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0. Introduction
Let k be an algebraically closed field of characteristic p, and f: S -+ C an elliptic
surface over k with C a non-singular complete curve. Assume that f - ‘(P) = dE
{P E C) is a multiple fiber with multiplicity d. The multiple fiber is called a tame fiber
(resp. a wild fiber) if the order of the normal bundle O,(E)ls is equal to d (resp. less
than d). In characteristic 0, there does not exist a wild fiber by the cohomological
flatness. In positive characteristic, however, the existence of wild fibers makes the
situation complicated. The notion of wild fiber was introduced in Bombieri and
Mumford [l], and Raynaud [S] examined the structure of wild fiber in detail. In this
note, we consider elliptic surfaces obtained as quotients of the product of a curve and
a supersingular elliptic curve by rational vector fields in positive characteristic. We
calculate numerical invariants of wild fibers of such elliptic surfaces (cf. Theorem 3.5).
Moreover, we give a characterization of such elliptic surfaces over the projective line
P’ (cf. Theorem 4.2). To calculate numerical invariants, Raynaud’s results on wild
fibers play an important role (cf. [5]). For the case of the product of a curve and an
ordinary elliptic curve, we already treated this in [3].

1. Preliminaries
In this section, we recall some basic facts on elliptic surfaces and Raynaud’s theory
on wild fibers. For details, see Bombieri and Mumford [l] and Raynaud [S].
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Throughout this paper, we fix an algebraically closed field k of characteristic p > 0.
For a non-singular complete algebraic variety X of dimension y1and a coherent sheaf
4 on X, we use the following notation:
8,: the structure sheaf of X,
Kx: a canonical divisor on X,
hi(X): the ith Betti number of X,
c,(X): the nth Chern number of X,
q(X): the dimension of Albanese variety Alb(X) of X,
Pit’(X): the Picard scheme of X,
H’(X, 9): the ith cohomology group with coefficients in 9,
x(X, Gx) = CrZo(- l)‘dimkHi(X, O,),
Supp9: the support of 9,
T(U, 9): the group of sections of 9 over an open set U of X.
For divisors El and E2 on X, El _ E2 means that El is linearly equivalent to E2.
Sometimes, a Cartier divisor and the associated invertible sheaf will be identified. For
a rational number x, [x] denotes the integral part of x.
Now, let f: S + C be an elliptic surface defined over k with C a non-singular
complete curve. We assume that f:S -+ C is relatively minimal, i.e., no fibers of
fcontain exceptional curves of the first kind. Let Y be the torsion part of R’&Co,.
Since C is a non-singular curve, we have Rtf,OS N 9’ 0 Y with an invertible sheaf 9.
We denote by diEi (i = 1,2, . . . ,i) the multiple singular fibers of f:S + C with
multiplicities di. We have the canonical divisor formula,
KS -f*(Kc

- 2) + i

aiEi>

(1.1)

i=l

where ails are integers such that 0 5 ai 5 di - 1, and where
- deg9

= x(S, Gs) + t

with t = length Y-.

(1.2)

We take a multiple fiber dF among diEi’s (i = 1,2, . . . , A), and set Q =f(dF). We
denote by a the ai corresponding to the multiple fiber dF. We denote by osic the
relative dualizing sheaf on S. We can naturally consider nF as a subscheme of S. The
dualizing sheaf w, of nF is given by
co,,= as/c 0 WnF) Is.

(1.3)

We denote by v the order of LOS(E)IE.Then, there exists a positive integer y such
that
d = vpy

(cf. [S, Lemma 3.7.73). Using the exact sequence

(1.4)
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we see x(0,,)

= 0. Therefore,

by Raynaud

[S, Corollary

129

3.7.61 and the Serre duality,

we have the following:
Assume n 2 2.

Lemma 1.1 (Raynaud).

