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Entropy Production
in Turbulent Flows

9.1 Introduction
This chapter concludes the book by examining entropy and the Second Law for
turbulent flows. It presents an overview of modeling and experimental methods for
determining entropy production in turbulent flows. The turbulent entropy equation
will be derived from the Reynolds averaged Clausius–Duhem equality (Hauke,
1995), which expresses entropy in terms of mean and fluctuating components in
the Reynods averaging. A small thermal turbulence assumption (STTAss) will be
used in the turbulence analysis (Kramer-Bevan, 1992). Under the STTAss, the
fluctuating component of temperature is assumed small compared with the mean
temperature, which allows the mean turbulent entropy production to be expressed
in terms of viscous mean and turbulent fluctuating parts.
Experimental measurement of the turbulent dissipation rate can be obtained
with different methods, such as a turbulent kinetic energy balance (Hussein and
Martinuzzi, 1995), direct measurement of strain rate tensors (Andreopoulos and
Honkan, 1996), turbulent energy spectrum, Taylor’s frozen turbulence hypothesis,
dimensional analysis (Kresta and Wood, 1993), or a more recent large eddy particle image velocimetry (PIV) method (Adeyinka and Naterer, 2007). A detailed
review of past advances regarding the measurement of turbulence dissipation has
been presented by Sheng et al. (2000). A major limitation of pointwise methods
is the laborious measurement needed to acquire whole-field data. The whole-field
method of PIV offers certain advantages over standard methods of anemometry
for entropy-related experimental analysis. For pointwise methods, a direct evaluation of the dissipation rate from its definition would require resolution of the
fluctuating strain rate tensor, which is possible only with multiple hot-wire probes
in the flow field. In contrast, the PIV method provides a whole-field measurement
technique, while allowing nonintrusive and time-varying measurements of instantaneous velocity and temperature fields. Because the PIV technique provides wholefield data for velocity and temperature fields, it can lead to spatial measurements of
turbulent entropy production throughout a flow field. Measured velocities by PIV
are estimated over finite grids, so the turbulence statistics are influenced by the type
of low-pass filter (FlowMap, 1998). For this reason, conventional dissipation rate
approximations are limited when analyzing PIV data. The large eddy PIV method
does not preclude the possibility of obtaining high resolution velocity measurements,
where the detailed turbulent structures are captured (Liu et al., 1991). It can obtain
the turbulent dissipation rate in whole-field regions, where the dynamic range of
velocity measurements captured by PIV is limited by spatial resolution. This chapter
will investigate both modeling and experimental methods for measuring turbulent
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entropy production rates throughout an incompressible flow field. Results will be
particularly examined for channel flow problems.

9.2 Reynolds Averaged Entropy Transport Equations
Using the entropy transport equation from Section 3.2 and subdividing entropy into
mean and fluctuating components, the following result can be obtained for the
Reynolds averaged Clausius–Duhem equality (Jansen, 1993):
2

t ij ∂ui
∂
∂ 
k ∂T  k  ∂T 
(ρs ) +
+
 ρui s + ρui′ s ′ −
= 2 

∂t
∂xi 
T ∂xi  T  ∂xi 
T ∂x j

(9.1)

where the overbar (i.e., s ) and prime (i.e., s´) notations refer to mean and fluctuating
components associated with the Reynolds averaging, respectively. Because T and ui
(and consequently the viscous dissipation term) have mean and fluctuating components in the denominator and numerator, it becomes difficult to explicitly express
the mean entropy production in terms of other mean flow variables alone. Two
main methods for evaluating the mean entropy production will be briefly addressed
below.
In the first approach, the two sides of Equation 9.1 can be rearranged as follows:
P& s =

 
∂
∂
∂
T′ 
(ρs ) +
( ρu is + ρui′ s ′ ) + k
ln T  1 +   ≥ 0
∂t
∂xi
∂xi  
T 

(9.2)

The first term can be simplified by substituting ∂(lnT ) / ∂xi for ( ∂T / ∂xi ) / T before
the time averaging. The time-averaged positive definite entropy equation becomes
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∂
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(9.3)



′
′
∂u j  1  ′ ∂ui′
 1    ∂u ′ ∂u j  ∂ui′  
+ µ     i +
≥0
 


 T    ∂x j ∂xi  ∂x j  
∂xi T ∂x j


		
A close examination of Equation 9.3 reveals the physical processes leading to
turbulent entropy production. The first two terms on the right side are entropy production terms that arise from thermal fluctuations and transport. The terms in the
+µ
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first squared brackets represent the entropy production due to mean viscous effects.
The terms in the second squared brackets represent entropy produced due to the
dissipation of turbulent kinetic energy. The terms in the last squared brackets represent the mechanism of entropy produced by the interaction of fluctuating viscous
effects and temperature fluctuations. The remaining terms represent the conversion
of entropy production, due to mean viscous effects, to irreversibilities of fluctuating
viscous-temperature effects and back.
By defining the mean viscous stress and the fluctuating viscous stress, respectively, as
 ∂u i ∂u j  
+
t ij = µ 

