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1. Introduction

We reprove that any injective module has a direct decomposition into a directly
finite and a purely infinite part ([8], Theorem 6), and we show that this
decomposition has a strong uniqueness property (Theorem 1). As a consequence of
these facts, and of the cancellation property of directly finite injective modules, we
derive a surprisingly powerful technical result for quasi-continuous modules: the
isomorphism type of the ‘internal hull’ of any submodule is determined by the
isomorphism type of the submodule (Theorem 4). As applications, we obtain,
among others, the analogue of Theorem 1 for quasi-continuous modules
(Proposition 6), the cancellation property for directly finite continuous modules
(Proposition 8), and a criterion for the continuity of a direct sum of continuous
modules (Theorem 13).

One would expect that our technique, which amounts to a machinery for the
generalization of theorems from injective to quasi-continuous modules, should
allow to develop the theory of types and dimension functions [7] for quasi-
continuous, instead of non-sirgular injective, modules.

We list a few notational and terminological conventions: E(M)=EM denotes the
injective hull of the right module M. AC’'M and Bc® M signify that A4 is an
essential submodule, and B a direct summand, of M. ‘Summand’ is synonymous
with ‘direct summand’. ‘‘C is subisomorphic to M’’ means that there exists a
monomorphism from C into M.

2. A decomposition theorem for injective moduies
We recall that a module is named directly finite if it is not isomorphic to a proper
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direct summand of itself, and purely infinite if it is isomorphic to the direct sum
of two copies of itself [7].

We remind the reader that a directly finite injective module has the cancellation
property ([2], Propositicn 5). We also list, for future reference, Proposition 5.7 of
[9]: An injective module is not directly finite, if and only if it contains an infinite
direct sum of nonzero pairwise isomorphic submodules, if and only if it has a
nonzero purely infinite direct summand.

With these concepts, we shall prove the following decomposition theorem for
arbitrary injective modules. For non-singular injectives, it was already shown in
([71, Proposition 7.4), and the decomposition is then absolutely unique. For
arbitrary injectives, part of the existence statement is contained in ([8], Theorem 6).
The full theorem can be deduced from its non-singular special case by means of the
functorial technique outlined in [8], but we prefer to present a (relatively) short and
direct argument.

Theorem 1. Every injective module E has a direct decomposition, E=U®V, where
U is directly finite, V' is purely infinite, and U and V have no nonzero isomorphic
summands (or submodules). If E=U,®V,=U,®V; are two such decompositions,
then E=U,®V; holds too, and consequently U,=U, and V,=V;.

We begin with an auxiliary observation.

Lemma 2. Let A be a submodule of a module C, let EA be directly finite, and let

C be subisomorphic to an injective module I. Then every monomorphism f: A—1
extends to a monomorphism C -1

Proof. The given monomorphisms f: A—/ and g:C—/7 extend to monomor-
phisms ¢:EA—1I and y:EC—I. We have EA®X=EC, hence I=pEC)®Y=
WEA)YDpX)PY, as well as I=p(EA)DZ.

As o(EA)=EA = y(EA) is directly finite and injective, hence has the cancellation
property, we conclude Z=py(X)@Y=X®Y. We obtain a monomorphism

p:X~Z Then p@u: EC=EADX ~@p(EA)®Z=1 is a monomorphism, whose
restriction ¢ P u } C extends f, ©

Proof of Theorem 1. Srep 1: We consider the collection of triples (V, ¢, ¢"), where
V' is a submodule of E and ¢’,¢” are monomorphisms of V" into itself such that
=9 (1)De (V). We order such triples by restriction, that is

(Voo s(Ww,y") if VCW and ¢’ =y’

Vo =u| V.

For any chain of triples (V,, ¢,, ®,), one verifies easily that (U Vo U 7 U ®) is
an upper bound. Thus, Zorn’s Lemma applies and produces a maximal triple
(Vio'.9"). Clearly, V' is purely infinite. It is also injective, since ¢’,¢” extend to
isomorphisms @ : EV—-E(@'V), ¢”":EV—-E(@"V) of the injective hulls, and
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therefore (V, @', 9" )< (EV,¢’,¢") hence V=EV follows.

