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Introduction

Let R be a left Artinian ring, U a left R-module and 7=End(xU). From a well
known theorem of Morita duality the following conditions are equivalent (see
(1}, [11], [18]):

(i) There exists a duality between the category .7, of all finitely generated left
R-modules and the category .#, of all finitely generated right 7-modules via
functors Hom(—, gU):.#,— .#; and Hom(—, Uy): %, 4.

(i) U is a finitely generated injective cogenerator (in the category of all left
R-modules).

When one of the above equivalent conditions is satisfied, 7 is right Artinian and
the right 7-module Uy is a finitely generated injective cogenerator.

In this paper we shall extend this concept of Morita duality (of Artinian rings)
to a situation of certain hereditary torsion theories. Let R and T be rings and U an
(R, T)-bimodule. Let us denote I(zU) (resp. I(Uy)) the injective hull of fU (resp.
Ur). Throughout this paper t, (resp. t;) denotes a hereditary torsion
theory (see [4], [15]) with respect to the ring R (resp. T) cogenerated by I(zxU)
(resp. I(U7)). The t,-torsion free class means a class of all left R-modules which
are embedded in direct products of copies of I(xU). A submodule M of a left
R-module N is t,-closed if N/M is t,-torsion free. On the other hand, M is called
r,-dense in N, if Hom(xN/M, o I(rU))=0. If N has a finitely generated 7,-dense
submodule, N is said to be t,-finitely generated. Let Q () iresp. Q. ()) be the
localization functor with respeci to 7, (resp. 7,). We shall say that a left R-module
M is a t,-quotient module, if Q,(M)=M. Let L be a homomorphic image of a
finite direct sum of copies of a left R-module K. Then, L is called finitely generated
by K.

Now, assume R satisfies the descending chain condition on r,-closed left ideals.
When RU is faithful and T=End(gU), in Section 2 it will be proved that the
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following conditions are equivalent.

() (@ Q. (U)=0Q,(UX=U, say).

(b) There exists a duality between the category ¥, of all r,-finitely generated
7,-quotient left R-modules and the category ¢, of all 7,-finitely generated
r»-quotient right 7-modules via functors

Hom(—, g0):#,=¢, and Hom(-—,Uy):¢;~¢).

(ii) gU is 7,-finitely generated and every t,-torsion free left R-module which is
finitely generated by R® U is embedded in a direct product of copies of RU.

Furthermore, any of these two equivalent statements implies that T satisfies the
descending chain condition on t,-closed right ideals, Uy is 7,-finitely generated and
every T1:-torsion free right T-module which is finitely generated by T®U is
embedded in a direct product of copies of Us.

It is tc be noted that this result is closely connected with a condition for left QF-3
rings, i.e., rings with minimal faithful left modules (cf. [17]), to be right QF-3
(131, 12).

A typical example of LU in this result is a ring R such that every finitely
generated submodule of /(;xR) is torsionless and R satisfies descending chain condi-
tion on annihilator left ideals, i.e., a ring R with a semi-primary (left and right) QF-3
maximal two-sided quotient ring [9]. When R has this condition, in Section 3 (as
an application of the considerations in Section 2) we shall give a necessary and suffi-
cient condition for a finitely generated left R-module to be reflexive. Especially, if
R is a QF-3 ring with the ascending chain condition on annihilator left (and hence
right) ideals, it will be proved that every reflexive module is contained in a finitely
generated projective module. Consequently, every reflexive left module over a left
Artinian QF-3 ring is finitely generated.

Throughout this paper every ring has an identity, every homomorphism between
modules will be written on the opposite side of scalars and DCC (ACC) means the
descending (ascending) chain condition.

1. Preliminaries

In this section R, T are rings and U is a left R-module. A left R-module M is
C-torsionless, if M is embedded in a direct product of copies of xU.
Consider the following conditions.
(1) Every finitely generated submodule of /(xU) is U-torsionless.
(11) Every finitely generated 1, -torsion free module is U-torsionless.
(it1) Every r,-torsion free module which is finitely generated by R®U is
{-1orsionless.