 ∂x j ∂xi  

(9.4)

 ∂u ′ ∂u ′j  
t ij′ = µ  i +

 ∂x j ∂xi  

(9.5)

then Equation 9.3 becomes

P& s = k
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+ t ij 
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t +
t
≥0
 T  ∂x j ∂x j  T  ij  T  ij ∂x j
		

(9.6)

No models exist at the present time for complete correlations involving the (1/T)´
terms. Any such correlations would be difficult to validate or measure with some
degree of accuracy.
Modeling of the mean entropy generation can be simplified by the following
approach, whereby the Clausius–Duhem equality is averaged. The left side is multiplied by temperature to give
2

T P& s =

k  ∂T 
∂u
+ t ij i


T  ∂xi 
∂x j

(9.7)

Kramer-Bevan (1992) presented a derivation of the time-averaged form of
Equation 9.7, with the following result:

T P& s + T ′ P& ′s = k

∂
∂T
∂
∂T ′
∂u
∂u ′
(lnT )
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(lnT )′
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∂xi
∂xi
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(9.8)
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In Equation 9.8, the physical processes of conversion of entropy production, arising
from mean viscous effects, to irreversibilities of fluctuating viscous and temperature
effects, have been captured in the T ′P&s′ correlation. Other terms remain as previously
described for Equation 9.3. This equation is more straightforward than Equation 9.2
and Equation 9.3, provided that suitable empirical models can be developed for T ′P&s′
and thermal gradient correlations. Kramer-Bevan (1992) proposed a closure approximation for a subset of possible flow fields by using an STTAss. The following section
will develop modeling for the T ′P&s′ correlation.
To derive a general, combined equation for the mean entropy generation, time
averaging is performed to yield
∂
∂
∂  
T ′  
T P& s + T ′ P& ′s = T  ( ρ s ) +
( ρu js + ρu ′ s ′ ) + k
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∂xi
∂xi
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(9.9)

By comparing Equation 9.2 with Equation 9.9, it can be shown that
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(9.10)
Using the chain rule of calculus,
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T

′

(9.11)


 


By assuming incompressibility, the mean and instantaneous velocity fields are solenoidal, and Equation 9.11 reduces to

T ′ P& ′s = ρT ′ ui′

 
∂s
∂s ′
∂
∂
T′ 
+ ρ u iT ′
+ T′
( ρui′ s ′ ) + kT ′
ln T  1 +  
∂xi
∂xi
∂xi
∂xi  
T 

(9.12)

This equation provides the full expression for the T ′P&s′ correlation. The following
section will consider modeling of individual terms in Equation 9.12.
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9.3 Eddy Viscosity Models of Mean Entropy
Production
A few simplified models, based on the solution of the Reynolds-averaged Navier–
Stokes (RANS) equations and an eddy viscosity for mean entropy generation, have
been documented in the literature (Adeyinka and Naterer, 2004; Drost and White,
1991; Moore and Moore, 1983). The linear eddy viscosity model assumes a Boussinesq relationship between the turbulent stresses (or second moments) and the mean
strain rate tensor, through an isotropic eddy viscosity. These models attempt to
reduce complexity, but it is difficult to ascertain whether the essence of relevant
irreversibilities has been captured with sufficient accuracy, due to the lack of experimental data. Moore and Moore (1983) suggested that following correlations for mean
entropy production, thermal diffusion, and viscous dissipation, respectively:
k
T P& s =
T

2
2

′
′
 ∂T  +  ∂T   + t ij ∂u i + t ij′ ∂ui
 ∂xi   ∂xi  
∂x j
∂x j
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 ∂T ′ 
 ∂T 
k
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 ∂xi 
 ∂xi 

t ij′

(9.13)

2

(9.14)

∂ui′ µt
∂u
= t ij i
∂x j
µ
∂x j

(9.15)

In Equation 9.14 and Equation 9.15, kt and m t denote the turbulent molecular conductivity and the turbulent molecular viscosity, respectively. This model misses most of
the correlation in Equation 9.8, due to the assumption that the temperature fluctuations are small compared with the mean temperature.
Inconsistencies with this formulation occur close to the wall, so Kramer-Bevan
(1992) proposed a different model for the viscous dissipation correlation,

t ij′

∂ui′
= ε%
∂x j

(9.16)

where ε% is the “true” dissipation of turbulent kinetic energy. The definition of ε% differs from the dissipation of turbulent kinetic energy in the standard k - e model. The
resulting model of entropy production becomes
k + kt
T P& s =
T

