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0. Introduction

It is a well-known fact in the theory of Brauer groups of commutative rings, that
there exists a natural monomorphism Br(R)—H?2(R,U), where H(R,U) is the
étale Brauer group of R. As was recently pointed out by O. Gabber, it is even true
that Br(R)=H?*(R, U),. In this paper, we deal with the so-called ‘graded Brauer
group’ of Z-graded commutative ring (cf. F. Van Oystaeyen [17]), and try to
generalise the above properties.

As we encounter some technical difficulties trying to generalise a fundamental
theorem due to M. Artin [1], we restrict ourselves to the so-called quasistrongly
graded rings. It will turn out that some importatnt classes of graded rings fall within
this scope, and that Br®(R) may be embedded in hm H?*(S/R, Uy), where the limit
is taken over graded étale coverings of R, and UO(R) is the multiplicative group of
units of degree zero of R.

Also, a more general class of rings is considered (d-quasistrongly graded rings),
and it is shown that their graded Brauer group may embedded in hm r(S/R U),
a cohomology group containing non-homogeneous cocycles. The ex1stence of two
different embeddings is not surprising, since we have two corresponding graded ver-
sions of the crossed product theorem (cf. [4]).

In the last section, it is pointed out that Gabber’s theorem holds for quasistrongly
graded rings. To this end, we need a description of the Grothendieck group of the
category of graded progenerators (Section 3) and some variants of the
Mayer-Vietoris sequences (Section 4).

The theory of Brauer groups can be found in [2], [8], [11].

For the graded Brauer group, we refer to [17], [18], [21].

1. Preliminary results and notations
All rings R considered in this paper will be Z-graded. R; will be the set of
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elements of degree i, and A(R) the set of homogeneous elements. For ae R;, we
denote degr a=1i, and omit the subscript whenever ambiguity is excluded. Similar
notations are introduced for graded R-modules, graded R-algebras,...

A homomorphism f: M—N of graded R-modules is called homogeneous of
degree p if f(M;)CN;,, for all i in Z. A homomorphism of degree zero will also
be called a graded homomorphism. If there exists a graded isomorphism between
M and N, then we say that M and N are graded isomorphic, or gr-isomorphic,
denoted M=, N.

R-gr is the category of graded R-modules with graded homomorphisms.

There exists a natural forgetful functor Un : R-mod— R-gr, sending a graded R-
module M to its underlying ungraded module Un(M) =M.

The unadorned symbol ® will always mean ®z. We denote S”=SQRS®---®S,
and ®, will be a shorter notation for ®gw. The natural switch map AR B—
B®A is denoted by 1.

For R-modules M,,..., M, we define &:M)® - OMy—-M;®---&
S®"'®M(n) by 81(m1®®mn)=ml®®l®®mn

For an R-module M, let M|=SQM. M,=M®®S, M,=M;=SQSQM,....
An SP-homomorphism g:M,—M, then induces three homomorphisms
g1 : M~ My, g3: M3~ My, 851 My =M.

Let us briefly recall the definition of the graded Brauer group: consider the set
of gr-isomorphism classes of graded R-Azumaya algebras, modulo the equivalence
relation ~, given by

A~B & A®B’=,ENDg(P)

for some graded R-progenerator P. Recall that ENDg(P) is the graded R-algebra
generated by all homogeneous endomorphisms of P, and that Un(ENDg(P)) =
Endg(P) if P is finitely generated. The set thus obtained forms a group under the
operation induced by the tensor product, the graded Brauer group of R, denoted
Bri(R).

The natural mapping Bré(R)—Br(R) is monomorphic in some situations, e.g.
when R is a graded Krull domain (cf. [6], [17]), but not in general (M. Van den
Bergh, private communication).

The proofs of the following three propositions are left to the reader, as they are
very similar to the corresponding ungraded proofs (cf. e.g. [11] for 1.1 and 1.2, and
[7], [22] for 1.3.).

1.1. Proposition. Bré(R) is a torsion group.

1.2. Proposition. For any graded R-Azumaya algebra A, there exists a Noetherian
subring R’ of R, and a graded R'-Azumaya algebra A’ such that R®r A'=, A.

1.3. Proposition. If I is a nilpotent graded ideal of R, then the canonical homomor-
phism Br&(R)—Br8&(R/I) is an isomorphism.
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1.4. Notations. For a graded commutative ring R, we define the following categories
with product by their objects and morphisms.

Category Objects Morphisms Product
P(R) finitely generated R-module @
projective R-modules homomorphisms
FP(R) R-progenerators R-module ®
homomorphisms
Pic(R) R-progenerators of R-module ®
rank one homomorphisms
AzZ(R) R-Azumaya algebras R-algebra ®
homomorphisms

Let P&(R), FP%(R), Pic®(R), Az%(R) be the respective full subcategories con-
sisting of graded R-modules and graded R-algebras.

P,(R), FP,(R), Picy(R), Az,(R) are the categories with the same respective ob-
jects, but with graded R-module or R-algebra homomorphisms.

It is then easily seen that K, Pic,(R) = Picy(R), K, Pic®(R) =Pic&(R), respectively
the groups of graded isomorphism classes and isomorphism classes of graded R-
progenerators of rank one.