The injectivity of ¥ implies that it is a direct summand: E= U® V. We claim that
U is directly finite.

If not, then it contains a nonzero purely infinite direct summand ([9], Proposition
5.7; stated above), that is U®D>A’@A” with isomorphisms a’: A’@ A"~ A’ and
a”":A@A"—+A". We obtain

V0,0 <(VRA'®A" ¢'®@a’,¢"®a"),

in contradiction to the maximality of (V, ¢’,¢").

(So far, we have proved directly what is aiready stated in ([8], Theorem 6).)
Step 2: We study now a fixed but arbitrary decomposition E=U®V, with U
directly finite and V purely infinite. The collection of all pairs (A, f), where A4 is
a submodule of U and f is a monomorphism A—V, ordered by restriction,
obviously allows again the application of Zorn’s Lemma, and therefore contains a
maximal pair (A4, f).

This module A is clearly injective, since f extends to a monomorphism E4A— V.
Therefore we obtain a decomposition U=U'@® A, where U’ is trivially directly
finite. We claim that the module V'=A@V is isomorphic to ¥V (and consequently
is purely infinite).

Indeed, V=V@V and V=X®Df(A)=XDA yield V=XPADV, hence V=
X,@A @V, with X;=X, A;=A and V, = V. We iterate this procedure and obtain
V=X04,® - ®X,DA,®V, with X;= X, A;=A and V,= V. Therefore we have
VD @™, A;, and consequently

V:E(é} A,>® Y=A.@E<é A,)@ Y

=~=A@5<é A,)@Y:A@V.
i=1

So far, we have obtained a new decomposition, E = U’'@ V', again with U’ directly
finite and V"’ purely infinite. We claim now that it enjoys the additional property
that U’ and ¥V’ have no nonzero isomorphic submodules.

To this end, we consider a submodule L of U’ which is subisomorphic to V’. Then

A®B is subisomorphic to V, via FE@A=V' @A=VDA=V. As EA is directly
finite since it is a direct summand of ¢J, we can apply Lemma 2, with C=B® A and
I=V, and we obtain a monomorptic extension ¢ : B@®A—V of f. Consequently,
(A, <(BDA, ¢) holds, and the maximality of (A, f) yields B=0.
Step 3: We turn now to the uniqueness statement. Thus, we are given two decom-
positions E=U,® V,=U,®V, with U, directly finite, ¥; purely infinite, and no
nonzero isomorphic summands between U; and V;. The immediate goal is to show
that U, and V; have no nonzero isomorphic summands either.

We claim first that for any nonzero injective module 4 which is subisomorphic
to both U, and V5, there exists a number n= 1 such that 4" is subisomorphic to U,
but A”*! is not.
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Suppose, to the contrary, that A" is subisomorphic to U, for all n. By induction
over n, we show U,=X,@A,®---@A, with A;=A. For n=1, this is true by
assumption. If it holds for »n, then we have U,=X,®A"; bui we also have
U,=Y@®A"*! by supposition. Since 4, being isomorphic to a summand of U,, is
directly finite and injective hence has the cancellation property, we conclude
X,=Y®A. Thus we obtain X,=X,, ®A,,, with A, ,=A, as required. We
deduce that U, contains @, A;, in contradiction to the fact that it is directly
finite (cf. [9], Proposition 5.7).

If U, and V; have nonzero isomorphic summands, then by our claim we can find
a nonzero injective module A, which is subisomorphic to both U, and V,, but such
that A% is not subisomorphic to U,. We obtain U;=A4,®B hence
E=U®V,=A,®B®V,, as well as a monomorphism 42— V?=V,—>E hence
E=A,0A;®C, with A;=A. We cancel 4 and deduce B& V= A4,®C, and conse-
quently B®@ V,=A,®C". Let n denote the projection from this module to ¥, with
kernel B.

We claim that BN A ,=ker n | Ay is essential in A,4. Indeed, let X be a submodule
of Ay with XNker n | A,;=0. Then X is subisomorphic to U, via X&A4,=A4- U,
and to V; via n. Therefore we have X =0, by assumption on the decomposition
E=U®W.