If co,is

not trivial, then

O,,) = dim, HO((n - l)F, O,,_ rIF).

dim, H’(nF,

Ifco,,
is trivial, then
dim, H’(nF,
Lemma

flnF) = dim, HO((n - l)F, 0(,-r,,)

1.2 (Raynaud

[5, Lemma

ord(Co#‘) InF) = ord(O,(F)
case, w, is trivial.

+ 1.

3.7.71). Assume

n 2 2. Then,

Icn_rjF) or ord((S,,(F) InF) = p ord(@#‘)

we have

either

ICE
_ rjF). In the latter

We denote by ni (i = 0,1, . . . , y) the smallest integer n such that 6,(F)I,, is of order
vpi. By definition, we have no = 1, and by Lemma 1.2, w,~ (i = 0,1, . . . , y) is trivial.
Using the notation

above, we have the following:

Lemma 1.3 (Raynaud

[S, Lemma

3.7.9, p. 311). (i) Th ere exists an integer ki > 0 such

that ni + 1 = ni + kivpi.
(ii) There exists a positive integer h such that n, = mh - a.
Lemma 1.4 (Raynaud
given by

[S, Theorem

3.8.1, p. 321). The length of F at a point Q of C is

length YQ = [x/d],
where x = d{(l - l/d) + ko(l - l/p?) + ... + k,_r(l

- l/p)}.

Corollary 1.5. Assume d = p and v = 1. Then,
length YQ = [nI(p - 1)/p].
Proof. By assumption,
fore, by Lemma

we have y = 1. By Lemma

1.3(i), we have nl = 1 + ko. There-

1.4 we have

x = p{(l - UP) + (nl - l)(l - UP)} = nl(p - 1).

q

2. Rational vector fields
Let D be a non-zero rational vector field on a non-singular
algebraic variety X. D is
called a p-closed vector field if there exists a rational function f on X such that
Dp =SD. In particular,
D is called additive if Dp = 0. For an affine open covering
{Spec Ai}i,l of X, we set AD = {a E Ai ) D(a) = 0} for each ie I. Then, Spec AD (i E I)
glue together to define a quotient surface XD. It is well known that XD is normal. If
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D is p-closed, then the canonical projection nD : X + XD is a finite purely inseparable
morphism of degree p. Conversely, if 71:X --t Y is a finite purely inseparable morphism of degree p with a normal variety Y, then there exists a p-closed rational vector
field D such that rc = nD and Y = XD. Moreover, XD is non-singular if and only if
D has no isolated singularities. We denote by (D) the divisor associated with D. For
details on these facts, see, for example, Rudakov and Shafarevich [6].
Lemma 2.1. Let E be a supersingular elliptic curve and 6 a non-zero regular vectorjield
on E. Then, for any point Q of E, there exists a rational function f on E such that
6(f)

= 1 and

such that

f

is regular at Q.

Proof. Since E is supersingular, the vector field 6 is additive. By Ganong and Russell
[2, Lemma 3.3.11, there exists a rational function h such that 6(h) = 1. If h is regular at

Q, then we can take f = h. Assume that h has a pole at Q. Then, we take a point P of
E such that h is regular at P. There exists a translation T of E such that T(Q) = P. We
set f = T*(h). Then, f is regular at Q. Since 6 is invariant under translation, we have

S(f) = 6(T*h)

= (T,6)h

= 6(h) = 1.

lJ

Now, let C be a non-singular complete curve of genus g. Let P be a point of C, and
x a local parameter at P. We take a rational vector field A = h(8/8x) of C, where h is
a non-zero rational function on C. We set

(2.1)
Then, by definition, we have
hII = h.

(2.2)

Moreover, denoting d/dx by ‘, we have for

i 2

2

hiI = hllh:-l,l>
hij = hll{hi-l,j-l
hii = h,,hi_I,i_l

+ hi-,,j}

(1 <j <i),

= hi.

(2.3)

In characteristic p > 0, we have
hPj=O

(2<j<p-1)

and

h,,-&,=O.