Furthermore, K, Pic®(R)=K, Pic(R)=U(R), and K 1 Pic,(R) = Uy(R). Consider
the natural functor F:Pic,(R)—Pic®(R), and the group K 9F (cf. [3]). K ¢F can
then be described as follows: let gr(R) be the set of graded ring isomorphism classes
of graded R-progenerators isomorphic to R as an R-module, and which have a ring
structure in this way, i.e. the set of all possible R-module gradations on R. This
forms a group under the operation induced by the tensor product. A little computa-
tion shows that a: gr(R)—K,¢F, given by a([T]) =[(R, id, T)] is an isomorphism.
We therefore have (cf. [3], [4]):

1.5. Proposition. We have an exact sequence
d
1-Uy(R) - UR) — gr(R)—Pic,(R)—Pict(R)— 1

where the homomorphism d is given by the following data:
Un(d(u)) =Un(R),
Jor ue U(R): { (@) ®)

deg g, (1) =0

(i.e. a(du))=[(R,u",R))).

Let I I'ePic®(R) such that there exists an isomorphism ¢:7—1I'. Then, ac-
cording to [4, 2.8], there exists a (unique) T'egr(R) and a graded isomorphism
X :1-I'® T such that Un(x) =¢. We denote gr(¢) = T; We also have that gr(gp-¢’)=
gr(@) ® gr(¢’).
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1.6. Lemma. Suppose T, T' € gr(R) such that id : IQ T »1Q T' is graded, for some
IePicy(R). Then T=T" in gr(R).

Proof. In K ¢F, we have a(T)=[(RI1d, T]=[(1d,IQT)]=I(1id,IRT')]=
[(R,1d, T")] =a(T’), where the third equality holds in view of the following diagram
of R-isomorphisms (the vertical ones being graded):

I I®T
id id
I IQT

Hence T=T"' in gr(R).
If R is reduced, then gr(R) can be calculated, in fact we have (cf. [4, 2.3]):

1.7. Theorem. If R is reduced (semi-prime), then gr(R)=H%R), the set of con-
tinuous functions from Spec(R) to Z.

The preceding theorem has an interesting corollary: if R is reduced, then all inver-
tible elements of R are ‘nearly’ homogeneous:

1.8. Corollary. If R is a reduced commutative graded ring, then every ue U(R) is
of the form Y} u;e; where e;eldemp(Ry), u;€ h(R).

Proof. Consider M =d(u). According to 1.7, there exist e,...,e, € Idemp(R)=
Idemp(Ry) (cf. [S, 1.3]) such that deg,s(e;)=r; for some r;,eZ, and ¥, e;=1. Put
M;=e;M, then the gradation on M; is given by deg,s(e;)=r;. This means that
for any x in Re;, degy, x=degg, x+r;. Since degy,(ue;) =0, we have degg, (ue;) =
—r;. Now u= 13", (ue)e;, establishing the result.

Let S be a graded faithfully flat ringextension of R. Then the Amitsurcomplexes
#(U) and #(gr) can be written as follows (cf. [4]):

A4 A4
1 - U(S) ——— U(SP) ——— U(S®D)
dy d, d
D D
1 - gr(S) 0 *gr(S‘”)-——*l gr(§®)—— ...

where d;: U(S®)—gr(S?) is the map described in 1.4. We define a new complex
GV)= ggr(U):
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C"=US"") xgr(s™),
Vn =([, I) :(Anu’ Dn—11° (dnu)_l)-

The corresponding cohomology group H, (S/R,U)=Ker V,/ImV,_, is called the
n-th graded Amitsur cohomology group of U. Recall the crossed product theorems

from [4]:

1.9. Proposition. If S is a graded R-progenerator, then
Pic8(S)=Pic®(S® S)=1 = Br%(S/R) zngr(S/R, U);
Pic,(S)=Pic,(S®S)=1 = Br®(S/R)=H?*(S/R, Up).

An extension S of R is called a graded étale covering of R if it is a graded R-
algebra which is an étale covering, i.e. if S is graded, R-separable, finitely presented
as an R-algebra and faithfully flat over R. Thanks to the arguments given in [11,
Ch. V, §1], we may define for any covariant functor F from the category of graded
R-algebras to abelian groups:

HZ(R,F)=lim H"(S/R, F),
HJ.(R,U) =lim H2(S/R, U)

where the limits are taken over all graded étale coverings S of R.
If no confusion is possible, we write Hy (F )=Hj(R,F).

2. Embedding of Bré(R) in the étale Brauer group

As before, R is a graded commutative ring. Ry is the graded ring defined by
Un(R,) =Un(R), R; =(Rp)ni»

i.e. we have degg(,(a) =n degg(a).

2.1. Definition. R is called strongly graded if R,R,,=R, ., for all n,m in Z, or
equivalently, if RR,=R. R is called quasistrongly graded if there exists a graded
étale covering of R containing an invertible element of degree 1. R is called d-
quasistrongly graded (d e N,) if R= T, for some quasistrongly graded ring T.

2.2. Examples. (a) If R contains an invertible element T of degree d >0, and if
de U(R), then R is quasistrongly graded. Indeed, S=R[X]/(X°-T) is a graded
étale covering of R satisfying the condition.

(b) If R contains a generalised Rees ring A= @, .7 I"X", where deg(IX)=d, and
de U(A), then R is quasistrongly graded. Recall from [19] that a generalised Rees
ring is obtained as follows: let 4, be a domain, and 7 an invertible fractional ideal
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of Ay. Then A=@®,ez1"X" is a graded ring. Let S, be an étale covering of R,
such that S,®g,/=S;. Then S=Sy®4, 4=, SolX, X~ '], so S®A satisfies the
conditions of (a).