2

 ∂T 
∂u i
%
 ∂x  + t ij ∂x + ε
i

(9.17)

j

In contrast to Moore’s model, which uses the positive definite entropy equation, the STTAss is based on time averaging of the entropy transport equation. It
assumes that the fluctuating component of temperature is small compared with
the mean temperature. When formulating this model, the fluctuating temperature
is replaced by a Taylor series expansion of those functions. The expansions are
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truncated after the linear terms, thereby yielding the following equations for mean
entropy production and mean specific entropy:
P& s =

 ∂T 
∂
∂ 
1 c µ
(ρs ) +
ρu is −  v t + k 
≥0

∂t
∂xi 
T  Prt
 ∂xi 

ρ
s = sr + cv ln T s − Rln s
Tr
ρr

(9.18)

(9.19)

The turbulent Prandtl number, Prt, arises in Equation 9.18 because the entropyvelocity correlation has been modeled with a Reynolds analogy. Under the STTAss,
extra terms arise in the entropy transport equation, with an increase of the diffusion
term. This is equivalent to adding an effective diffusivity, cv m t / Prt, to the thermal
diffusivity in the laminar model.

9.4 Turbulence Modeling with the Second Law
The exact equation for the dissipation of turbulent kinetic energy (TKE) is useful to
understand the meaning and importance of various terms, but usually it cannot be
rigorously modeled in its full detailed form (Hanjalic and Jakirilic, 2002). Modeling of
the exact equation is traditionally carried out by drastic simplification, and it usually
involves a laborious empirical approximation of five or more closure coefficients.
This section attempts to obtain the dissipation of TKE using the Second Law under
the STTAss. In this approach, the local entropy production in convection-dominated
flow can be found based on mean quantities (velocity and temperature) obtained
from the solution of the RANS equations, using both the transport and positive definite forms of the entropy equation. Because the dissipation of TKE appears in the
positive definite mean entropy production equation, its local value can be computed
throughout the flow domain by the Clausius–Duhem equation. A formulation for
the proposed model will be presented for the eddy viscosity and second moment
turbulent closure.
Combining Equation 9.2, Equation 9.8, and Equation 9.12, we obtain the following
combined entropy equation for turbulent flow:
∂
 
∂
∂
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∂
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+k
(lnT )′
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∂xi
∂xi
∂x j
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(9.20)
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∂
∂
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− ρ u iT ′
− T′
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∂xi
∂xi
∂xi
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T 

The fourth term on the right side of Equation 9.20 represents the dissipation of TKE.
This term, called e, can be interpreted as a physical mechanism by which exergy ( TP&s)
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is destroyed in turbulent flow. This interpretation agrees with the traditional interpretation that associates e with the rate at which TKE is converted to internal energy in
the flow. The terms after the second equality in Equation 9.20 reveal the physical processes leading to exergy destruction in turbulent flow. The total exergy destroyed in
turbulent flow is the sum of exergy destroyed due to irreversible heat transfer (terms
1, 2, and 8), viscous dissipation (terms 3 and 4), turbulent enthalpy transfer (term 5),
and the work done by fluctuating temperatures against turbulent entropy transfer by
mass exchange (terms 6 and 7). All of these irreversible processes dissipate mechanical energy to internal energy.
Equation 9.20 indicates the importance of maintaining positivity of e in the numerical simulations. The time-averaged entropy equation does not shed much light with
regard to modeling of e, except when simplified by the STTAss. Complete modeling
of the Clausius–Duhem equation can only be achieved through experiments to calibrate closure coefficients, when approximating the nonlinear fluctuating terms. Two
following approaches (linear eddy viscosity and differential second moment closures
[DSM]) will be described for modeling and simplification of Equation 9.20.
The terms in the time-averaged entropy equation, Equation 9.20, can be determined from a linear eddy viscosity model as follows:
2
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∂xi    
		
+

(9.21)

On the left side of Equation 9.21, the terms represent the transient change of
mean entropy (first term) and the transport of entropy by mass and heat flow (second term in square brackets). On the right side of Equation 9.21, the terms refer to
entropy production associated with thermal molecular and turbulent diffusion of
the mean temperature field (first term in square brackets), viscous dissipation of the
mean velocity field (second term), and irreversibilities through dissipation of TKE
(third term). Within the braces, the terms represent entropy production corresponding to irreversible temperature fluctuations (first and second terms) and irreversible
interactions between fluctuating velocity and temperature fields (remaining terms).
The individual terms in braces can be obtained through the following correlation
governing the dynamics of T′ 2 (Tennekes and Lumley, 1972),
ui

∂
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 ∂x 
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i 
i

(9.22)

where a is the thermal diffusivity.
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The differential second moment closure (DSMC) directly solves the transport equations for the Reynolds stresses in the momentum equation. This approach is used to obtain
the scalar fluxes in turbulent flow, involving the transport of passive scalars. The computed turbulent heat flux can then be used directly in Equation 9.20 to give
2
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(9.23)