(2.4)

Therefore, as is well known, A is additive if and only if hpI = 0.
Let P be a zero point of h, and x a local parameter at P. Then, h is expressed as
h = uxm,

(2.5)
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where m is a positive integer and where u is a unit at P. By direct calculation, we have
the following lemma.
Lemma 2.2. If A is additive, then m f 1 modp. Moreover,

3. Numerical

ordp hij 2 i(m - 1) + j.

invariants of wild fibers

Let C (resp. E) be a non-singular complete curve (resp. a supersingular elliptic
curve) over k. We set X = E x C. Let A (resp. 6) be a non-zero additive vector field on
C (resp. a non-zero regular vector field on E). Since E is supersingular, 6 is additive.
Let Qi (i = 1,2, . . , A) be the zero points of A. We denote by mi the order of zero of A at
Q”i.We naturally extend 6 and A to vector fields on X, which we denote by the same
letters. We set D = 6 + A. We note that, by Ganong and Russell [Z, Lemma 3.7.11,
any divisorial p-closed rational vector field on X can be normalized in this form in the
case of C = Pi. (In this normal form, either 6 or A may be zero.) We set
S = XD and

B = CA.

(3.1)

Then, we have a diagram
SAX=ExC
4

I

Pr

(3.2)

B&C,

where pr is the second projection, where f is the morphism induced by pr, and where
71and F are natural morphisms. The morphism F is nothing but the Frobenius
morphism. In this section, we examine the elliptic surface f: S = XD + B = Cd. We
set Qi = F(&i),
(i= 1,2, . . . , A). By Rudakov and Shafarevich [6, Proposition 11, the
multiple fibers off exist only over Qi (i = 1, . . , A). By our construction, f - 1(Qi)
is
a multiple fiber of an elliptic curve Ei. By Rudakov and Shafarevich [6, Proposition
11, I.-’ (Ei) is reduced and K1(Ei) = pr- ‘(Qi). S’mce E is supersingular, Ei is also
supersingular. We denote by di the multiplicity of f - ‘(Qi). By Y ‘(f - ‘(Qi)) =
pY1(F- ‘(Qi)) we have di(pr- ‘(Q”i))= p(pr-‘(Qi)). Therefore, we have di = p and
f - '(Qi)
= PEi. Since the Picard variety PicO(Ei) has no points of order p, we have
ord Crs(Ei) JE,= 1; hence, f - '(Qi)
is a wild fiber.
Lemma 3.1. x(S, 0,) = 0.
Proof. Since n: is radical, we have cZ(S) = cZ(X). Since cZ(X) = 0, we have cZ(S) = 0.
By Noether’s formula, we have x(S, 0,) = (Kg + c,(S))/12 = 0. 0

Take any point Q”among 0;s. We set Q = F(Q). Let x be a local parameter at &. We
denote by m the order of zero of A at Q”.Then, A is expressed as
A = uxm;;

(3.3)
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where u is a unit at Q”.As we see above, f -r(Q) = pF is a wild fiber. By Lemma 2.2, we
have m 2 2.We set Z-~(F) = E”. Th en, we have l? = pr-‘(0). Since we have the
natural isomorphism
P(LE,

O/E) = IQ-j/(X/),

(3.4)

we see that {1,x, . . . ,x/lrj is a basis of H*(eI?, Oe~). Let z be a point on F in S, and
z”a point on E”in X such that n(5) = z. Let SpecfR) be an shine open nei~hbourhood
of 5, and rii the maximal ideal of R which corresponds to E We set A = Re E (O,ts.
We set V = Spec RD and m = RDnrk Then V is an affine open neighborhood of z, and
m is the maximal ideal which corresponds to z. We easily see AD = (RD), = (OS), . Let
y be a local equation of F at z. Since Z-‘(F) = ,!?,we have y = ux in A with a unit ZIon
E. Then, we have
(O&i = N(x’)

and

(0~)~ = AD/(#),

and we have the natural inclusion
(3.5)
By (3.3), we have
D($) = iUXm+i-l.
Since m 2 2 by the assumption on D, D induces a rational vector field on the
subscheme a&, especially on Spec A/(x’), and we have
ADI

= MxO)“.