We deduce 4,=E(BNA,)C"B, and therefore B=A,®D with A;=A,=A.
Consequently U;=A,®B=A®As®D has the submodule 4,®As which is
isomorphic to A°, contrary to our choice of A.

We have just demonstrated that U; and V, have no nonzero isomorphic sum-
mands. It follows in particular that U,NV, =0, since the injective hulls of U;NV,
in U, and in V;, are isomorphic summands. Therefore we obtain E=U,® V,®F,
and we deduce V.@F=V, and U ®@F=U,. This shows that F yields isomorphic
summands of U, and V), and since such cannot exist, by symmetry, we conclude
that F=0and E=U,®V,.

Remarks. (1) Consider an arbitrary decomposition E= U@ V with U directly finite
and V" purely infinite. It seems worthwhile to emphasize that Step 2 of our proof
constructs a new decomposition £=U'@ V' with the additional property that U’
and 1" have no nonzero isomorphic summands. Together with the uniqueness state-
ment, it follows that V' is determined by E up to isomorphism, and that U is
determined by E up to the equivalence relation generated by isomorphism and
addition of such directly finite summands of £ which are absorbed by V (or by E).
One deduces easily that E= U® V itself possesses the additional property of no
nonzero summands between U and V, if and only if U is minimal, if and only if
I 1s maximal (in the sense that there is no other decomposition E=U"® V" with
U directly finite and V” purely infinite, and with U"Q U respectively VC V"),
In view of these ‘extremal’ characterizations of U and V, one wonders whether

one could find an even more direct existence proof which avoids our two-step
construction.
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(2) The uniqueness assertion of Theorem 1 iies between absolute uniqueness and
uniqueness up to isomorphism. It is closely related to a notion introduced in ([1],
p. 177): there, summands A, B of a module M are called equivalent if they have the
same direct complements in M (i.e. if A@X =M holds if and only if B®@X=M
does).

We consider a class £ of direct decompositions of M, that is a subset of the set
D= {(4, B): A® B =M} of all direct decompositions of M. We call § isomorphism-
closed if (A),B))€®, (A3, B)eD, A;=A; and B.=B, imply (4,, B,)e{; this
seems to be satisfied for all naturally arising classes . We say that { is exchangeable
if (4,, B)) € and (A4,, B,)€ ¢ imply (4,, B;)€?.

It is straightforward to verify that an isomorphism-closed class ¢ is exchangeable,
if and only if (A4, B,) € ® and (A,, B,) € ® imply A, ® B, =M, if and only if all first
(and/or second) components of members of € are equivalent in the sense of [1].

An example of an isomorphism-closed and exchangeable class is provided by
={(U, V): U®V=M,U directly finite, V purely infinite, U and V have no
nonzero isomorphic summands}, for any injective module M (Theorem 1), or even
any quasi-continuous M (Proposition 6). A second example arises from the decom-
position of Proposition 9.

3. A theorem for quasi-continuous modules

A module M is quasi-continuous ([10], or m-injective [6]) if any decompositio1
EM= @ E; of its injective hull leads to a decomposition M =@ (MNE)).

We remind the reader of the following hierarchy of definitions for modules:
‘injective’ implies ‘quasi-injective’ implies ‘continuous’ implies ‘quasi-continuous’.
We also recall that any one of these four properties is inherited by direct summands
(cf. [10], 219-220).

We collect a number of simple fundamentai facts concerning quasi-continuity and
relative injectivity:

(A) If A, B are summands of a quasi-continuous module M, and if ANB=0,
then A®@B is also a summand of M ([10], p. 219).

(B) If A®B is quasi-continuous, then A and B are relatively injective with
respect to each other ([10], Theorem 4.2 and [6], Proposition 1.12).

(C) If A4 and B are relatively injective with respect to each other, and if £EA = EB,
then 4 =B ([6], proof of Proposition 1.11).

(D) If A; are relatively injective with respect to B; (i,j=1,2), then A; DA, is
relatively injective with respect to B;@®B, ([16], Definition, Proposition 1 and
Lemma).

An immediate consequence of (A)-(C) is:

(E) If A, B are summands of a quasi-continuous module M, if ANB=0, and if
EA=EB, then A=B ([6], Proposition 1.11).
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Lemma 3. A quasi-continuous module M is purely infinite (directly finite) if and
only if its injective hull EM is so.

