coefficient, respectively.
The sensitivity coefficient is defined as follows:
Rp +1 =

∂Tp +1
∂T0

(8.59)

This coefficient essentially measures the influence of changes in the boundary temperature, T0, on the temperature at nodal point p + 1. The range of the sensitivity
coefficient is 0 ≤ R ≤ 1. The value of R may be interpreted as a temperature connection
between nodal point p + 1 and the boundary value. For example, when the sensitivity
coefficient, R, becomes larger, then the influence of the changes at the boundary temperature on the nodal value at point p + 1 becomes stronger. Nodal values closer to the
boundary yield larger sensitivity coefficients. This coefficient will be used to update
the boundary temperature in the current inverse model.
The finite volume equations for the sensitivity coefficient, R, can be derived
after taking derivatives with respect to T0 on both sides of the discretized energy
equation (Xu and Naterer, 2001). The inverse heat transfer problem is ill-posed,
since arbitrarily small errors in the temperature measurements or interface position
can be projected back to the boundary as magnified large errors. For inverse phase
change problems, when the interface moves farther from the boundary, it becomes
more difficult to control the interface by adjusting the boundary temperature. As a
result, numerical oscillations may arise in the computations. Voller (1992) developed
a future time stepping method to address this problem. In contrast, the following section examines how the Second Law can be used to stabilize computations in inverse
problems.

8.5.2 Entropy Correction for Numerical Stability
For an inverse problem with solidification from the left boundary, the interface
moves farther away from the left boundary over time, so the effect of the boundary
temperature on the interface movement becomes weaker. The thermal influences
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may not be effectively carried from the boundary to the interface due to the large
distance between them. As a result, it becomes more difficult to control the interface
movement solely by the temperature at the left boundary. Numerical oscillations in
the inverse solution may start to occur.
When the interface moves farther away from the left boundary, the sensitivity
coefficients become smaller. As the values of the sensitivity coefficient become small,
the resulting roundoff error may lead to numerical instability. Meanwhile, from the
iterative update equation for the boundary temperature, it can be shown that when
the sensitivity coefficient becomes very small, the updated boundary temperature
will exhibit large changes between one iteration and a subsequent iteration. The solution may become unstable if the iterative values change drastically. Consequently,
the entropy production rate may become negative whenever numerical instabilities
arise. In this situation, the Second Law would be violated. Thus, the algorithm should
be modified to stabilize the calculations. The entropy production can be used as a
predictive tool in this regard. If the local value of entropy production becomes negative, then a numerical instability may arise, and an entropy-based correction of the
computations should be made. The corrective procedure would only be applied when
nonphysical solution behavior occurs. In this way, we can reduce overall computational time and avoid corrections of the solution at every time step.
The entropy production is computed after the solution of the energy equation is
obtained. If a nodal value of P& s is negative, then the local solution is not physically
plausible. Instead of proceeding to the next time step, a correction is performed based
on the magnitude of entropy production within the discrete volume. From the positive-definite expression for entropy production, the conductivity can be expressed in
terms of the entropy production, P& s , as follows:
k=

T 2 | P& s |
∇T ⋅ ∇T

(8.60)

In this way, the effective conductivity, k, is related to the local entropy production
rate and temperature gradient. If the Second Law is violated locally, then the conductivity can be corrected based on the computed entropy production rate. Then this
entropy-based conductivity would be used to calculate the sensitivity coefficients
again, from which modified sensitivity coefficients are obtained. These new sensitivity coefficients can be used when updating the boundary temperature during
each iteration. This method can prevent potentially nonphysical oscillations during
solidification computations in inverse problems.
In the inverse problem, the governing equations are identical to the equations of
the corresponding direct problem. The difference arises because the interface position is given, instead of unknown, and the temperatures at the controlling boundary
are unknown, rather than known boundary conditions. The other boundary conditions are the same conditions arising from the direct problem. Initially, during each
time step, a tentative (guessed) temperature at the controlling boundary is used, and
the equations are solved as a direct problem. The temperatures at the controlling
boundary are then updated continuously in an iterative manner, until the predicted