(3.6)

Therefore, we have

H*(lF,@/,)
~(H~(tf'i?,O~g))~.

(3.7)

We express the point z”of X = E x C as z”= (Zr ,o) where z”rE E and 0 E C. By Lemma
2.1, there exists a rational function f on E such that
S(f) = 1
and such that fis regular at z”r. We naturally regardfas
set for 1 I ff I p - 1

(3.8)
a rational function on X. We

(3.9)
and
p-1
gi =

C Fi, + X!
a=1

Then, we have the following two lemmas.

(3.10)
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Lemma 3.2. Assume 1 + t - m I i I e - 1 and i 2 1. Then,
ordg Fi, 2 (a - l)(m - 1) + L.

and

Fi, E A

Proof. The former part is trivial. As for the latter part, by assumption we have

ordE Fi, 2 cc(m - 1) + p + i - fl 2 (U - l)(m - 1) + 8.

0

Lemma 3.3. Assume 1 + t - m I i I t - 1 and i 2 1. Then,
gi =

xi

and

in A/(X’)

giE AD.

Proof. The former part follows from Lemma 3.2. It is clear that gi E A. Using the

notation in (2.1), by (3.8) we have

+

= 1:: {(-

cl (;ij)i- ;))hh:,r’-+“)
+ihx’-’
I)‘$(ihh,h2-’

+ (fio(i
p-1
zz

(a=1
ci

+j2(

I@(i

- i))hh~Exi~a~‘>ja}

lyi

ih,+l,lxi-’
.(

+(~~~~-,,)lr,,l.,+lx’-“-‘)i’i+ihx”

+

i2(

- ).))h(h,,pl

+ ihx’-’

!$(i

-

d)k+l,,*‘”

+ h&)Xi-’
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h, = h and hPp= 0 (1 5 j3 i p - l), we have
D(gi) = (- l)ihrrX’-’
+ (-

l)p-’ &$r

= (- 1)p-r (&(

(&i

pI$
y-0

- +&Y/~-r

- I+,,

+ ihx’-’

xi-Y-‘.

Since JJf 1: (i - y) E 0 mod p, we have
D(Si)

= 0;

hence, giEAD.

0

We denote by VI the subspace of H’(dE, 0,~) spanned by x% (pi I e - 1, i 2 0),
and by V2 the subspace of H’(eI?, O/E) spanned by xi’s (1 + 8 - m I i I e - 1, i 2 0,
i f 0 mod p). Since xpi’s (i 2 0) are elements of ADfor each local ring A at any point of
E”, we see I/, c H’(LF, OIPF).Since D(x’) = 0 (1 + e - m I i < G - 1) in A/(X’) by
m 2 2, we have XiE (A/(x”))~. By (3.6) and Lemma 3.3, we have XiE AD/(yr). Therefore,
we have VI c H’(LF, O/F). Hence, we have
(3.11)

I/, 0 Vz c HO(/F, co,,) 4 (HO(&, co,E))D.

We denote by V’, the subspace of H’(eE”, Cog&)spanned by xi’s (1 < i I I-

m,

i f Omodp). Then, we have

HO(eF, O/F) @ I/, = If’(e& O/g)

and

V,nH”(eE”, O/E)~ = 0.

(3.12)

By (3.11) and (3.12), we have the following lemma.
Lemma 3.4. H’(lF,

Co,,) N Vl @ V2 = (H”(/E, S,,G))~.

For a real number a, we denote by [CC]the integral part of a.
Theorem 3.5. Under the notation above, the multiplefibers

f - ‘(Qi) = PEi (i = 1,2, . . . , A)

are wild jibers, and we have:

e

if 1 IL<m,

1

(1)

dim, HO(&F, OfF) =

(2)

The smallest positive integer nl such that ordOs(F)[,,,

(3)

KS -f*(Kc + ~l[mi'p~ l']Qi)+i$laiEi,

m+

8-m
[ P

if m < e.