Similar arguments show that the scaled Rees rings and Lepidoptorous rings,
studied in [16], [20] fall within this scope.

As the following proposition shows, d-quasistrongly gradedness is a gr-local pro-
perty. Qf means localisation at A(R — p).

2.3. Proposition. For a graded commutative ring R, the following conditions are
equivalent:
(i) R is quasistrongly graded.
(i) For all p in Spec®(R), Q5(R) is quasistrongly graded.
(ili) For all p in Spec®(R), Q5(R) contains an invertible element of invertible
degree.

Proof. The implications (i)= (ii) and (iii)= (ii) are obvious. For (ii)= (i), suppose
that QZ(R) is quasistrongly graded, for all p in Spec®(R). Let S(p) be a graded étale
covering of QS(R) containing a unit of degree one. Then there exists fe h(R - p),
and a graded étale covering S(f) of Q(R) containing a unit of degree one.

Using the quasicompactness of Spec(R), we therefore get a graded Zarisky
covering [I7_, S(f;) of R, which is a graded étale covering.

For (ii)=(iii), consider a gr-local quasistrongly graded ring R. Then R/m is
quasistrongly graded, so it is of the form k[T, T~'], where deg T=d is invertible in
k. Let T' be a homogeneous lifting of T, then T is invertible, deg T'=d, and d is
invertible in R.

The next proposition is a graded version of Artin’s theorem [1, 4.1]. We tried to
prove it for general (Noetherian) graded rings, but encountered some technical dif-
ficulties, lying in the fact that not every graded projective module of constant rank
over a gr-semilocal ring is graded free.

2.4. Proposition. Let R be a quasistrongly graded Noetherian ring, and S; some
graded étale R-algebras (1<i<n). If U is a graded étale covering of S;®---® S,
then there exist graded étale coverings S; of S; such that we have a factorisation

where the connecting homomorphisms are graded.

Proof. First, suppose that R contains a unit x of degree one. Then R = Ry[x, x'],
50 ®r Si=®pg, (S)olx x7'1, and U= Ujlx,x~'], where U, is a graded étale cover-
ing of ®g,(Si)o- Hence there exist étale coverings (S/)o and a factorisation
®r, (S)o= Uy = ®g, (S/)o, by Artin’s theorem. Next let S;=(S;)olx, x 1.



A cohomological interpretation of the graded Brauer group II 25

For the general case, let R be a graded étale covering of R containing a unit x of
degree one; putting §; =S;® R, U=UQ®R, one finds graded étale coverings S; of R
and R, and a factorisation

#Si=(®SH)®R-URR-R®;S/=R®S],
hence ®S;—~U— ®SS;, establishing the result.

Let A be a graded R-Azumaya algebra, S a graded faithfully flat extension of R
splitting A in the graded sense, i.e. we have a graded isomorphism g: A® S —
ENDg(P), for some graded S-progenerator P. As usual, define the graded iso-
morphism ¢ : ENDg(2)(P;)—ENDg(2)(P,) by

p=0R@Ner@®No(1®a™).

By the graded version of the Morita theorems (cf. [4]), ¢ is induced by a graded
isomorphism f: P,®, I —P,, where I € Pic8(§?).

2.5. Definition. If [/]1=1 in Pic&(S®) (Pic,(S®), then we say that (S, P, g, ¢, f) is
a (very) good graded splitting datum for A.

2.6. Theorem. Let A be a graded R-Azumaya algebra. If R is d-quasistrongly grad-
ed, then A admits a good graded splitting datum which is an étale covering. If R
is quasistrongly graded, then A admits a very good graded étale covering splitting
datum.

Proof. Let us first state that 4 admits a graded étale covering splitting. For a gr-
local ring R, this can be done in general, but in our situation, it suffices to refer
to [6, Proposition 2.4], where the result was proved for a gr-local ring containing
a homogeneous unit of degree different from zero.

Hence for all p in SpecB(R), there exists a graded étale covering S(p) of Q5 (R)
splitting Q (R). But then we can find fe€ (R — p), and a graded étale covering S(f)
of R, splitting A;. Denote U;={ p e Specd(R): f¢ p}, then the collection of all ob-
tained U, cover Spec®(R), which is quasicompact, so can be restricted to a finite
covering {Uj,, ..., Uy, } of Spect(R). But then S= [], S(f;) is a graded étale covering
of [[; R, and R, and a standard computation shows that S splits A. Also note that
this construction implies deg S =deg R. Thanks to Proposition 1.2, we can restrict
ourselves to the case where R is Noetherian. Suppose R quasistrongly graded, and
S obtained as above. Then we get 7€ Pic®(S?). There exists a graded étale cover-
ing U of S such that /®, U= U; indeed, one first observes that Q= Q&(S9),
for all peSpec(S?), and then uses the quasicompactness. If we chose S such that
it contains a unit of degree one, then we have Q5(I)=gQg(S®), hence U can be

chosen such that /®, U ¢ U. Next, apply 2.4 to get a graded étale covering S’ of
S factorising S®->U —>S’(2) Then

1®2 S,(Z)Eg (1@2 U) ®US’(2)Eg U®US,(2)Eg S/(Z):_ 1
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in Picg(S’(z)). This establishes a very good graded splitting (S, P'=P®),; S,¢'=
a®l 15’9 ¢”f,)-

Finally, for the d-quasistrongly graded case, repeat the above argument, noting
that the isomorphism /®, U= U is not graded in general, so that we do get a good
graded splitting which might be not very good.