© 2008 by Taylor & Francis Group, LLC

7262_C008.indd 245

1/19/08 11:59:36 AM

246

Entropy-Based Design and Analysis of Fluids Engineering Systems

movement of the phase interface agrees within a given tolerance with the desired
path. Then, the solution at the given time step is completed.
The numerical procedure for the inverse solution can be summarized as follows:
1. Specify the movement of the phase interface (interface velocity), and
choose a constant time step based on this interface velocity.
2. Based on the velocity of the interface and the time step, a fixed numerical
grid is specified, so at any time step the interface moves from one grid
point to the next grid point.
3. Within each time step, an estimate of the unknown controlling boundary
temperature is given, and the energy conservation equation is solved in a
direct manner for the temperature, T.
4. The sensitivity coefficients are obtained, and the unknown (controlling)
boundary temperature is updated. Then, the energy equation is solved
again. An entropy-based correction of conductivity is made for the sensitivity coefficients whenever the Second Law is locally violated.
5. Repeat steps 3 and 4 for each iteration when solving the energy conservation equation. The solution is terminated when the predicted movement of
the interface agrees, within a given tolerance, with the specified (desired)
interface movement.
Although the Second Law is decoupled from the implicit solution of the energy equation, the current formulation provides an entropy-based corrective step, which strives
to achieve Second Law compliance and stable computations in the inverse problem.

8.5.3 Case Study with Solidification of a Pure Material
Consider a specific case study depicted in Figure 8.12, where solidification of a pure
material (initially at the phase change temperature, T0 = 0) begins at the left boundary and proceeds rightward into the domain (Xu and Naterer, 2001). Cooling from
the boundary at x = 0 leads to solidification of the liquid metal. The inverse problem
requires the estimation of the boundary temperature, T (0,t), at x = 0, which generates a constant interface velocity, V, during advancement of the solid–liquid interface. The liquid portion within the mold remains at (or slightly above) the melting
temperature. A slight undercooling is required for the onset of solidification. The
numerical results in this section will be compared with an analytic solution (Charach
and Rubenstein, 1989) to assess the accuracy and performance of the formulation.
The following problem parameters (dimensionless) are adopted in this example:
a = 1, c = 1, L = 0.5, V = 2.0, where L, a, and c refer to latent heat, thermal diffusivity, and specific heat, respectively. An analytical solution of this problem, involving
solidification with a constant interface velocity, was reported by Carslaw and Jaeger
(1967) as follows:
T ( x, t ) = T0 =

L
c


V
V2
1 - exp  α t - α



x 


(8.61)
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and
T ( x, t ) = T0

(8.62)

where x ≥ Vt. At x = 0, the surface temperature required to produce the specified
interface motion is
T ( 0, t ) = T0 +

L
c


V2 
1 - exp  α t  



(8.63)

for t > 0. The analytical solution for this particular case study can be obtained from
substitution of the previous parameters into the previous general solution to give
T ( 0, t ) =

1
[1 - exp( 4t )]
2

(8.64)

This result becomes unrealistic after long time periods due to the exponential behavior
of the time-dependent boundary condition. It would be difficult to achieve in a large
casting after long periods of time, because the boundary temperature is eventually
required to reach an extremely low temperature at x = 0, to maintain a constant
velocity of the solid–liquid interface. However, it represents practical conditions during early stages of solidification in problems of materials processing.
In Figure 8.13, the boundary temperature, T(0,t), for three specified interface
velocities for pure gallium is illustrated. The phase interface position can be determined
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Figure 8.13 Boundary temperature at varying interface velocities.
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based on the given interface velocity and the specified time level. As time advances,
the phase interface moves farther away from the left boundary, and the solution
becomes unstable. Oscillations appear and they lead to solution divergence (note:
only stable regions are illustrated in Figure 8.14a through Figure 8.14c). It appears
that oscillations occur earlier in the case of smaller time steps. The boundary temperature computations become unstable earlier with smaller time steps. In the
numerical simulations, whenever the distance between the phase interface and left
boundary becomes too large, it becomes difficult to control this interface movement
solely through the left boundary temperature.
Numerical oscillations appear in Figure 8.15a with Dt = 0.05. Before t = 1.1, the
computations proceed well. But after t = 1.1, oscillations arise, and their magnitude
40
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Figure 8.15 Boundary temperature (∆t = 0.05) (a) without and (b) with entropy correction.
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increases with further time advancement. The computations from the Second Law
give indications of these trends. An entropy-based approach is used to provide a
criterion for corrective steps in the formulation. During each time step, the entropy
production rate is computed, then the Second Law requires that it must remain positive within a discrete volume. If oscillations appear in violation of the Second Law,
the predictive entropy-based correction is applied in the computations. The effective
thermal conductivity is corrected based on the local entropy production rate. This
value is then adopted, and the sensitivity coefficient in the inverse model is modified
accordingly.
The results in Figure 8.15b show that the entropy-based correction performs
well and improves the numerical stability of results. Oscillations are reduced for subsequent time steps, in comparison to Figure 8.15a. The modifications permit stable
computations of boundary temperature for longer time periods. It is worthwhile to
compare this approach with another conventional technique for stabilizing inverse
computations, namely, future time stepping. In future time stepping, the boundary
temperature is assumed fixed for r future time steps, and the system of discrete equations is solved over this time range. Then, the boundary temperature is updated, and
iterations continue until a sum of squares difference (involving the interface temperature at a future time level and the phase change temperature) is minimized. This
section has indicated that the Second Law provides a physically based alternative to
future time stepping. It underlies a physical mechanism that can stabilize results that
exhibit nonphysical behavior, such as numerical oscillations, for problems involving
solidification and melting.