Then, (e (i)=0n). If LU is finitely generated, these three conditions are
cauis alent.
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Proposition 1.1. Assume that every t,-torsion free left R-module which is finitely
generated by U is U-torsionless and T=End(xU). Then, T is embedded in
S=End(xQ, (U)) as a 1,-dense essential right T-submodule.

Proof. Since RU is 7,-torsion free, Q,(U)2 U. Assume S3f+#0 and Usx#0.
Since U+ Uf is a homomorphic image of U@ U, it is U-torsionless. Then,
there exists g,,8,€ Hom(xU + Uf, gU) such that (x)g;#0 and (Uf)g,#0. Since
0, (U+Uf)=0Q,(U), g, is extended to an element g, €S uniquely. The fact that
Ug,C U and Ufg,CU implies g, and fg, are elements of 7. As (x)g,; #0, we have
Hom(S/T+, I(Ur)r) =0 by [7, p. 3, Proposition 0.3]. From a same argument g, is
extended to an element g, of S such that §,e€ 7 and 0#/g,€ T. It follows S; is an
essential extension of 77 and this completes the proof.

Let M be a t,-torsion free left R-module. By [5] M has DCC and ACC on
7,-closed submodules, if and only if there exists a maximal chain

M=MyOM, 22 M;=0 (%)

of 1,-closed submodules. In this case M is said to have t,-finite length and we
denote t,-length kM =k. The chain (*) is called t,-composition series of M. When
R has DCC on 1,-closed left ideals, by a result of Miller and Teply [10] every left
R-module with DCC on 1, -closed submodules has ACC on 7,-closed submodules.

Assume M has DCC on rt,-closed submodules and there exists an R-mono-
morphism a: M~ [],_, K", where K“) is a copy of a 7,-torsion free left R-module
K. Let a; be the canonical mapping M —~K, ie A. Since ker ¢; is 7,-closed in M,
there exists a finite subset F of A such that ﬂieF ker a;=0, i.e., M is embedded in
a finite direct sum of copies of K.

Lemma 1.2. Assume R has DCC on t,-closed left ideals. If RU is t,-finitely
generated and every finitely generated submodule of I(gU) is U-torsionless,
Q,,(U) contains an injective R-submodule E such that I(gU) is E-torsionless.
Consequently, every t,-torsion free module is Q. (U)-torsionless.

Proof. It is easily checked that U has t,-finite length, since RU is 7,-finitely
generated. Then, I(zxU) is finite Goldie dimensional. Put I(RyU)=M,®---®M,,
where M, is injective uniform. Suppose there is a M, which is noi t;-finitely
generated. Then, we have an infinite chain 0=L,CL,C--CL;C- of finitely
generated submodule of M, such that L; is not 7,-dense in L;,, j=0,1,....
Assume that 7,-length RQU=k. As L, is a finitely generated submodule of I(xU),
it is Q. (U)-torsionless. This implies L, ,, is embedded in a finite direct sum of
copies of Q,,(U), since Ly, has DCC on 1,-closed submodules. Clearly Ly, , is a
uniform left R-module. Hence there exists an R-monomorphism f:L; . =Q, (U).
We have a chain 0=L,/CL,fC--GL;, f of submodules of Q. (U) such that
L;f is not 7 -dense in L;, f, j=0,1,...,k. However, this is a contradiction, since
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t,-length Q, (U)=k. It follows that each M; has a finitely generated t,-dense sub-
module V,, say. As is shown above there exists an R-monomorphism from 3’ to
Q..(U) and hence from M, to Q. (U). Then, we can see that ‘here exists a subclass
M, M,,...,M,} of {M;, M,,..., M} such E=@®),_, M,, is embedded in Q,, (V)

and I(xU) is E-torsionless.

Now, in the following a 1, -torsion free left R-module M is called t,-cocritical,
if M#0 and every non-zero submodule is 7,-dense.

Lemma 1.3. Assume every t,-torsion free left R-module which is finitely generated
by R® U is U-torsionless and T=End(gU). Then,

(i) If M is a cyclic ty-cocritical right T-module, Hom(My, Uy) is a 1,-cocritical
left R-module.