Also observe that deg S=deg S® =deg U, so that we can apply 2.1 to Ry, ob-
taining S’.

Note. Not every 4 € Az,(R) admits a very good étale covering splitting datum, if R
is d-quasistrongly graded. For example, consider K = IFZ[T,-T“I, deg T=2]. Then K
is 2-quasistrongly graded, but not quasistrongly graded. let / be the Galois extension
of k defined by the equation ¢?+a—1=0, and L=/[T,T"'].

Let A be the graded K-Azumaya algebra defined as a Galois-crossed product by
the cocycle f:

S, )=f1,0)=fle,1)=1;  flo,0)=T.

Then A does not admit a very good étale splitting datum (since any graded étale
covering of K is 2Z-graded). Also cf. [4, Theorem 4.7].

Note however that A admits a very good splitting datum which is faithfully flat
but not étale: let M= k[x, x 1] where x2= T, then A can be written as a differential
crossed product over M in degree zero: A is generated by {1, Z}, with multiplication
rules Z2=T"!, ZX=XZ+1 (a=X2Z).

2.7. Proposition. If R is an arbitrary commutative graded ring, then
(@) Up(R) = Hyg(Up) = Hg,, (V).
(b) UR)=H{(U)=H"(U).
(c) Pic®(R)=Ker(H(U)~ Hy(gr) =Im(H,g (U)~ Hg (U)).
(d) If R is quasistrongly graded, then Pic,(R) =Hg](U0).

Proof. (a) and (b) follow directly from [4, Propositions 4.1 and 4.4].

(c) follows from [4, 4.3] and the observation that for any [I] € Pic®(R), one can
find a graded faithfully flat extension S such that [J® S]=1 in Pic®(S) (cf. the
proof of 2.6).

(d) follows in a similar way from [4, 4.1b].

2.8. Theorem. If R is quasistrongly graded, then there exists a natural monomor-
phism B:Brg(R)—*H_gz(Uo). If R is d-quasistrongly graded, then there exists a
natural monomorphism : Br&(R)— HZ% (V).

Proof. The first part can be shown in a way which is very similar to the one followed
by Knus & Ojanguren in [11], remarking that all mappings are graded, and using
Proposition 2.6. We provide the proof for the second part, as some pecularities of
a graded nature are involved there.
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Let A represent [A] € Br&(R), and (S, P, g, ¢, f) be a good graded étale covering
splitting datum. We keep the notations of 2.6. ¢ is induced by a graded isomor-
phism f: P; =P, ®; I, where I € Pic¥(S'®). Thanks to the exact sequence 1.4, and
the fact that [/]=1 in Pic(S®S), we can view [I] as an element of gr(S® S).
Consider f=U(f): P, —>P2, then f2 f3 fl 1s multiplication by a unit u e U(Sm) as it
induces the 1dent1ty (29 ¢3¢1, and u is a cocycle. Note that d(u)= gr( fz f3 fl)-
I, ®; 15 ®;5 I;'=D,(I), since the isomorphism

£ Pu®s i@ 1@ I Py@, 1y Iy o Pry@y 1 Lo,
is graded. hence u = (4, ]) is a cocycle in the gr-cohomology sequence %, (S/R, U).
Let [u] be the image of u in gr(U) From the following lemmas, it follows that
[A]—[u] induces the desired monomorphism.

2.9. Lemma. If [A]=1 in Br®(R), and (S, P, 0, ¢) is an arbitrary gr-étale covering
splitting datum, then there exists a graded étale covering S’ of S, such that extension
of scalars yields a good graded étale splitting (S, P’,c’,¢', g), with g5'g:8,=1 and
gr(g)=1in H'(S'/R, gr).

Proof. From the Morita equivalence [4, 1.2], 6: (ENDz O)® S —ENDg P is induc-
ed by a graded h: Q®S—P®, I, I€Pic, S.

Replacing S by a suitable graded étale covering, we can suppose that [/ ]=11in
Pict S, hence view [ as an element of gr(S). Then define f: P, - P, by commuta-
tivity of the following diagram:

h®1
On; P,&®, I,
73 f
I®A
Q13 P&, 1

From the theorem on faithfully flat descent, it follows that f2 f3 fl, and [gr( f )] =
[I,®12 1=1in H'(S/R,gr).

2.10. Lemma. If (S, P, 0,9, f) is a good graded étale covering splitting for A, and
LYfi=1, and [gr f1=1 in H' (S/R, gr), then [A]=1.

Proof. Let gr(f)=1,®,1I; 1 e gr(S), then we get a graded isomorphism
S:P,®,L,—>P;®, I, which is a graded descent datum, inducing a graded R-
progenerator Q:

Q23

(PRI NH®S

Q13 SRP®R®, 1)
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inducing
ENDg(Q,3) — ENDsu/(P®,; ) ® §)

ENDy(Q;3) —— ENDs (S ® (P&, I))
From uniqueness in [4, 1.4], it follows that A=, ENDg(Q).

2.11. Lemma. The cocycle u defined above is independent of the choice of f and I.

Proof. Let f: P> P,®,1, g: P, P,®, J induce ¢. Put fz‘lf3f1=y, g{1§3g1=y.
Then f=tg for some t € U(S@), so u=(4,1)v. Also [[1=gr(f)=d,(1)=dy(?) gr(g) =
dy()[J], hence [(u,1)(v™", T = [(421,d,1)] =1 in Hg(S/R, V). i

So the cocycle [u] defined above depends only on A and o. Denote [u] =6(o, A).