8.6 Entropy Production with Film Condensation
8.6.1 Formulation of Heat Transfer and Irreversibility Distribution
The previous sections have analyzed entropy and the Second Law in solidification
and melting problems. Before closing this chapter, another multiphase system will
be examined, namely, heat transfer with condensation. Previous sections have
focused on numerical analysis with the Second Law, whereas this section will
use analytical methods and entropy generation minimization. Pioneering work
on laminar film condensation along an isothermal surface was conducted by Nusselt (1916). This analysis neglected the advection terms to obtain an approximate
solution, in terms of forces and heat balances within the condensate film. Sparrow and Gregg (1959) showed that inertial effects only have a significant influence on the heat transfer rate when the Prandtl number (Pr) is less than 10. Koh
and coworkers (1961) obtained an exact boundary layer solution, when the shear
forces at the liquid/vapor interface were taken into account. The effects of gravitational forces and interfacial stress were found to be negligible for high Prandtl
numbers (Pr > 10).
An improved correlation of film thickness was developed by Rohsenow (1956),
when thermal advection effects become significant. A modified latent heat of
vaporization was introduced, which depends on the Prandtl number (Sadasivan and
Lienhard, 1987). Dier and Lienhard (1974) showed that results for a vertical plate
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could be extended to inclined plates, provided that g is replaced by g · cos(q), where
q is the angle between the vertical direction and the wall. Although analytical solutions can be derived for laminar film condensation, correlations involving turbulence
typically require approximate or empirical methods.
Film condensation is accompanied by thermodynamic irreversibilities of fluid
friction and heat transfer over finite temperature ranges. There exists a direct relationship between entropy production of a process and the amount of power consumed
or lost by the process (Bejan, 1996). A traditional approach to the study of laminar
film condensation involves a solution of the governing conservation equations. The
Second Law may serve as an important additional tool for optimization in the design
of thermal systems involving laminar film condensation, such as finned surfaces in
a heat exchanger. The method of entropy generation minimization (EGM) has been
applied previously to single-phase convective heat transfer. Bejan (1979) analyzed
the entropy production of various configurations and flow regimes. It was shown
how certain flow and geometric parameters can be selected to minimize the irreversibilities of the thermofluid processes. In this section, an optimization correlation is
presented for film condensation on a flat plate, including results of entropy and the
Second Law.
Consider laminar film condensation of a pure saturated vapor at Tsat on a vertical
isothermal plate held at a temperature of Tw. Uniform thermophysical properties will
be assumed. Also, it is assumed that the condensate film flows in the x-direction along
the plate (see Figure 8.16) due to either gravitational or shear-driven flow effects.
The product of the friction coefficient (based on the interfacial shear stress at the
liquid/vapor interface), cf, and the Froude number, Fr, identifies the relative magnitudes of these effects. For cf · Fr << 1, gravitational effects are dominant, whereas
shear-driven effects are dominant when cf · Fr >> 1.
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Figure 8.16 Schematic of film condensation.
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The first case will examine conditions of cf · Fr << 1 (without effects of interfacial shear stress). The reduced equations for mass, x-momentum, and energy are
given by
∂u ∂v
+
=0
∂x ∂y

µ

∂2 u
= - gx ( ρ - ρv );
∂y 2

k

∂2T
=0
∂y 2

(8.65)