Proof. If M is purely infinite, M=M®M, then EM=EM® EM, hence EM is
purely infinite.

Conversely assume that EM is purely infinite, that is EM=F ®FE, with
EM=E,=E,. By quasi-continuity we obtain M=MNE®MNE, and
E(MNE)=E,;, and by (B) and (C) and E;=E, we conclude MNE,=MNE,.
Moreover, this result and the relative injectivity of MNE, and MN E, with respect
to each other imply with (D) that M and MNE, are relatively injective. Then, (C)
and EM=E,=E(MNE)) yield M=MNE;, and we conclude that M is purely
infinite.

Turning to direct finiteness, it is clear that if M is not directly finite, hence
M=M®X with X#0, then EM=FEM® EX hence EM is not directly finite.

Conversely if EM is not directly finite, then it has a nonzero purely infinite
summand B ([9], Proposition 5.7), EM=B®Y. We deduce M=MNBAMNY,
and MNB#0 is purely infinite by the first half of our consideration. We conciude
that M is not directly finite. [

For any submodule A of a quasi-continuous module M, there exists a summand
P of M which contains A as an essential submodule (take P=MNEA). These
modules P (which are just the maximal essential extensions of 4 in M) are referred
to in the introduction as the ‘internal hulls’ of 4 in M. Our next theorem makes
a strong uniqueness assertion about P.

Theorem 4. Let M be a quasi-continuous module, let A;C’' P,C*M (i=1,2), and
assume A, =A,. Then P,=P,.

Proof. We put D=A4,NA,, and we let X; be a complement of D in A,. Then
D® X, ' A,, hence E;®EX, = EA,; = EP;, where E; denotes an injective hull of D in
EA,. We note E,=E,, and X;NX,=0, the latter since X;NX,CA,NA,NX,=
DN X,=0.
Writing M = P,®Q,, we obtain
EM=EP®EQ,=E®EX,®EQ,=U®V.®EX,®EQ,

where £ = U,@V, are decompositions according to Theorem 1.
We conclude that

M=MNUDMNV,OMONEX ®MNEQ,
holds, and we check easily that

P =MNUG®OMONV,DMNEX,
tand Q, - MNEQ,)).



On injective and quasi-continuous modules 203

Let Y be a complement of D in M. Then D@ YC'M hence E;®EY=EM, and
factoring out EY yields an isomorphism o:E,—E,, which is determined by
o(e))=e, if and only if e, —~e,€EY.

Quasi-continuity of M and EM=E;,®EY imply M=MNE,®MNEY, and
factoring out MNEY yields an isomorphism o’: MNE, >MNE,, determined by
o’'(my)=m, if and only if m; —my,e MNEY, if and only if m;—m,eEY. We con-
clude that ¢’ is the restriction of o, that is that ao(MNE,;)=MNE, holds true.

From E;=U;®V; and o(E,)=E,, we obtain the two decompositions E,=
U,®V,=0a(U;)@a(V;) of E,. The uniqueness part of Theorem 1 yields then
E,=U,®a(V,)=0a(U,)®V,. For the quasi-continuous module C=MNE,, with
injective hull E,, we deduce

C=CNU,®CNV,=CNa(U)®CNa(V)=CNU,®CNa(Vy)
=CNa(U)®CNV,,
and therefore
MNU,=CNU,=CNa(U;))=a(MNE,)Nao(U))=c(MNU,)=MNU,,

and similarly MNV,=MN V.
The given isomorphism A, =A, yields

UOVI@EX,=EA,=FA,=U,® V,;®EX;.
As U,=U, is directly finite, we can cancel it and obtain
EMNVOMNEX)=V,@EX|=V,®EX,=EMNV,DPMNEX)).
We shall use (C) to conclude from this that
MNVOMNEX;=MNV,®MNEX,,

a result which together with the already established isomorphism MNU,=MNU,
implies the desired conclusion

P, =MNU,®MNV,®MNEX,=MNU,®@MNV,®MNEX,=P,.