		
This approach dispenses with the eddy viscosity to express the turbulent shear stress
in terms of mean flow quantities.
Similarities in turbulent irreversibilities can be observed in Equation 9.21 and
Equation 9.23. From left to right in Equation 9.23, the terms represent the transient change of mean entropy (first term) and the transport of entropy by mass
and heat flow (second term in square brackets). Unlike Equation 9.21, the heat
flow is not modeled with a turbulent conductivity in this case. On the right side of
Equation 9.23, the terms refer to entropy production corresponding to thermal molecular diffusion of the mean temperature field (first term), diffusive entropy transport
in the mean flow due to velocity fluctuations (second term), viscous dissipation of the
mean velocity field (third term), and dissipation of TKE (fourth term). In a similar
way as previously described, the terms within braces represent entropy production
corresponding to irreversible temperature fluctuations (first and second terms) and
irreversible interactions between fluctuating velocity and temperature fields (remaining terms).

9.5 Measurement of Turbulent Entropy Production
9.5.1 Formulation of Dissipation Rate
Unlike near-isothermal laminar flows (such as unheated pipe flows) where the only
physical process that produces entropy is the mean viscous dissipation, the rate of
dissipation of TKE is needed to compute entropy production in turbulent flows. A
segment for extracting mean and turbulent quantities from velocity data is needed to
measure the turbulent entropy production rates throughout a flow field. This section
investigates modeling of the turbulent dissipation rate, for purposes of finding the
turbulent entropy production rates. The effect of mean and fluctuating quantities on
the total mechanical energy of a turbulent flow can be separated by the Reynolds
averaging procedure. By subtracting the balance equation for the kinetic energy of
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the mean motion, the following expression for the balance of kinetic energy of turbulence is obtained,
∂u ′j  ∂ui′ ∂u ′j 
∂u j
D k2
∂ ′  p k2 
∂ ′  ∂ui′ ∂u ′j 
=−
ui  +  − ui′ u ′j
+ν
uj 
+
−ν
+

Dt 2
∂xi  ρ 2 
∂xi
∂xi  ∂x j ∂xi 
∂xi  ∂x j ∂xi 
(9.24)
Equation 9.24 requires that the net convection of TKE (term 1) balances the flow
work or work done by the total dynamic pressure (term 2), net work of turbulent
stresses (term 3 minus term 4), minus the dissipation of TKE (last term). In the absence
of periodic oscillation in the flow, the total dissipation in turbulent flows is a sum of
mean (viscous shear stress) and random (dissipation of TKE) parts. The viscous shear
stress performs deformation work, which increases the internal energy of the fluid at
the expense of TKE. Because turbulence consists of a continuous spectrum of scales
ranging from more energetic large scales to dissipative small scales, a continuous supply of energy from the large scales or “eddies” is required to maintain turbulence.
Otherwise, turbulence decays rapidly, and loss analysis of the fluid system reduces to
an analysis involving only the mean viscous dissipation, as in laminar flows.
By expansion, the 12-term dissipation of TKE tensor, e, in Equation 9.24 can be
expressed as

ε =ν

∂ui′ ∂u ′j ∂u ′j ∂u ′j
+
∂x j ∂xi ∂xi ∂xi

(9.25)

Measurement of all terms in Equation 9.25 is difficult. A simplified form will be
used based on the theory of homogenous turbulence and isotropy (Hinze, 1975).
In homogeneous turbulence, the first term in Equation 9.25 vanishes due to incompressibility, i.e., u ′j ∂2 ui′ / ∂xi ∂x j = 0, resulting in the following 9-term tensor for e,

ε =ν

∂u ′j ∂u ′j
∂xi ∂xi

(9.26)

The essence of homogeneous turbulence is idealized, whereby that the mean
properties of turbulence (including the mean velocity) are independent of translations of the coordinate axis. However, it provides a reasonable basis for estimating
experimental turbulence quantities (Batchelor, 1982). The assumption of homogeneous turbulence also implies a relationship between the viscosity and mean square
vorticity through Equation 9.26, so,

ε = νω kω k

(9.27)

where w k is the vorticity. Equation 9.27 is the entropy-based dissipation described by
Tennekes and Lumley (1972).
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Isotropic turbulence assumes that small turbulent scales are statistically independent of rotation and reflection of the coordinate axes at sufficiently high Reynolds
numbers. A further simplification with the isotropic turbulence assumption can be
obtained from Equation 9.26 in the following two-dimensional form:
2
 ′  2  ′  2

 ∂u ′ 
∂u
∂u
∂u ′ ∂u ′
ε = 6ν  1  +  1  + 1 2  = 15ν  1 
 ∂x1   ∂x2 
∂x2 ∂x2 
 ∂x1 