The boundary conditions are
y = 0,

v = 0,

u = 0,

y = δ,

T = Tsat ,

k

T = Tw ,

∂T •
= m v h fg
∂y

(8.66)

where u, v, m, gx, r, k, Tsat, Tw, m& v, hfg, and d refer to x-velocity, y-velocity, dynamic
viscosity, gravity (x-component; see Figure 8.16), density, thermal conductivity, saturation temperature, wall temperature, vapor mass flow rate, enthalpy of vaporization,
and film thickness, respectively.
The rate of entropy production, P&s, within the liquid (excluding the interface) is
2

k  ∂T 
µ  ∂u 
P&s = 2   +  
T  ∂y 
T  ∂y 

2

(8.67)

with streamwise velocity and temperature gradients assumed to be much smaller
than y-direction gradients. Assuming a constant wall heat flux, q´´, and a zero
interfacial velocity gradient,
T - Tsat = DT =

u=

q ′′
(y - δ )
k

2
gx ( ρ - ρv )δ 2  y 1  y  


δ 2 δ 
µ



(8.68)

(8.69)

Combining Equation 8.67 through Equation 8.69 and assuming that T - Tsat is
much smaller than Tw or Tsat,
2

1  q ′′ 
( g δ ( ρ - ρv )( y - δ ))2
P&s = 
+ x

k  Tsat 
µTsat

(8.70)

On the right side of Equation 8.70, the first term represents the entropy generated
by heat transfer, and the second term represents the fluid friction irreversibility. The
entropy production is maximum at the wall, as viscous effects are highest there.
Substituting k · Pr/cp for m in Equation 8.70, it can be shown that the second term
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in Equation 8.67, which represents the friction irreversibility due to viscous drag,
becomes less significant as the Prandtl number increases. In that case, entropy production is mainly due to heat transfer. This result agrees with earlier findings of
Sparrow and Gregg (1959), whereby the inertial effects become negligible for Prandtl
numbers of 10 and higher. The velocity boundary layer is comparatively larger than
the thermal boundary layer for Pr >> 1, so that inertial effects on the Nusselt number
in the condensation analysis become relatively small.
Define an irreversibility distribution ratio, f, which represents the ratio of friction irreversibility, P&s,V , to thermal irreversibility, P&s,T , in Equation 8.70. At the wall,
this ratio is
P&
1
φ = &s,V =
Ps,T Pr

 gx c p ( ρ - ρv )δ 3Tsat 
⋅

q ′′ 2


(8.71)

As mentioned previously for Pr >> 1, inertial effects become negligible as the hydrodynamic boundary layer thickness becomes much larger than the thermal boundary layer thickness. In that case, it is expected that the friction irreversibilities, P&s,V,
are much lower than the thermal irreversibilities, P&s,T . The inertial term becomes
negligible, as the velocity gradients at the wall are reduced when the boundary layer
thickness increases. Thus, f << 1 when Pr >> 1, which is confirmed by the functional
form of Equation 8.71. Previous researchers (Sparrow and Gregg, 1959) have shown
the inertial terms to be significant when Pr << 1. This trend is confirmed by Equation 8.71. If friction irreversibilities are comparatively larger when inertial terms are
important, then f >> 1, which requires that Pr << 1 for given problem parameters.
The second case will examine conditions with cf · Fr >> 1 (predominant effects
of interfacial shear stress). In Figure 8.16, the shear stress, t, acts at the phase interface. The same governing, boundary, and entropy equations, Equation 8.65 through
Equation 8.67, are solved except that a condition of ∂2 u/∂y 2 = 0 is applied at the edge
of the condensate film, thereby yielding
 y 1  y2 τ
 δ - 2  δ   + µ y



(8.72)

1  q ′′ 
( g ( ρ - ρv )( y - δ ) + τ )2
P&s = 
+ x

k  Tsat 
µTsat

(8.73)

u=

gx ( ρ - ρv )δ 2
µ
2

It should be noted that Equation 8.73 does not include the entropy change of phase
transformation at the interface, because it only applies within the liquid film (not at
the phase interface). The last portion of Equation 8.73 arises from irreversibilities
due to the interfacial shear stress.
Applying mass and energy balances for the control volume, CV, in the liquid
(see Figure 8.16),
dG
T -T
k  sat
= h fg
 δ 
dx

(8.74)
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For this case of cf · Fr >> 1, the interfacial stress term is dominant, so Equation 8.72
becomes
u=

τ
y
µ

(8.75)

Then, the condensate mass flow rate per unit width, G, may be determined as follows:
G=

∫

δ

0

ρudy =

ρτ 2
δ
2µ

(8.76)

Using Equation 8.76 in Equation 8.74 and solving for the film thickness,
1/ 3

 3k (Tsat - T ) µ x 
δ=

ρτ h fg



(8.77)