In order to justify tnis application of (C), via (D), we have to verify that MN V},
MNEX, and MNV,, MNEX, are relatively injective with respect to each other.
This results from Lemma 3, which yields the pure infiniteness of MN Vi =MNV;,
and from (B), as follows:

MOV, OMNV,=MNVY=MNV,C®M
yields that MN ¥, and MNV, are relatively injective.
MNV,®OMNEX,=MNV,®MNEX,C®M

yields that MNV; and MNEX, are relatively injective.
X,NX,=0 implies EM=EX,®EX,®F hence M=MNEX ®MNEX,®MNF
and yields that MNEX, and MNEX, are relatively injective. [J
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Remarks. (1) Theorem 4 was known in the two special cases 4;,=A4; and
A,;NA, =0, where the proof is much easier ([10], (2) on p. 220 and Corollary 4.7
on p. 221). Its general validity was first suggested to us by certain results on von
Neumann regular rings, in Section 14 of [9], for instance (14.26). These statements
are again special cases of Theorem 4, except that they assume X,-continuity
instead of quasi-continuity.

(2) We discuss the relationship between the isomorphisms A;=A, and P, =P, in
Theorem 4, and in particular whether /-, =P, can be chosen so that (I) it induces
the given A; = A,, or (I1) it induces some (possibly different) isomorphism A4, = A4,.

(1) holds true if M is quasi-injective. (Extend A,=A, to EP,=FEA,=EA,=EP,,
then to EM — EM, and restrict to P,=MNEP,.)

() holds in general, in the special case A,NA,=0 (since then P,=P, and
P,®P-C" M imply that P,® P, is quasi-injective).

(I) does not hold in general, even if M is continuous and if 4,=A4,. (For a
counterexample, take the split extension R=F X F of a field F by the bimodule
- F whozee left-multiplication has been modified by a proper endomorphism o of F.
Then the right-module M = R is uniform of length two, hence continuous. The endo-
morphisms of 4 =0x ,F are the natural left-multiplications by the elements of F,
while the endomorphisms of 4 which are extendable to M are the modified left-
multiplications, i.e. the natural left-multiplications by the elements of a(F). As
o(F)C F holds, not every automorphism of A can be extended to M.)

(I1) holds in general, in the special case A, =A4,. (Any complement of 4 in M
defines an isomorphism P, =P, which extends the identity on A4.)

(ID fails if M is not continuous. (Consider an arbitrary submodule A, of M
which is isomorphic to a summand A4,. Then A,CP, and A,=P,. If P,=P, can be
chosen so that it induces some isomorphism 4,=A4,, we conclude that 4, =P, is
itself a summand. hence M is continuous.)

We do not know whether (II) holds if M is continuous.

Our next result, which is just a reformulation of Theorem 4, is a powerful
strengthening of fact (E).

Corollary 5. If A and B are summands of a quasi-continuous module, with
isomorphic injective hulls, then A and B are isomorphic.

t'roof. With the given isomorphism ¢:EA—EB, we deiine A,=¢(A)NB and
A, =¢ "(BYNA. Then ¢ induces an isomorphism between A, and A4,. Since 4 is
essential in £A, and hence ¢(A) is essential in ¢(EA)=EB, and since B is also
essential in EB, we conclude that A4, is essential in £B and hence in B. Similarly we
obtain that A, is essential in A. Therefore Theorem 4 applies to A,C’AC®M and
A-C'BC" M and yields A=B.

(Conversely, given the assumptions A,C'P,C° M and A,=A, of Theorem 4,
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EP,=FA,;=EA,=EP, follows, and Corollary 5 produces the conclusion P, = P, of
Theorem 4.) [

4. Applications

We shall see how the preceding results can be used to extend, with little effort,
many theorems from injective to (quasi-)continuous modules.

Proposition 6. Theorem 1 holds for quasi-continuous modules. Moreover, if V' is
any purely infinite submodule of a quasi-continuous module M, then there exists a
decomposition M=U®V, as in Theorem 1, such that V'C V.