2.12. Lemma. If [A] =1, then 6(c,A)=1.

Proof. First note that if S’ is a graded étale covering of S, then 6(g’, A) =8(o, A).
Now take S’ as in Lemma 2.9. Then it follows that 8(a’, A")=[(1,I)] =1, since [I] =1
in H*(S/R, gr).

2.13. Lemma. Let (S,P,0,9, f), (T,Q,1, v, 8) be good graded étale covering split-
tings for A and B. Then

S®T,PRQ%I®T°,0Qv° f®g*™)

is a good graded étale covering splitting for AQB°. 1°:B°@T—END;Q* is
defined by ©°(x) =(1(x))*. Consequently 8(c®1°, AQ B°)=0(0, A)® (6(c, B)) "},
and 0(o, A) is independent of the choice of a.

Proof. An easy computation; the last observation then follows from 2.12.

2.14. Lemma. 0:Brg(R)—>ngg,(U ) is a well-defined monomorphism.

Proof. That 0 is a well-defined homomorphism follows from the preceding lemma.
Suppose 8(A4)=1, and let S define a good graded étale covering splitting datum.
Then there exists a graded étale covering S’ of S such that the image (v', I") of (u, I)
is identical to (4,v,(D;,J). (d,V)™") for ve US'®), [J]egr(S’). Then consider
the splitting (S’, P’,a’,y’, f'v) and apply 2.10 to conclude that [4]=1.

2.15. Theorem. If R is quasistrongly graded, then we have an exact sequence

. B 4
1-Pic®(R)— H}(U)— H}(gr)— HZ(Uy) — Hg(U)— 1.



A cohomological interpretation of the graded Brauer group II 29

Proof. The part 1—>Pic®(R)—~H;(U)— H}(gr) was done previously.

Definition of B. Let [T] € H'(S/R, gr) represent x € Hy(gr). Up to replacing S by
an étale covering, we can suppose [T]=1 in Pic,(S®S), hence [T]=[d(u)] for
some u € US?). Since Dy(T)=1 in gr(S?), v=Au=u;"usu, e Uy(S®), and is
clearly a cocycle in Up(S®). Define B(x) = [v] € H}(U,). Note that [v] is not trivial
in Hé(UO) in general, although v=A4,u. Indeed, u could be non-homogeneous.

Exactness at Hgl(gr). It is clear that foa=1. Suppose [v] =B(x)=1, then there
exists a gr-étale covering S’ of S such that w'=w; 1w3 w; for some we Uy(§'®), v’
being obtained by extension of scalars. Since deg w=0, duw y=d(u), and
uw '1e H'(S/R,U), so x=afuw™'].

Definition of y. Let xe H;(Up) be represented by ue Uy(S®), and let y(x)=
[, SO

Exactness at H,f(UO). If y(x) =1, then there exists a gr-étale covering S’ such that
[, 8N]=1 in HXZ(S'/R,U). Hence u’=A,p for some ve US®). Then
x=B(d(v)). Again, yo f=1 is easy.

y is surjective. Let y € H%(U) be represented by [(y,])] in HZ.(S/R,U), and
assume [/]=1 in Picy,(S® S) (if necessary, replace S by a suitable gr-étale cover-
ing). Then [I]=d,(v) for some ve U(S'?), by 1.4. Now

y =, D1=[(w d,v) = [(, d,\0)][(4,v, (dv) '] = [(ud v, D]
As (ud,v,1) is a cocycle, we have d,(udv)=1 in gr(S®), so ud,ve UyS®), and
y=pua,).
2.16. Corollary. If R is quasistrongly graded, then
(i) Hy(U)—HJ(gr) is surjective.
(i) He,(U)~>HZ(U) is injective.

Proof. Using [4, §3.1], we have an exact sequence

o
Hg(U)~H, (g1)— HZ, (U)—~HX(U)— H2(gy). (%)

It is easily established that d=yo 8, hence d=1, from 2.15. Indeed, for T=d,(u)
representing x € Hé (gr), we have that

y o Bdi()]) = y({4,u]) = [(4,u, SO =[(1, d\ ())] = &, (w)).
(1), (ii), (iii) are now easily obtained using the exact sequences (*) and 2.15.

2.17. Note. For a quasistrongly graded ring, we now have the following com-
mutative diagram:

Bré(R)

HgZ(UO) Enggr(U)

H;(U)

Br(R) ~ H*(U)
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The horizontal morphisms are monomorphisms. Note however that the vertical
morphisms Bré(R)—Br(R) and Hé(U )— H?(U) are not necessarily monomorphic.

3. On the Grothendieck group of a graded ring.

The aim of this section is to deduce some information on the Grothendieck groups
of the categories FP2(R) and P&(R). It will be used in the proof of Lemma 5.4. The
notations are very similar to those in [3]. First, we search for a graded analog to
Serre’s theorem [3, Ch. IV, §2]. We shall not treat it in its full generality: a restric-
tion to graded projective modules over commutative graded rings will be sufficient
for our applications. We also have to make a technical assumption on the gradation
of R: assume that every graded localisation at a graded prime ideal of R contains
a homogeneous unit of positive degree, or equivalently, the graded residue class
fields of the graded localisations are nontrivially graded.