For a given condensate thickness, d, the average liquid velocity will be lower when
the interfacial stress is applied. This leads to a smaller mass flow rate of condensate.
Because the heat transfer rate, q´´, is proportional to the mass flow rate multiplied
by the latent heat (mv´´ ⋅ hfg ), the rate of heat transfer will decrease. This heat transfer
rate becomes
 3k (Tsat - T ) µ 
q ′′ = k (Tsat - T ) 

ρτ h fg



-1/ 3

x -1/ 3

(8.78)

so the Nusselt number is
1/ 3

Nux =

( q ′′ / DT ) x  Re x ⋅ Pr 
=
k
 3Ja 

(8.79)

where the Reynolds number is based on the shear velocity, τ /ρ .
Consider entropy generation minimization of the geometrical and flow parameters when shear effects are dominant (cf · Fr >> 1; case 2). Based on the previous
assumptions and Equation 8.73, the entropy production per unit width becomes
P&s' =

∫

δ

0

2

1  q ′′ 
τ2
P&s dy = 
δ+
δ

k  Tsat 
µTsat

(8.80)

Substituting d and combining Equation 8.79 and Equation 8.80, it can be shown that
-2 / 3
1/ 3
 1  q ′′  2
τ 2   3Ja   ρτ 
'
&
Ps =  
x1/ 3
 + µT   Pr   µ 
 k  Tsat 



sat 



(8.81)
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Integrating over a plate length of L, expressing the heat transfer per unit length as
q´ = q´´ L, and simplifying in terms of the Reynolds number, ReL , it follows that
3  1  q′ 

P&s =
4  k  Tsat 


2

1/ 3
  3Ja 1/33
3  µτ   3Ja 
-2 / 3 +

Re
ReL4 / 3
L


4  ρTsat   Pr 
  Pr 

(8.82)

From this result, the surface length is an example of a parameter that can be changed
to minimize the entropy production. Setting ∂ P&s /∂ ReL = 0 , we find the following
optimum that minimizes P&s :
ReL ,opt = 0.707 B

(8.83)

where the duty parameter, B, for a plate width of W is defined by
B=

q/W

(8.84)

(kντ Tsat )1/ 2

Equation 8.83 is a criterion to deliver more effective heat exchange in problems
involving film condensation. It can be rewritten in terms of the optimal plate length,
based on the definition of the Reynolds number. As an example, for a fixed rate of
heat transfer within a finned heat exchanger, it gives the optimal length to minimize the thermal irreversibility and required temperature difference to achieve that
amount of heat transfer. Alternatively, these results can be expressed in terms of
minimized destruction of energy availability (or exergy). The rate of exergy destruction is Tsat P&s , so an equivalent result of Equation 8.83 is obtained for the minimized
exergy destruction.
If Equation 8.83 is substituted into Equation 8.81, an expression is obtained for
the optimal (minimized) entropy production. The ratio of the actual entropy production to the minimized entropy production represents the entropy generation number,
Ns, which is determined to be
 ReL 
P&
N s = & s = 0.666 

Ps,opt
 ReL ,opt 

-2 / 3

 ReL 
+ 0.333 

 ReL ,opt 

4/3

(8.85)

For a fixed rate of heat transfer, q´, within a finned heat exchanger, a large surface length would reduce the temperature difference (between steam and wall)
required to achieve q´, thereby reducing the refrigeration power needed to maintain Tw. But the interfacial shear and vapor friction increase for a larger surface
length, thereby increasing the input power required to maintain a certain vapor
flow rate at steady state. On the other hand, a smaller surface length reduces
the total vapor friction and input power, but at the expense of a higher thermal
irreversibility and refrigeration power, due to the higher temperature difference
needed to maintain q´. The best compromise is reached when the entropy generation number is minimized, thereby minimizing the net power input from both
vapor and refrigeration sides.
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Figure 8.17 Entropy generation number.