Proof. We note first that if M =A® B is any decomposition of a quasi-continuous
module M, such that A and B have no nonzerc isomorphic summands, then they
have no nonzero isomorphic submodules either. Indeed, if X and Y are isomerphic
submodules of 4 and B respectively, then the quasi-continuity implies that X and
Y are essential in summands P and Q of 4 and B, hence of M. By Theorem 4 we
obtain P=Q, and we conclude P=0=Q hence X=0=Y.

Next, we apply Theorem 1 to EM anrd obtain EM=U®V, and consequently
M=MNUSMNV. As U=EMNU) and V=EMNYV) are respectively directly
finite and purely infinite, the same holds true for MNU and MNV, by Lemma 3.
Clearly MN U and MN V cannot have nonzero isomorphic submodules, since U and
V don’t.

Turning to uniqueness, let M=U,® V,=U,® I, be two decompositions, as in
Theorem 1. We obtain EM=EU;®EV,, with EU; directly finite and EV; purely
infinite, by Lemma 3. If X, Y are isomorphic summands of EU,, EV; respectively,
then XN U; and XN ¥ are summands of U; and V; respectively and hence of M. As
EXNU)=X=Y=E(YNYV,) holds, Corollary 5 implies XNU;=YNV;. We con-
clude XNU;=0=UNV,, hence X=0=Y. Thus, the uniqueness statement of
Theorem 1 gives E(M)=E(U,)® E(V>), and therefore M=MNEU,)®MNE(V,) =
U®@Vv,.

Finally, if any purely infinite submodule V’ of M is given, then E(V’) is a purely
infinite submodules of E(M), and Step 1 (restrict to modules ¥ containing the given
V') and Step 2 of the proof of Theorem 1 produce a decomposition E(M)=U®DV
with E(V’)C V. Then, the preceding considerations yield the decomposition
M=MNUDMNV, for which V'"CcMNV holds. [

Remark. In the context of Proposition 6, it should perhaps be pointed out that a
purely infinite quasi-continuous module is automatically quasi-injective (by facts
(B) and (D)).
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The next two results generalize main theorems of [7] and [2] from injective to
(quasi)-continuous modules.

Proposition 7. In a quasi-continuous module, isomorphic directly finite summands
have isomorphic direct complements.

Proof. We are given M=P,® Q,=P,®Q,, with P, =P, directly finite. We obtain
EM=EP,®EQ,;, with EP,=EP, directly finite, by Lemma 3. Since EP; has the
cancellation property ([2], Proposition 5), we conclude EQ,=EQ,. Corollary 5
vields Q;=0Q,.

Proposition 8. Every directly finite continuous module has the cancellation
property.

Proof. The endomorphism ring of a continuous module M has the properties that
its radical factor ring is von Neumann regular, and that idempotents can be lifted
([10], Theorem 7.1). It follows from ([19], Theorems 2 and 3) that M has the finite
exchange property. This information, together with Proposition 7, implies the
cancellation property, by ([S], Theorem 2). [

Examples. (1) A (non-continuous) quasi-continuous directly finite module which
fails to have the cancellation property: ([18], Theorem 3) gives the well known
example of a cornmutative domain R with a stably free projective module P which
is not free, in fact with P@R=R"*! but P£R". Thus R does not have the
cancellation property (as module over itself). Since R is uniform, it is quasi-
continuous and directly finite.

(2) A non-continuous quasi-continuous directly finite module which has the
exchange property, and therefore the cancellation property: Any local commutative
domain R which is not a field.

(3) A non-coniinuous quasi-continuous directly finite module which fails to have

the (finite) exchange property, but still has the cancellation property: The ring Z of
integers.

Next, we gencralize ([12], Theorem 1) from continuous to quasi-continuous
modules.

Proposition 9. Every quasi-continuous module M has a decomposition, M= P® 0,
where P is essential over a direct sum @ A, of indecomposable (hence uniform)
summands A, of M, and Q has no nonzero uniform submodules. If M=P,®Q, =
P>+ Q, are two such decompositions, with corresponding direct sums ® A, and
(£ B,, then "1=P,®Q, holds (hence Py =P, and Q,=Q,), and there is a bijection
ko»y such that A, =B,
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Proof. For a quasi-continuous module M, we know EM=P® Q, with @A, C'P,
and properties as described, from [12]. We obtain M=MNPDMNQ. Clearly
MNQ has no nonzero uniform submodules. MNP contains @ (MNA,); and as
MNA, is essential in 4;, @(MNA;) is essential in @ A4, hence in P hence in
MNOP. As the A, are summands in EM, the MN A, are summands in M. This
proves existence.