If Q5(R) contains a unit of degree ¢, then there exists an open neighborhood D
of p in Spec®(R) such that every Qj(R) contains a unit of degree ¢ (geD): if
Te U(Qj(R)), with deg T=¢, then T or T-! lies in Im(R—Q(R)), e.g. T is
represented by feR,. Then put D=D8(f)={geSpect(R): Té¢q}. Using the
quasicompactness of Spec®R), we can now find 0 >0 such that every graded
localisation of R contains a unit of degree d. Let J(R) be the minimal positive
number having this property. If 6(R) does not exist, then we shall say d(R)= + o
(e.g. when R=k[T]).

For deZ", let R"(d) be the free R-module with basis {a;,...,a,}, where
deg a;=d;. For keZ, we write k=(k,k,...,k)eZ". Let PeP?(R), then we call
o € py unimodular of degree k if the graded ideal O,(a)={f(a):feP*} is the
whole of R, or, equivalently, if R(k)—P:x—xe is a split graded monomorphism.
In this case, R(k) embeds as a graded free direct summand in P.

Now suppose R is gr-local (and commutative). For a subset S of PeP2(R), let
S be the graded submodule generated by S. For k € Z, we define k-rankyz(S; P) as
the supremum of all =0 such that (S) contains R’(k) as a graded free direct sum-
mand. if 7 is a unit of degree ¢ in R, then (k+¢)-rank(S; P)=k-rank(S; P). If
t=0J(R), then we have Y2, k-rank(P; P)=rankg P (P is graded free!). Along the
lines of [3, Ch. IV, §1], we can prove

3.1. Lemma. Let (R,m) be a gr-local commutative ring, keZ, P, P, Qe P(R).
Then
(i) k-rank(S; P)=k-rank(S + mP; P).

(i) If a, B are unimodular of degree k in P, then there exists a graded automor-
phism ¢ of P leaving invariant all graded submodules containing a and B, and such
that ¢(Ra)=RS.

(iii) If M is a graded submodule of P, then

k-rank(R’(k) ® M; R'(k) ® P) =r+ k-rank(M; P).
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(iv) If a € Py, then k-rank((S, @); P)<1+ k-rank(S; P).
W) If ay, ..., @, € Py, and k-rank(a,, ..., @,; P) =t for some t<r, then there exist
pi=o;t+a, (a;e Ry, 1 si<t) such that k-rank(B,,..., B, 1s..-,0,_1; P)=1.

If R is a graded commutative ring, denote Y =max®R). For Pe P&R), SCP,
keZ, we define k-rankg(S; P)=infy,yk-rankos(Qs(S); Of(P)), and k-
rankg(P) = k-rankg(P; P).

For each j=0, we denote

FH(S; P)={me Y : k-rankpg z)(S; QL (P))</j}.

As in [3], we then prove

3.2. Lemma. With notations as above, we have

@) Fj" (S; P) is a closed subset of Y.

(i) ay,...,;€ Py form a basis for a graded free direct summand of P if and
only ifij(al,...,aj; P)=9.

3.3. Theorem. Let R be a graded commutative ring such that
d=dim max®(R)< + . Then if P P&(R), and k-rank(P)>d for some k€ Z, then
P contains a unimodular element of degree k.

We omit the (long) proof, as it is a straightforward graded version of [3, IV. 2.5].
Remark that the functions 7,(P) : Spec®(R)—Z : p—k-rank Q}f(P) are not necessary
continuous! As an example, consider the scaled Rees ring

S= < @ a—ib——iRX2i> @ < @ a—ib—iRX2i+l>’
ieZ ieZ

where R is a Dedekind-domain containing exactly two maximal ideals aR and bR,
and deg X'=1. Then Spec&(S) = {(0), (a, X), (b, X)} is connected. let P=aSNbSX,
which is a graded projective ideal of S. Then we get the following functions:

for k odd: r(P)O)=r(P)b, X)=1; r(P)(a X)=0;
for k even: ry(P)O0)=ry(P)a, X)=1; r(b,X)=0.

As a consequence, 3.3 is not sufficient for our purposes. A slight modification is
necessary.

3.4. Proposition. Let R be a commutative Noetherian graded ring such that every
graded localisation at a graded prime contains a homogeneous unit of positive
degree, and J = 5(R) defined as above. Then if P is a graded projective R-module
of rank greater than d=dim max®(R), then P=P®P(1)®---® P(6— 1) contains
R=R®R1)®---@R(5-1) as a graded submodule.

Proof. Take m e max®(R), then Q%(P)= @/ Q%(R)(r;), with f>d. Hence
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>

1

s é-1 5-1
) Or(ri+b)=@ @0 (k)= ,@0 Q% (kY.

i=1 k=

~ S o=
Qs(P)=D
i=1 k=
Hence k-rank(P)>d, for k=0,...,0—1. An application of 3.3 then finishes the
proof.

We now turn to the study of K,P#(R) and K FP2(R). Denote K§(R)=K,PE(R).

3.5. Lemma. The forgetful functors U:PER)—P(R), U:FP4R)—>FP(R) induce
monomorphisms

U:K§R)—KyR) and U:K,FPE(R)—K,FP(R).

Proof. As these functors are product preserving, we get well-defined homomor-
phisms. Take xe K§(R), and let U(x)=0. Since x=[P]—[R"] for some PeF&(R),
[P]1=[R"] in Kop(R); hence P@R"=R"@® R™, so [P]=[R"], establishing the first
half of the lemma. The other part is similar.