= p is equal to m.
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where

ai=

p-(mi-[:]p)
ifmi+Omodp,
if mi s Omodp.

0

Proof. As we have already shown, f-‘(Q)
(1) By definition, we have

= pF is a wild fiber.

e

if 1 I e I m,

(e - 1) - (4 - m) + 1 -

if m < e.

dim V1 + dim V2 =
Therefore, by Lemma 3.4, we complete the proof of (1).
(2) In the canonical divisor formula as in (l.l), we denote by a the ai corresponding
to the wild fiber pF. Then, we have
0, = &((a + n)F)ln~
and
v = ordO,(F)I,

= 1,

p = VP’.

Therefore, in expression (1.4), we have y = 1. Using the notation in Section 1, by the
definition of ni, we have
ordOs(F)(,F=

1 for 1 In<ni;

therefore, o, is trivial for 1 I n <
dimH’(nF,

nl .

Therefore, by Lemma 1.1, we have

Cn,,) = dimHO((n - l)F, O(,_i)r) + 1 for 1 < n < q.

(3.13)

In case n = nl, we have ord O,(F) In,F= p by the definition of nl. By Lemma 1.2, w,, is
trivial; therefore, we have by Lemma 1.1
dimH’(qF,

On,F) = dimH’((ni

and p) a + nl. Therefore,
have

(3.14)

- l)F, O(“,_ijF) + 1

p 4 a + (nI +

1) and w,, + 1 is not trivial. By Lemma 1.1, we
(3.15)

dim H”((nl + l)F, o(,, + ijF ) = dim H”(nlF, COnIF).
On the other hand, by the result in (1) we know
dimH’(&F, O/r) = G = dimHO((8 - l)F, 8,/_ ljF) + 1 for 1 < e I m,
dimH’((m + l)F, O(m+ljF) = m +

m=
[(m+Fml=
dimH’(mF,

8,,).
(3.16)

Comparing (3.13), (3.14) and (3.15) with (3.16), we conclude ni = m.
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(3) By Lemma 1.3, there exists a positive integer h such that a = ph - n, = pla - m.
Since 0 < a _<p - 1, we have

p-(m-[F]p)
ifmfomodp,
if m = Omodp.

0

Now, we consider the canonical divisor formula of S as in (1.1). In R’f*O, clr:2 @ 9,
we express F as
s=Fi@

... OFA,

SuppFi = Qi (i = 1,2, a.. .A).

We set ti = length pi. Then, we have length F = t = C,“=1 ti, and by Corollary 1.5
and (2), we have

‘i

t, =

1

mi(p - 1)
P
.

Therefore, we get the formula in (3).

fJ

Corollary 3.6. ai # p - 1 (i = 1,2, ._. , A).
Proof. This follows from Theorem 3.5(3) and Lemma 2.2.

0

Theorem 3.7. Under the same not~tjo~ as in Theorem 3.5, assume, moreouer, C N IF’.

Then, B N P1 and the ~~u~en~~srn~ppi~g I; on H’(S, lYs) is the zero mopping.
Proof. The fact B N P’ is clear. In the diagram (3.2), take a general point P of B. Then,

f-‘(P)

= G is an elliptic curve, and n-‘(G) = pE” with a general fiber E” of pr.
Therefore, n 1,q: ,f? + G is an isomorphism. We set h = n /8. We have a diagram
G4

h

9
I
S L-E

E
(3.17)

g
I
x P’,

where g and 6 are natural inclusions. By an exact sequence
0 -+ 0,( - G) -+ OS -+ 8, + 0,
we have a long exact sequence
----+ H’(S, O,)A
-

P(S,

H’(G, @,)-

H2(S, O,(-

G))

fY,)--+ 0.