For uniqueness, let M=P,®Q,=P,®Q,, with DA, C' P, and @ B,;C'P,, as
described above. Then EM=EP,®EQ;, with ®EA,C'EP, and ®EB;C' EP,.
From the known (injective) version we obtain EM=EP,®EQ,, as well as
EA=EB; for a suitable bijection k—j. We conclude M=MNEP,®MNEQ, =
P,®Q3, and Corollary 5 yields A,=B;. [

We recall at this point that a quasi-continuous module is actually continuous if
and only if every submodule which is isomorphic to a summand is itself a summand
([10], p. 219). The next proposition was proved by Bumby [3], for injective modules.

Proposition 10. Mutually subisomorphic continuous modules are isomorphic.

Proof. We consider, without loss of generality, guasi-continuous modules NC M
with a monomorphism f: M —N. We obtain E(N)C E(M), and a monomorphism
S :E(M)—E(N). We conclude E(N)= E(M), by Bumby’s result ([3], Theorem).

Since we have M= f(M)C NCM, and since M is continuous, we get f(M)C®M
hence f(M)C®N. As NC®N holds trivially, the quasi-continuity of N and
Corollary 5§ imply M=f(M)=N. O

Examples. Our proof has only used that one of the modules M, N is continuous,
and the other quasi-continuous.

(1) Two mutually subisomorphic quasi-continuous modules which are not
isomorphic: M =1, any non-principal ideal of a commutative domain R, and N=R,
as R-modules.

(2) Two mutually subisomorphic modules, one injective and the other not quasi-
continuous, which are not isomorphic: M=(~B:";0 Q and N ==Z@®:;| Q, as
abelian groups.

Remark. As a consequence of Proposition 10, one can show that if two arbitrary
modules are subisomorphic to each other, and possess continuous hulls, then these
hulls are isomorphic (cf. [13] for a discussion of continuous hulls).

5. Direct sums

We determine here when the direct sum A®B of two quasi-continuous, con-
tinuous or quasi-injective modules shares the respective property. Due to fact (B),
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it is certainly necessary that A and B are injective with respect to ‘each other. For
quasi-injectivity, fact (D) shows immediately that this necessary condition is also
sufficient.

We shall prove that the very same condition is also sufficient in the other two
instances. This was known only in a few special cases ([12], Theorem 2; [15],
Theorem 3.4; [13], Lemma 4; [4], Theorem 3).

Lemma 11. The following statements are equivalent for a quasi-continuous module
M:

(1) M is continuous;

(2) every essential monomorphism M —M is an isomorphism;

(3) no summand of M is isomorphic to a proper essential submodule of itself.

Proof. That (1) implies (2), follows immediately from the definition quoted above.
(2) implies 3): If P=AC'PC*'M, then M=P@®Q=A®@QC’ P®Q=M. By (2),
this is an isomorphism, and A4 = P follows.
(3) implies (1): Let 4 be any submodule of M which is isomorphic to a summand
B of M. Then AC’'PC* M holds for some P, and BC’'BC® M is trivial. As A=B
is given, P=B follows by Theorem 4. Thus P is isomorphic to the essential sub-
module A4 of itself, and (3) yields 4 = P. We conclude that M is continuous. [J

Theorem 12. Let M=@® _, A;, and assume @,_, E(A)) is injective. Then M is
quasi-continuous, if and only if the A, are quasi-continuous and A j-injective for all
YE-ZD

Proof. We are given that all A4; are quasi-continuous and A;-injective for j#i.
That M is quasi-continuous, will be established once we show eM CM, for every
idempotent e of the endomorphism ring of E(M).

