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Abstract
A uniform bound is given for the order of the torsion subgroup of E(K), the group of
K-rational points on an elliptic curve E defined over a number field k, with K quadratic
over k.

1. Introduction
K/k of number fields let E(K) denote the group of K-rational points
on an elliptic curve E defined over k. The following theorem, conjectured by Ogg, was
For an extension

proved by Mazur [3].

Theorem 1. If E is dejined over Q, then the torsion subgroup E(Q)tO, is isomorphic
to one of the following groups:
Z/mZ

for 1 dm< 10 or m = 12,

In fact, there is [l] a broader conjecture. Given a number field K, there is a constant
C = C(K), depending only on K, such that the order

IWOorI 6 C
for all elliptic

curves E defined over K.
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[2] claims to have proved the conjecture

proof is so cumbersome

’ that no one has either checked
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in its ml1 generality,
it completely,

but his

or found an

error in it (cf. [4]).
In this note we consider

a field L belonging

to a tower of quadratic

and an elliptic curve E defined over Q. We shall give a uniform

extensions

of Q

bound for IE(L),,,l.

2. The main result
First we make a convention. If the conjecture is true for a certain number field K,
we choose C(K) to be the smallest (positive) integer such that (1) holds. Otherwise,
we put C(K) = 00.
Theorem 2. Suppose K/k is a quadratic extension. Then

for all E defined over k.
Actually, more is true. For a prime p, we denote the p-primary part of an abelian
group G by G(p), and for an integer N > 1, GINI = {g E G: Ng = 0) is the subgroup
of N-division elements of G.
Theorem 3. Suppose G,, . , , G,. are all the groups that can occur as E(k),,, as
E ranges over the elliptic curves defined over k and K(k is a quadratic extension.
Then there is an exact sequence
0 -+ E(K)[2]

+ E(K),,,

*

Gi X Gj

for some i, j.
Corollary

4. If p > 2, then

E(K)@)
tor c G!p)
I x G!p’
J
for some i, j.
It suffices to prove Theorem
y2 =x3 +Ax+B

3. Let E be defined by

(A,BEk).

Then the Galois group Gal(K/k) with generator cr acts on E(K) in an obvious way.
For PEE(K),
let Q = (x, JJ) be the point P - OP. If Pe E(k), then Q = 0, otherwise
I During the twelve years that took this paper to see the light of the day, a very nice proof by Mere1 of this
conjecture has appeared in inv. Math. 124 (1996) 437-449.
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from (ax, OJJ) = CJQ = -Q = (x, -JJ)
point (x,Y/&)
lies on the twist

it follows that x, y/a
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are in k and hence the

Ed : dy2 = x3 + Ax + B
of E. Define a map (x:E(K) -+ E&k)
x(p) =
where x(P)

(

(resp. y(P))

a homomorphism
E(K) 5
is

Y(P

x(P - OP),

by

-m >’

4

denote the x (resp. y)-coordinate

for the composite

of a point P. The map c( is

map

Ed(k) c--i Ed(K) = E(K)

clearly a homomorphism.
Now define a homomorphism
W)

= (Tr&P),

-+ E(k) x E&k)

by

@)),

where TrK,k : E(K) 4 E(k)
TrK/k(P) = c

@: E(K)

is the trace map defined by

CP.

UEG

Clearly,

Ker(@) = E(K)

Remarks.
modulo

[2].

(1) Let rankk(E)

the torsion E(k),,,.

rankK(E) <rankk(E)

denote

the number

of independent

generators

of E(k)

Then,
+ rankk(&).

(2) If k = Q and p # 2,3,5,7,

we have for any quadratic

extension

K of OJ,

E(k)@’ = 0.
In particular,

E(k)

cannot have a point of order eleven.
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