Let X®=Spec®(R) be the set of graded primes on R, furnished with the Zarisky
topology (thus being a subspace of X =Spec(R)). Using the fact that every idem-
potent of a graded commutative ring is homogeneous of degree zero, (cf. [5]), we
can show that the lattice of clopen subsets of X% is isomorphic to the lattice of
idempotents, the isomorphism being given by e—supp(eR)C X®. It is therefore
very easy to establish the following lemma:

3.6. Lemma. The space of continuous functions from Spec R to Z, and from
Spect R to Z are isomorphic. They are denoted by H°(R).

Proof. Suppose f®:Spec® R—Z continuous. Then, for peSpecR, there exists
eeldemp R such that pesupp(eR). Observing that eR e Spec® R, define f(p)=
f%(eA). Then f is a well-defined continuous function extending f®.

3.7. Lemma (concellation). Let P,QeFPE(R); if [P]1=[Q] in K,FP3(R), then
P"=Q" for some n>0.

Proof. We refer to [3, Ch. IX, Proposition 4.2], and use 3.1 and 3.2.

3.8. Lemma (stability). Let R be a commutative graded ring, such that every graded
localisation of R contains a homogeneous unit outside Ry, and u € K§(R).

(i) If R is Noetherian, then there exists a 6 >0 such that rk® u>d implies u = [P]
for some PeP:(R).

(ii) If u has nonnegative rank, then nu=[P] for some n>0, and P e P8(R).

Proof. Let rk® be the restriction to K§(R) of the rank function Ky(R)— Hy(R).
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(i) We can write u=[Q]-[R"] for some Q€eP¥(R). Let J be as in 3.4. Then
rk&u)+n>d+n, so from 3.4 it follows that Q=, P®R"(d), for some deZ".
Hence u =[P].

(ii) Restricting attention to a graded direct factor of R, we may, without loss,
assume that u has everywhere positive rank. Write u=[P]—[R™]. Then P is de-
fined over a finitely generated subring R'C R which can be chosen to be Noetherian
and such that every graded localisation of R’ contains a homogenous unit of degree
different from zero. Moreover, u is the image of u'=[P’]-[R’™], where
P’ e P¥(R’) is such that P'®g. R=, P. For n large enough, nu=[Q’], by (i), for
some Q’. Thus nu=[Q'®g R].

Recall from [3] that the rank function rk : Ko(R)— Hy(R) can be split, yielding an
exact sequence

k
0—rkq(R) = Ko(R) —> Hy(R) 0.

Also, rko(R) is a nilideal. Restricting rk to rk® we still get a split exact sequence

0-rk§(R)— KE(R) ——> Ho(R)~0

where rk§(R) =rko(R)NKE(R).

Tensoring up this sequence by @ still yields an exact sequence; let U (Q® Hy(R))
be the set of functions in Q@ & Hy(R) reaching only strictly positive values, and
Ut Q®KER)=(1@r1k&)  (UN(Q® Hy(R)). Then UT(Q ®KE(R)) is a subgroup
of the groups of units of @ ® Hy(R). The nilradical of Q &® Ky(R) lying in J(Q &®
K§(R)), an element of Q ® K§(R) is invertible if and only if its rank is. So we have
a split exact sequence of groups of units:

1=1+(Q®rk§(R) > U (Q® KF(R)~ U (Q & H§(R)—O.

Using the inverse group isomorphisms

Q@ rkE(R) =1+ (Q ® rkE(R))

ex
log

where exp and log are defined by their usual series expansions — nearly all terms
being zero here — we get:

3.9. Lemma.

UHQ®KER) = Ut (Q® Hy(R)) ® (Q R TK§(R)).
3.10. Proposition. The map [P]—1QP from FPER)—~>Q R K§(R) induces a
monomorphism k: K,;FP¥R)— U™ (Q ® K§(R)), which is an isomorphism if all

graded localisations of R contain a homogeneous unit outside R,,.

Proof. As in [3, IX. 7.1].
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3.11. Corollary. Let R be such that every graded localisation contains g
homogeneous unit outside Ry. Then

(i) rk®: K FP&(R)— U*(Q® H°(R)) admits section o.

(ii) Each x € K,FP%(R) with tk&(x)=1 has a unique n-th root.

Proof. (i) is obvious.

For (ii), identify K,FP¥(R) with U*(Q ® Hy(R))® Q ®1k§(R), using 3.9 and
3.10. An element of rank one is then of the form (1, x). (1, x/n) is therefore the
unique n-th root.

4. A Mayer Vietoris sequence for the graded Brauer group

The result of this section is completely analogous to [12, §2]. So we omit the
proofs. Consider graded ring homomorphisms

R,

Ry—R,

We define a graded Brauer group relative to this diagram. Consider data of the form
(A1, A, P, Q,8), where 4;€ Az,(R;), P,QeFP,(R;) such that we have a graded
isomorphism

¢: A1 ®g, R3®p, ENDg, P> A, ®g, Ry®g, ENDg, O

(i.e. 4| and A, become equivalent on R;). Call a datum trivial if it is of the form
(ENDg, P, ENDg,P,, N, M, END¢) where ¢ is a graded isomorphism
P @g, R3QN =P, Qp, Ry QM.

Defining tensor products of data in the obvious way, two data 4, 4’ are called
equivalent if there exist trivial data ¢, &’ such that A®e=,4'®@¢’. The equivalence
classes of data then form a group denoted by Bré(R;, R,, R;).