As E(M)=@,€, E(A;) holds, e can be wrfitten as a matrix e=(g;), with
£, € homg(E(A,), E(A))). The Ay-injectivity of A; yields ¢,,(A4,) CA,, for all k#i.
Thus, it suffices to establish ¢,,(4,)C A,.

e=e° means ¢, = X, €. We write ;=Y . ¢€;e; and obtain g;—E2=
B.: E(4)~E(A,). With K, =ker B, we have ¢, — £2| K, = 0. Since ;¢; =(e;; — £2)¢;; =
£, holds, we conclude ¢,(K,)C K,. Therefore, ¢; I K, is an idempotent in the endo-
morphism ring of K,, and produces a direct decomposition K;=X;®Y;, where
X, =¢ (K} and Y, =kerg,NK,.

X, =Y, =K,CE(A) yields E(4)=EX)®F;, with Y;,CF,. We conclude A4;=
A, NEX)+ A NF,, since A4, is quasi-continuous. We claim that ker(8; |E(X,~)) =X,
and ker(f, FY=Y, hold.

Indeed, if aeker(B,| E(X,)) =ker B,NE(X,), then acker §;=K,=X;®Y,, hence
a=x+v, and consequently a—x=ye E(X;)NY;=0 hence a=x< X;. The converse
inclusion is trivial; and a similar argument works in the second situation.

From the homomorphisms ,B,fE(X,):E(X,)ﬂE(A,) and 1-—6,~,~|E(X,~):E(X,-)—+
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E(A;)), we obtain now an induced homomorphism ¢:E(A;)—E(A;) with
o(B; | EX))=1 -&;| E(X;), because ker(8;|E(X;))=X;Cker(1-¢;|E(X;)) holds
and E(A)) is injective. This implies

(1-¢&)(A;NE(X})) = pB:(A;NE(X)))
= ,gi (pe;)e;i(A; N E(X)

CAi9
since
(pe;)e;i(AiNE(X})) C (pe)g;i(A;) C (@ NA) C A,

due to the relative injectivity of 4; and 4;. We deduce ¢;(4;NE(X}))CA;.

Similarly, working with the homomorphisms /)’,'IF;:E*E(A,-) and s,~,~|F,-:F,-—f
E(A;), we obtain ¢;(A4;NF;)CA,. This establishes ¢;;(4,)C A,, and completes the
proof. [

Theorem 13. Let M =®,.e ; Ai, and assume that (—B,e  E(A)) is injective. Then M is
continuous, if and only if the A; are continuous and Aj-injective for all j=:i.

Proof. The necessity of the conditions is clear. Conversely, if they are given, then
Theorem 12 shows that M is quasi-continuous. According to Lemma 11, it suffices
to show that every essential monomorphism f: M-—=M is onto.

As M=fM)=@®,_, f(A)CM is true, and M is quasi-continuous, there exist
summands f(A4,)C’ P;C® M. Since A ;C’ A;C® M holds trivially, Theorem 4 implies
A;=P;. This yields the essential monomorphisms A;=f(A4,)C P;=A;, which
become isomorphisms since the A; are continuous. We conclude f(A4;)=P;,C®M,
and consequently MNE{f(A,))=f(A;).

@, f(A)=f(M)CM yields ®,_, E(f(A))CEM). As f(A)=A; holds, we
have E(f(A;))=E(A;). Thus @ie , E(f(A))) is injective, and is therefore a sum-
mand of E(M). The quasi-continuity of M implies now f(M)=Ef-),.E  J(A) =
®,., MNE(f(A)C®PM. But f(M) was essential in M, and we obtain
SM=M. U

Remarks. The extra assumption in Theorems 12 and 13, that @ie , E(A)) is injec-
tive, is automatically satisfied if the index set I is finite, or if the ring R is right-
noetherian. (This settles, in particular, the question posed at the end of [12].) In
general, it is stronger than necessary, but some extra condition is needed, as the
following two examples show:

(1) Any direct sum of simple modules is quasi-injective, but the direct sum of
their injective hulls need not be injective. (If it always is, and if R is left-perfect,
then R is right-noetherian, hence right-artinian.)

(2) Let R be a domain, and A;=E(R) (i=0,1,...). Then @f‘;oA,- need not be
quasi-continuous. (If it is, then @, A4; is Ay-injective, hence injective as RC 4.
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Thus, E(R) is Z-injective, and R is is a right-Ore domain ([4], Corollary 4 in
Section 8).)
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