(9.28)

The Kolmogorov length scale represents the smallest length scale of turbulence,
h = (v3/ e)1/4. Another length scale associated with the energy dissipated by turbulent
eddies is the Taylor microscale, l, where,

λ2 =

u1′2
( ∂u1′ / ∂x1 )2

(9.29)

Rearranging Equation 9.28 in terms of the Taylor microscale leads to

ε = 15ν

u1′2
λ2

(9.30)

A similar dimensional analysis based on the integral length scale, l, and an
assumption of mechanical equilibrium gives

ε=A

u1′3
l

(9.31)

where A is a proportionality constant of the order of unity. Equation 9.31 can be
used to predict the dissipation rate, when only one integral length scale characterizes the flow region. It does not require the dissipation of TKE to be equal to the
production of TKE, as its derivation is independent of the presence of turbulence
production.
Another class of dissipation estimation methods (commonly used in laser doppler anemometry [LDA]) involves uses a time-series analysis and the turbulence
energy spectrum. The following homogeneous turbulence relation applies:

ε = 2ν

∫

4

0

k 2 E ( k, t )dk

(9.32)

with a corresponding isotropic version given by

ε = 15ν

∫

∞

0

k12 E1 ( k1 )dk1

(9.33)

where E refers to the power spectrum, k is the wavenumber, and the subscripts “1”
denote the one-dimensional values.
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9.5.2 Large Eddy Particle Image Velocimetry
There are similarities between the correlation analysis of PIV and large eddy simulation (LES). LES computes the dynamics of the large energy-containing scales of
motion, up to a certain cutoff wavelength, while modeling only the effect of the
small, unresolved flow structures on the larger resolved scales. The underlying principle is that large-scale motions are affected by the geometry and not universal. The
small-scale motions have a weaker influence on the Reynolds stress, and they have a
universal character, which can be represented by simple subgrid scale (SGS) models.
The approach in LES requires the solution of the Navier–Stokes equations for the filtered velocity field on a computational grid, with the objective of resolving the actual
flow field with fewer discrete volumes. In the same way, the correlation techniques
in PIV give velocities that are results of a spatial average over a discrete volume or
interrogation area. In LES, the filter size is proportional to a cutoff wavelength in
the inertial subrange of the turbulence energy spectrum. The size of the interrogation area determines the filter width, which averages the smaller scales of motion in
PIV. Because the spatial filtering properties of PIV are similar to LES, the benefits
of SGS modeling in LES will be helpful to determine the small-scale turbulence
characteristics from PIV data.
With the filter in the inertial subrange, the turbulence dissipation rate in LES can
be approximated by the following SGS dissipation rate:

ε ≈ ε SGS = −2t ij S ij, S ij =

1  ∂u i ∂u j 
+
2  ∂x j ∂xi 

(9.34)

where S ij is the filtered rate of strain tensor and t ij is the SGS stress. Several SGS
stress models have been used in previous LES studies at high Reynolds numbers.
The first subgrid model to be widely used was reported by Smagorinsky (1963).
Other models that were developed to improve the Smagorinsky model include
the dynamic model of Germano et al. (1991; Lilly, 1992; Meneveau et al., 1996),
Bardina scale similarity model (Bardina et al., 1980), Clark gradient model (Clark
et al., 1979), structure function model of Métais et al. (1992), and the transport
equation model (Mason, 1989; Sullivan et al., 1994). The next section will focus on
the Smagorinsky and Gradient models, as well as compare the accuracy of different
models.
The PIV technique permits the measurement of instantaneous velocity data in
a whole-field manner, which allows direct calculation of the turbulence dissipation
rate from spatial derivatives of velocity. However, the spatial range of PIV cannot
usually be extended down to the required near-wall resolution for exact measurements, due to limitations imposed by the hardware, such as the size of recording
media and the maximum allowable sampling speed (Adrian, 1997; Saarenrinne et
al., 2001). Saarenrinne and Piirto (2000) proposed a restrictive requirement in PIV
(depending on the flow), where the size of the PIV interrogation window and the
laser light thickness do not exceed 30% of the lateral Taylor’s microscale and five
times the Kolmogorov length scale, respectively.
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Dimensional analysis based on equilibrium turbulence assumes local isotropy. It
can be used to estimate the turbulence energy dissipation in stirred vessels (Kresta,
1998). The method uses Equation 9.31, and it yields accurate qualitative results
despite implementation difficulties due to the variation of length scales in certain
flows. In flows where the Taylor microscale can be estimated, dimensional analysis
based on Equation 9.30 has been used successfully (Saareninne and Piirto, 2000).
The dissipation rate in the turbulent kinetic equation can be determined from terms
represented by the mean flow convection, diffusion and production of turbulent
energy, and neglected terms of viscous diffusion. The applicability of this method is
limited by an appropriate model for the pressure diffusion term, which is difficult to
measure experimentally (Turan and Azad, 1989). Although other terms in the TKE
equation involve large-scale quantities, the limitation imposed by spatial resolution
has restricted the application of the method to simple geometries.
Another method for measuring turbulence dissipation uses Taylor’s frozen turbulence hypothesis, which allows Equation 9.28 to be rewritten in terms of a time
series differential of the velocity fluctuation, that is,