8.6.2 Case Study of Flat Plate Condensation
Results will be presented for an example involving condensation of steam at 1 atm
(Adeyinka and Naterer, 2004). Comparisons will be made with previous studies
involving other optimized flow configurations, as described by Bejan (1996) and
Fowler and Bejan (1994). In Figure 8.17, the variation of entropy generation with
length (or diameter, D, for the case of a tube) shows that a minimum entropy generation number, Ns, occurs when ReL reaches the optimized value. For the case of film
condensation and others shown in Figure 8.18 at low values of L (or D), the friction
irreversibility is relatively small, due to the small surface area of fluid friction. But
the thermal irreversibility is high because a high temperature difference occurs
over a thin region to transfer a given heat flow, q´. On the other hand, the friction

10,000
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Re L,opt
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100
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Figure 8.18 Optimized Reynolds number.
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irreversibility is higher at large values of L (due to the large surface area involving
fluid friction), whereas the thermal irreversibility is lower because a smaller temperature difference between the wall and surrounding fluid is needed to transfer the given
q´ for a larger surface area. As a result, a minimized Ns exists for each case shown in
Figure 8.17.
The entropy generation number for flat plate condensation within the film is lower
than the case involving tube flow. The surface curvature implies that the area available to heat and momentum transfer decreases in the radial direction when the fluid
is heated by the wall. As a result, the near-wall temperature and velocity gradients
become higher for the duct flow at a specified Reynolds number, so the entropy production increases. The entropy production for the single phase boundary layer appears
smaller than the condensation result. Linear velocity and temperature profiles, with
constant shear stress and heat flux values within the condensate film, were derived for
case 2, whereas nonlinear profiles with decreasing stresses and heat fluxes (perpendicular to the wall) arise in single phase boundary layers (Fowler and Bejan, 1994).
The entropy generation number in Figure 8.17 for single phase laminar flow is
symmetric about the minimum, as both friction and thermal irreversibilities appear
to have equal contributions to the net entropy production (note: on a relative basis
after nondimensionalization). However, a higher contribution of friction irreversibility at high values of ReL , as compared to the thermal irreversibility, leads to
asymmetry about the minimum for film condensation. When a given heat flow
is transferred over a surface area, this effect is distributed spatially to reduce the
required temperature difference and thermal irreversibility. However, the fluid friction is a cumulative effect when the surface area increases, thereby showing different
characteristics with variations of the surface length. Similar interpretations can be
made for the asymmetry observed in the duct flow with convective heat transfer in
Figure 8.17.
In Figure 8.18, the minimized ReL (or plate length) for film condensation increases
at higher values of the duty parameter, B. The duty parameter for film condensation
involves the total heat transfer, q, and interfacial shear stress, t, in Equation 8.84.
Its definition for other flow configurations is documented by Bejan (1996). As B
increases, then q also increases, so a larger plate is needed to minimize the entropy
production (i.e., positive slope in Figure 8.18) by reducing the thermal irreversibility
associated with a larger heat flow. For the single phase flow cases in Figure 8.18, the
turbulent friction irreversibility rises faster, (steeper velocity gradient), and the wall
or fluid temperature difference, ∆T, falls faster than the laminar case. This occurs
when turbulent mixing entails a lower ∆T needed to transfer a given q. Thus, ReL for
the turbulent case is lower than the laminar case at low values of q and B. But at high
values of q and B, the thermal irreversibility component becomes more significant.
Then the laminar friction irreversibility rises faster, whereas the thermal irreversibility falls faster. As a result, ReL is lower for the laminar case at low values of B, but
crosses and exceeds the turbulent profile at sufficiently high values of B.
In Figure 8.18, the slopes of the curves for film condensation and turbulent single
phase flow are nearly equal. The relative rates at which the friction irreversibility
rises and the thermal irreversibility falls with increasing B (or q) appear closely coincident. However, the condensation slope is lower than the laminar single phase case,
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suggesting that the friction irreversibility increases at a faster rate or the thermal
irreversibility falls faster with B (or q) in the former case. Similar observations are
made when the slopes of laminar and turbulent flows are compared. Although the
film condensation results for ReL were derived independently of Pr, earlier results for
single phase flow included a Prandtl number dependence (Fowler and Bejan, 1994).
As shown in Figure 8.18, water has a higher viscosity and thermal conductivity than
air at 300 K, so the friction irreversibility rises faster and the thermal irreversibility
falls faster (i.e., lower DT to meet a given q) for water. Thus, the minimum P&s occurs
at a lower ReL for water at a fixed value of B, as shown in Figure 8.18.
These results have practical implications for the design of two-phase heat
exchangers. An example of a case with cf · Fr >> 1 (case 2) is spacecraft thermal
systems in microgravity, that is, heat pipes and capillary pumped loops. In variableconductance capillary pumped loops, the surface length in contact with the condensing vapor is lowered to suppress the temperature rise during high thermal loads, or
operation in a hot environment. Similarly, this length increases to impede the temperature drop during low thermal loads or operation in a cold environment (Furukawa,
1999). An entropy-based analysis provides useful insight to improve performance of
systems involving condensation heat transfer.
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