By the Serre duality H2(S, oos(- G)) N H”(S, Lo,(& + G)),we have
dimH’(S,O,(

-G))==dimH2(S,0s)-t

1.
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Proof. By 1 2 1, we have some multiple fibers. Since ai # p - 1, pEi is a wild fiber. By
the exact sequence

we have a long exact sequence

-

H’(S, OS)&

H’(Ei, 0,)-

-

H2(S, co,)-

0.

H2(S, Os(- EJ)

By the Serre duality and Ui # p - 1, we have
H2(S, O,(-

Ei)) N HO(S, Bs(Ks + Ei)) N HO(S, cOs(Ks)) E H’(S, 0s).

Since H’(Ei, 0,) N k, we see that r is surjective. By assumption, the action of the
Frobenius mapping F on H’(S, 0,) is trivial, and so is the action on H’(Ei, 0,).
Therefore, Ei is a supersingular elliptic curve.
Since x(S, 0,) = 0, we have c2(S) = 2 - 4q(S) + b,(S) = 0 by Noether’s formula.
Therefore, we have q(S) 2 1. Since the base curve is P’, we have q(S) I 1 (cf. [4,
Lemma 3.41). Therefore, q(S) = 1 and the Albanese mapping $ : S + Alb(S) is surjective (cf. [4, Lemma 3.41). Therefore, for any fiber f -l(P) (PE P’), the restriction of
$ on f - ‘(I’) is surjective. This means that Ei is isogenous to Alb(S) and that any
regular fiber is also isogenous to Alb(S). Hence, any regular fiber is also supersingular. 0
Theorem 4.2. Let f: S -+ P’ be an elliptic surface with multiple fibers pEi
(i = 1,2, . . . ,A; ,I 2 1) with multiplicity p. Assume that the elliptic surface satisfies the
conditions (4.1), (4.3) and (4.4). Then, the elliptic surface is constructed as in (3.1) with
C = ila’. Namely, there exist a supersingular elliptic curve, a non-zero regular vector
field 6 on E and a non-zero rational vectorfield A on P’ such that S = (E x P’)D with
D = 6 + A and such that f: S --f (P’)’

= P’ is the natural projection.

Proof. We take a point Pi among Pi’s (i = 1,2, . . . , A). We denote it by PO, and we set
pE, = f -'(PO).
Let x be a local coordinate of an affine line A ’ in P ‘. We may assume
that x = 0 defines the point PO, and that the fiber E, over the point P, at infinity is

a regular fiber. Multiplying x, we have an isomorphism
x x: Os( - E,)

= 0,( - pEo).

Therefore, we have an isomorphism
x x: H’(S, Lo,(- E,))

= H’(S, O,( - p-G,)).

By the exact sequence
O-

Los(- Em)-

Los-

OE, -

0,

(4.5)
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we have a long exact sequence
0-+2P(S,
-

P(S,

@s(- E&f)-

IF(S, @,)-

H’(E,,

6,(-

P(S,

0.

E,))-

O,)-+

O&J

Since dimH’(S, O,(- E,)) = dim Hz{& Co,) -+ 1 and dim H’(E,,
an is~morp~ism

Q,) = 1, we have

H’(S, Bs( - E,)) = H”(S, 0,).

(4.6)

By (4.5) and (4.6)* we have an isomorphism
~0: H’ (S, Bs) N H’(S, 0,( - E,)) N H’(S, &( - pE,)).
Considering the commutative
00-

diagram

@s( - E,) ---+ Bs t

OE, -

II

6,( - pEo) -

(4.7)

0 (exact)

t

cTs-

8,,

-

0 {exact),

we have a diagram

H’(S, O,( - Eo)) -

H’ (S,6,) --L H’(S, @&)
II

t
H’(S, G(-

&))

A

H’(S, 0,) -%

-

0

t

(4.8)

H’(S, Up&

where the first and the second rows are exact by the assumption az f p - 1. Using (4.7)
and (4.Q we have a homomorphism
$0’~: H’(S, O,)dt,

H’(S, CC&(-I&))-

W’(S, O,(- pE,))

H’fS, 8,).

f4.9

We know H1(S, 0,) N k. Take an element a of f-f’@, 8s) such that pf~) # 0. We
consider elements of H”($, @78)
given by
(4.10)

K rf)o cp(Nl (rbo (P)%), ‘. * 2(4 o dv-4.