ε = 15ν ( ∂u1′ / ∂x1 )2 = 15ν ( ∂u1′ / ∂t )2 / u 2

(9.35)

To obtain a reliable value of e, a calibration of the time derivative is necessary. It can
be determined based on the energy spectrum function in Equation 9.32. Turan and
Azad (1989) developed a “zero-wire-length dissipation method,” which defined the
one-dimensional spectrum of the longitudinal velocity fluctuation by the following
integral,

∫

∞

0

E1 ( k1 )dk1 = u1′

2

(9.36)

But the sampling rate of a PIV system is often not high enough to allow this spectral
analysis.
The large eddy PIV method is a promising method for the previous measurements. Sheng et al. (2000) established an appropriate resolution of time and length
scales with this method. The authors developed a method to use full-field velocity data
to estimate the dissipation rates. The large eddy PIV method is based on a dynamic
equilibrium assumption, between the spatial scale that can be resolved by PIV and the
subgrid length scales. When the interrogation or filter size is much smaller than the
integral length scale of the flow, the turbulence dissipation rate can be approximated
by Equation 9.34. In the following case study, the Clark Gradient model and the Smagorinsky model will be used for the SGS stress. For the Gradient model,

t ij =

1 2 ∂u i ∂u j
D
12
∂uk ∂uk

(9.37)

where D is the width of the interrogation area. The Smagorinsky model is given by

t ij = −(Cs D )2 | S | S ij

(9.38)
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where | S | is the characteristic filtered rate of strain, 2 S ij S ij , and Cs is the Smagorinsky coefficient (proportional to D), taken to be 0.07 (Adeyinka and Naterer, 2004).
The large eddy PIV method and other simplified models based on the isotropic
assumption in this section do not preclude the possibility of obtaining high resolution measurements, where detailed turbulent structures are captured (1991). The
method provides a useful estimate of turbulence dissipation in regions where the
dynamic range of velocity measurements captured by PIV is limited by the spatial
resolution.

9.5.3 Case Study of Turbulent Channel Flow
In this section, measured results in the previous formulations of mean turbulent
entropy production will be compared against past DNS (direct numerical simulation) data. Large eddy PIV is used to determine the velocity, dissipation rate, and
entropy production data (Adeyinka and Naterer, 2004). The DNS solution assumes
negligible viscous dissipation in the energy equation. Therefore, attention is focused
on the positive definite model involving the dissipation of TKE (right side of Equation 9.23), because the entropy transport equation requires inclusion of the viscous
dissipation in the energy equation for accurate modeling.
Turbulent flow between two parallel plates at four different Reynolds numbers,
based on the friction velocity, will be examined. Computations of the friction factor, f, at Ret = 180, 395, and 590, will be compared with DNS data of Moser et al.
(1999). The data of Kuroda et al. (1989) were used to compute f at Ret = 100. The
computed friction factors are compared in Table 9.1. The present results show excellent agreement with Darcy’s friction factor, computed from the Colebrook equation.
The Colebrook equation is documented by White (1991). The results are illustrated
at various Reynolds numbers, based on the bulk velocity in Figure 9.1. They confirm
that the present turbulence modeling of entropy production (particularly in terms of
e) has been accurately formulated.
A comparison with Moore’s model is presented (Figure 9.2), with regard to
the spatial distribution of entropy production in the channel. The integral value of
entropy production computed from Moore’s model in Equation 9.13 and Equation
9.15, based on the production of TKE, is within 1% of the currently formulated
model. Figure 9.2 shows that Moore’s model underpredicts the entropy production
close to the wall and overpredicts entropy production away from the wall, before it
decreases to zero in the middle of the channel. The additional curve in Figure 9.2
shows that the viscous mean dissipation is the main component of entropy production

Table 9.1
Friction Factors at Different Ret
Ret
f (based on tw)
f (based on present modeling)

100

180

395

590

0.0383
0.0388

0.0325
0.0324

0.0260
0.0252

0.0232
0.0225
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Figure 9.1 Friction factor based on entropy production correlation.
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Figure 9.2 Local distribution of integrated entropy production in the channel.
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Figure 9.3 Mean velocities.