4.1. Theorem. Let R be a quasistrongly graded commutative ring, f,g e h(R) such

that Rf+ Rg = R. Then there exists a monomorphism n : Brf®(Ry, R,, ng)—>Hg2(R, Uyp)
and a commutative diagram of exact sequences:

. : a_ .. B 4 %)
Plchf@Plcg Rg—’Plchfg—’Brg(Rf,Rg,ng)'_——’ Brng@BrgRg —_— Brngg

n 6 0

a y
Hy (R, U@ Hy (Ry, Ug) = Hy(Ryy, Ug) — H (R, Up) — HXR, U)®H2(R,, Up) — H2(R,, Up)
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For details on the construction of the connecting maps, we refer to Knus &
Ojanguren [12]. The proof is identical, noting that all units and isomorphisms in-
volved are of degree zero. Let us only mention that (due to 2.4) it suffices to con-
sider graded étale coverings for R,=R/®R, of the form S;®S, in order to
calculate Hé(R o> Up)- Also note that e, § are given as formation of quotients.

5. Gabber’s theorem for quasistrongly graded rings
Here is the main theorem of this paper:
5.1. Theorem. If R is a quasistrongly graded ring, then Brg(R)zng(R, Uoiors -

5.2. Note. The proof of the corresponding ungraded result can be found in Gabber
[9], Hoobler [10], and Knus-Ojanguren [12]. The proof of Theorem 5.1 is inspired
by the Knus-Ojanguren proof. It is given by the following lemmas. Throughout this
section R is assumed to be quasistrongly graded.

5.3. Lemma. Let ceng(R, Up)orss J, & € h(R) such that Rf+ Rg=R. Denoting Cpr Cy
for the images of c in Hé(R ' Up) and ng(Rg, Uy), and supposing the existence of
graded R;- and Ry,-Azumaya algebras A and B such that [A] =c5, 0[B]=c,, it
follows that there exists a graded R-Azumaya algebra C such that B[C]=c.

Proof. In view of the results of the two preceding sections the result becomes a mere
translation of [12, 3.2].

5.4. Lemma. Let ceng(R, Uohors- If for any me max® R, there exists a graded
QF(R)-algebra A(m) such that 6[A(m)] = Q(c), then ceIm(p).

Proof. Take memax®(R). Then there exists fe h(R\ m), and a graded Ry-
Azumaya algebra A(f) such that 0[Af] =c;. Consider Z={ fe h(R): crelm B} It
is easily seen that

(1) aeh(R), feX=afe>.

(2) ffgeZ, deg f=degg=f+ge X (applying 5.3) to Ry, ,.

Now Spect R can be covered by a set of the form

{U(f(m)) : m € max&(R), f(m) ex}.

By quasicompactness, this may be reduced to a finite covering {U(f)):i=1,...,n,
Ji€ 2'}. Hence there exist homogeneous a,...,a,€ h(R) such that ¥ a,f;=1. Hence
1 € X, finishing the proof.

5.5. Lemma. Theorem 5.1 holds for graded rings of the form Ry[X, X ']
(deg X=1).
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Proof. In this situation, Br® R=Br R, [21, VI.3.2].

If S is a graded étale covering of R, then S=Sy[X, X '], where S, is an étale
covering of Ry. Clearly S =(Sy®g, So®g, - ®g, So)lX; X1, hence Up(S™)=
U(S§™), and H™(S/R, Uy) = H"(Sy/Ry, U), so Hg (R, Up) =H"(R,, U).

The result then follows from the classical theorem.

5.6. Lemma. If R is quasistrongly graded, and gr-local, then Bré(R) sHé(R, Uo)ors-

Proof. If R is quasistrongly graded and gr-local, then R has a homogeneous in-
vertible element 7, with deg T=d>0. Then consider C=R[X]/(X 4_T). Then
C=Cy[X,X"'], and C is a graded étale covering of R which is finitely generated
as an R-module. Hence C is R-projective, so C is graded free as an R-module,
[C:R]=d.

Let c€ HZ(R, Up)ors be represented by u e Up(S?) for some graded étale cover-
ing S of R. We can choose S such that S/C is a graded étale covering. Now, let ¢,
be the image of ¢ in Hg(C, Up). By the preceding lemma, ¢ = 8[A] for some graded
C-Azumaya algebra A. Now let T be a graded étale covering of S, C, R such that
T determines a very good graded splitting

a: AQc T-M,(T)d)

where de Z" determines a gradation on M, (T) (cf. [13]).
So (@®1)oto(1®a)”! is induced by a graded T® T-isomorphism f:P—P,
where P is a graded free T®, T-module of rank n. Let

5 A=UeU(T®c T®c T),

then [u]=cc in HgZ(C, Up), hence there exists a graded étale covering W of C such
that 1 ®u=(1 ® uc)4,w, for some we Uy(W @c W). f induces f,,: P’'—P’, where
P’ is a graded free W&, W-module. Since W@ W=CQRQ W W, P’is a graded
free W® W-module of rank nd, so wfy induces a graded W& W-isomorphism

x=END(Wf,)): M, ( W W)(d') > Ma(WR W)(d")

which is a graded descent datum (i.e. x,=yx3x;), defining an R-Azumaya algebra
B={xeM ;(WRW): x(1®x)=x®1}. By construction S[B]=c.
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