Since Hi (S, 0,) is gnats-dimensional, the elements of (4.10) are linearly dependent if
II is large enough. We take the smallest integer y1such that the elements of (4.10) are
linearly dependent. Then, there exists (b,, bl, “.. , b,) E k”” ’ such that
~*~+~~~~~~~)~

*A*+ ~~(#o~~(~) = 0

Suppose be # 0. Then, we have

and

(bo,bi,

._ ,h,) # 0.

(4.1 I)
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Therefore, we have p(a) = 0. A contradiction. Therefore, we have b0 = 0. We take the
smallest integer G such that b, # 0. We set
p = b/cl + b/.,40&)

+ .” + b,($ocp)“-/(cl).

Since b, # 0, we have
(4.12)

P(P) = /@,a) Z 0,
and by (4.11) we have

(4.13)

(4 o V)‘(P) = 0.

We take an affine open covering {Ui)iel of S, and we represent /I by a eech cocycle
with respect to (Ui}iEr. By (4.13), there exist
B = (Pij}
(Pij E r(uinuj,
US))
PiEr(Ui, 0,) (ill) such that
X’Bij = Dj - Pi

on UinUj (i,jEZ).

(4.14)

On the other hand, by the assumption (4.4), there exist hi E r( Vi, 0,) (i E I) such that
(i, j

E

I).

(4.15)

By (4.14) and (4.15), we have
on UifTUj (i,jEZ).

(4.16)

We set
h=h.- I

b.J ’
0

onU. 1 (iEI)

(4.17)

Then, by (4.16) h is a rational function on S. The pole of h exists only on Eo. Since
f*O, = &I, we see that there exists a rational function g(x) on P’ such that
f*(g(x))

(4.18)

= h.

We set
w=dhi

on

Vi (isl).

(4.19)

Since p is not zero in H’(S, Co,),by (4.15) w is a non-zero l-form on S. Moreover, by
(4.17) and (4.18) we have
0) =f*(&(x)).

(4.20)

Now, we consider the purely inseparable covering X of S of degree p defined by
(4.21)
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We denote by n the natural morphism X + S. Since p # 0, this covering is not trivial.
By (4.19) and (4.21), we have Z*O = 0. Therefore, by (4.20) we have d(rc*f*(g(x))) = 0.
Therefore, there exists a rational function @on X such that
5” = n*f*(g(x)).
This means that the base curve P’ is not algebraically closed in the function field k(X).
Considering the normalization of this base curve [FD’in k(X), we have the following
diagram:
S-FS&XAX
f

I
P’-Pj;F

1,

(4.22)
I

where s” is the fiber product of S and P’ over P’, where v is the normalization of X,
and 71= fop. Since n: is a purely inseparable morphism of degree p, we see that F is
also a purely inseparable morphism of degree p, that is, the Frobenius morphism. We
set

Since any fiber of fis either an elliptic curve or a multiple fiber of an elliptic curve, we
see that 2 is non-singular. By (4.12), the restriction of the covering 71 on E. is
non-trivial. Therefore, v- ’ 0 n- ‘(Eo) is a regular fiber off”: 2 -+ P”. On the other
hand, $ _%-+ P’ is constructed by using the base change by the Frobenius mapping
F: P’ ---f P’ as in the diagram (4.22). Therefore, we conclude that f”:r? + P’ has no
multiple fibers. Therefore, this elliptic surface has no degenerate fibers. Hence, as is
well known, r? is isomorphic to E x P’ with an elliptic curve E, and7 is the second
projection. By Lemma 4.1, E must be supersingular. Since rro v is radical, by the
standard theory of vector field in positive characteristic we complete our proof (cf. [2,
Section 31). 0
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