near the wall, but other components become more significant at further distances
away from the wall. In particular, the mean viscous dissipation accounts for more
than 80% of the total entropy production at approximately y+ < 9, where y+ = yut /v.
This percentage decreases to zero in the center of the channel.
In Figure 9.3, the mean velocity profile in the fully developed region is presented
at Ret = 187, 295, and 395. The velocity profiles (shown in the inset) at different
transverse locations collapse onto each another, due to fully developed conditions.
The mean velocities are normalized by the centerline velocity in Figure 9.3, and
the y-coordinate is normalized by the half-channel height. Figure 9.4 shows the
distribution of mean velocity profiles in terms of wall variables. The wall shear
stress is determined by the Clauser plot technique, which assumes a universal logarithmic profile in the overlap region. The experimental data confirm the extent of
the logarithmic layer, as the Reynolds number increases. The mean profiles for
Ret = 295 and 399 agree out to y+ ≈ 250. At Ret = 187, the standard constants
(k = 0.4 and B = 5.0) give a logarithmic slope with a slight offset from a best fit
(k = 0.4 and B = 5.5), in agreement with DNS data. These results are consistent with
previous experimental measurements, which associate such flow behavior with low
Reynolds number effects. The spatial resolution of PIV is limited by the size of the
interrogation area, so measurements by Anteyinka and Naterer (2007) could not be
made any closer to the wall than y+ = 8.18. The data compare well with DNS results,
thereby providing useful validation of the formulation.
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Figure 9.4 Velocities normalized by inner variables.

The turbulent fluctuating velocities are normalized by the friction velocity and
plotted in Figure 9.5 at three different cross sections. Figure 9.6 compares the distributions of u+ and v+ obtained at Ret = 187 with the PIV results of Liu et al. (1991)
and the DNS results of Kim et al. (1987). Good qualitative agreement is observed
among the results. Compared with the DNS results, the peak value for the fluctuating streamwise velocity is underpredicted for the present results at y+ = 13. The peak
value shows close agreement with previous PIV results of Liu et al. (1991). The measured data also shows higher values that the DNS results in the channel core.
The fluctuating velocities are plotted against y/h in Figure 9.7 at all Reynolds
numbers. The u+ profiles collapse onto the Ret = 399 curve away from the wall, at
approximately y/h > 0.36 for Ret = 187 and y/h > 0.2 for Ret = 295. All profiles vary
nearly linearly in Figure 9.7 for u+ between 0.4 < y/h < 0.9 at the three Reynolds
numbers tested and 0.2 < y/h < 0.9 for v+. The linear range for v+ at Ret = 187 is not
immediately apparent. This observation is consistent with past studies of Moser et al.
(1999) that suggested a collapse of the u+ profiles to a high Reynolds number outerlayer limit at y+ > 80. No such collapse is observed when the inner variables are used
as the normalizing quantities. The qualitative trends of fluctuating velocities also
compare well with the DNS data shown in the inset.
The Kolmogorov length scale, h, estimated from its definitions and DNS data,
is between 6 and 18 mm at the highest Reynolds number and between 14 and 38 mm at
Ret = 187. With a 32 × 32 PIV interrogation region, the spatial resolution of the
PIV measurements is approximately 280 mm. Thus, the spatial resolution is about
16 times the Kolmogorov length scale at the channel core and 48 times close to the
wall. The resolution of the velocity field is too small to accurately determine spatial
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Figure 9.5 Turbulent velocities at Ret = 395.
4
Reτ = 187 (PIV)
Reτ = 180 (DNS)

3.2

Reτ = 183 (Lui et al.)

u+, v+

2.4

1.6

0.8

0

0

0.4

0.8

1.2

y/h

Figure 9.6 Turbulent velocities at Ret = 187.
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Figure 9.7 Turbulent velocities plotted in outer variables.

derivatives of the fluctuating velocity field and dissipation rate with the total dissipation method. Nevertheless, simplified expressions for e and isotropic conditions can
be used to estimate e. The dissipation rate is estimated by the dimensional analysis
relation, Equation 9.31, and the large eddy PIV approach. The SGS stress is obtained
from the Smagorinsky and Gradient models. The accuracy of the estimation methods can be verified by comparisons with the DNS data of Moser et al. (1999).
The measured dissipation rates are compared with the corresponding DNS solution at Ret = 187 in Figure 9.8. The dissipation rate in Figure 9.8 and all subsequent
figures is normalized by ut4 /ν . The different methods show close agreement with
DNS data, and they give correct distributions of the TKE in the channel. A high dissipation region is concentrated near the wall. The DNS data show an inflection point,
not captured by PIV, closer to the wall at y+ = 12. The dissipation rate reaches a minimum in the center of the channel, and it becomes the only mechanism for energy
loss in the channel centerline for turbulent flows. Greater deviations from the DNS
data are noticed for all estimation methods closer to the wall, due to the anisotropic
nature of the flow and smaller dissipation length scales in this region.
Dissipation rates computed from the DNS results of Kuroda et al. (1989) at
Ret = 100 and Moser et al. (1999) at Ret = 180, 395, and 590 are plotted in Figure 9.9.
In Figure 9.10, the dissipation rate has been estimated from the dimensional analysis
relation at all Reynolds numbers investigated. The integral length scale, l, is defined
as the distance from the wall to a point where the streamwise velocity is 99% of

© 2008 by Taylor & Francis Group, LLC

7262_C009.indd 278

1/19/08 12:03:31 PM

279

Entropy Production in Turbulent Flows
0.15
Dimensional Analysis
Smagorinsky Model
Gradient Model
Reτ = 180 (DNS)

ε+

0.1

0.05

0

0.0

0.4

0.8

1.2

y/h

Figure 9.8 Dissipation of turbulent kinetic energy at Ret = 187.

0.25

Reτ = 100
Reτ = 180
Reτ = 395
Reτ = 590

0.2

ε+

0.15

0.1

0.05

0

0.0

0.4

y/h

0.8

1.2

Figure 9.9 Direct numerical simulation results.
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Figure 9.10 Dimensional analysis-based e estimation.

the centerline velocity. The DNS results suggest lower values of e in the middle region,
with higher values at the wall and steeper gradients as the Reynolds number increases.
The dissipation rate shows similar trends in the wall layer in Figure 9.10.
The large eddy PIV dissipation estimates are shown in Figure 9.11 (Smagorinsky
model) and Figure 9.12 (Gradient model). The filter size for the correlation analysis
is ∆ = 280 mm, whereas the integral length scale is l ≈ 8 mm at Ret = 180. The
Kolmogorov length scale is h = 18 mm at the channel centerline. Thus, ∆ << l, and
the filter size is sufficiently larger than the Kolmogorov length scale to warrant the
use of large eddy PIV. The dissipation rate closely agrees with the DNS result at low
Reynolds numbers, but it is underpredicted at higher Reynolds numbers.
One would expect better performance with increasing Reynolds numbers
because the flow shows higher tendencies toward local isotropy as the Reynolds
number increases. This discrepancy is partly due to the overall accuracy of PIV measurements at high Reynolds numbers. At high Reynolds numbers, the PIV dynamic range
required to accurately resolve the smaller Kolmogorov length scales becomes very
high, and the spatial resolution of the PIV fails to capture certain aspects of the flow
structure. Better performance of all estimation methods at Ret = 187 can be attributed
to larger Kolmogorov length scales and a consequent higher flow resolution. Measurements too close to the wall suffer from reflections and poor accuracy of the velocity at
high Reynolds numbers. The two SGS models show similar predictions, suggesting a
weak dependence of the large eddy PIV method on the SGS stress model.
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Figure 9.11 Large eddy PIV-based e estimation with Smagorinsky SGS model.
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Figure 9.12 Large eddy PIV-based e estimation with Gradient SGS model.

© 2008 by Taylor & Francis Group, LLC

7262_C009.indd 281

1/19/08 12:03:43 PM

282

Entropy-Based Design and Analysis of Fluids Engineering Systems
0.8

Φ+

Reτ = 187 (PIV)
Reτ = 180 (DNS)
0.4

0

0

0.5

1

1.5

y/h

Figure 9.13 Viscous dissipation at Ret = 187.

Measured oscillations are effectively reduced by filtering of the velocity data.
In Figure 9.13, a 3 × 3 average filter is used for smoothing of the velocity vectors,
before calculating the viscous dissipation. A comparison of the experimental data
with DNS results is presented in Figure 9.14, with regard to the spatial distribution
of the mean viscous dissipation and the total entropy production at Ret = 187. All
three estimation methods agree closely. The entropy production is scaled by ρut4T /ν .
A region of high entropy production is evident close to the wall.
The distribution of TKE dissipation is plotted as a percentage of the total
mechanical energy loss in Figure 9.15, to provide a Second Law insight into the
energy conversion in turbulent flows. The measured results show close agreement
with DNS results. The percentage of TKE decreases from a maximum at the channel centerline to approximately 14% of the total mechanical energy loss, just outside
the logarithmic region, toward the wall. The percentage of e + is fairly constant in the
outer region and logarithmic layers. This distribution implies that the viscous stress
due to molecular viscosity dominates at the wall. Unlike laminar flow, where the
viscous shear stress increases linearly across the fluid layer from the channel center
to the wall and entropy production is distributed evenly over the entire channel, the
viscous stress is concentrated in a region between the buffer layer and the wall in
turbulent flows, thereby leading to a much higher mean shear stress and entropy
production at the wall. This explains the need for higher pumping power in turbulent
flows to move fluid through a duct at a given mass flow rate.
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Figure 9.14 Turbulent entropy production at Ret = 187.
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Figure 9.15 Percentage of e + in total entropy production across the channel at Ret ≈ 187.
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