(ii) If R has DCC on t,-ciosed left ideals and N is a t,-cocritical left R-module,
Hom(x N, gU) is a ty-cocritical right T-module, when Hom(g N, gU) +0.

Proof. (i) There exists a maximal r,-closed right ideal J of T such that ¥=T/J.
Put /;(J)={xe U;xj=0}. Then, yHom(Mr, Up)=zl,(J). It is easy to see that
U/l (J) is gU-torsionless and then /;;(J) is a 7,-closed submodule of zU. Suppose
there exists a proper 7;-closed submodule V (£0) of /;;(J). As V is t,-closed ir U,
U’V is U-torsionless. Hence there exists 1€ T such that /,(J)t#0 and Vt=0.
Clearly r¢ J and J+ T is a 7,-dense right ideal of T. However, this is a contradic-
tion, since V(J+1T)=0. It follows that /;(J) is a t;-cocritical left R-module.

(i) Assume Hom(g N, RU) 3 f, (#0), f, and Usu#0. By Lemma 1.2 there exists
an injective left R-submodule E of Q,(U) such that I(xU) is E-torsionless. There
exists an R-homomorphism 6: Q. (U)— E such that (u)8+0. As gN is 7,-cocritical
and Im f, is a non-zero t,-torsion free module, f, is a monomorphism. Hence
there exists an R-homomorphism ¢ : U—E such that f,0=f,¢, since gE is injec-
tive. As € and ¢ can be regarded to be elements of End( rQ:,(U)), by Proposition
1.1 there exists a r,-dense right ideal D of T such that DC T and ¢D C T. We can
choose de D such that (w)8d#0. Since f;- 0d=f,- ¢d, we have f,-0def,T. This
implies Hom([Hom(g N, RU)/fiT17,I(Ur)r)=0. Thus Hom(zxN, gU)7, which is
U, -torsionless, is 1,-cocritical unless it is 0.

Assume U is an (R, T)-bimodule. Let X be a left R-module and Y a right
T-module. We shall say that X and Y form an orthogonal pair with respect to
#U1. provided there exists a bilinear mapping (; X, Y7)— xUrdenoted by (, ) such
that (v, Y) = 0 implies x =0 and (X, y) =0 implies y =0. If W is a subset of X (resp.
Y), we denote by r(#) (resp. /(W)) the annihilator {ye Y; (W, »)} =0 (resp.
(Y€ X1 (x, W)} =0). It is easily checked that Y/r(W)is U-torsionless. Furthermore,
it s evident that , X (resp. Y1) is 7;-torsion free (resp. 7,-torsion free).

Proposition 1.4. Ler T=End(,(U). Assume that R satisfies DCC on 1, -closed left
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ideals, rU is t,-finitely generated and every t,-torsion free left R-module which is
finitely generated by R®U is U-torsionless. If a left R-module X and a right
T-module Y form an orthogonal pair with respe.t to RUr, then t,-length X =
15-length Yy in the case where 1,-length g X < oo or t,-length Yr<oo.

Proof. Assume X has 7,-finite length. Let X=X,2X,2---2X,=0 be a 7;-
composition series. Then, we have a chain 0=r(X;,)Ccr(X,)C---Cr(X,)=Y of
7,-closed submodules of Y7. One can check that r(X;,)/r(X;) is embedded in the
right 7-module Hom(z X;/X;, ;, gU) canonically, i=0,...,n—1. Since X;/X;,, is
7y -cocritical, by lemma 1.3 r(X;, )/r(X;) is 1,-cocritical unless it is 0. This implies
7,-length g X=17,-length Y. Conversely, assume there exists a t,-composition
series Y=Y,2Y,2--2Y,=0. Let ye Y\Y.,,. Suppose (Y)CUyT+Y;. ).
Then, there exists xeX such that (x, Y;))#C and (x,yT+Y;,,)=0. Hence
Hom([Y;/yT+ Y;, 11, Uy) #£0. This is a contradiction, since yT+Y;,, is a 1,-dense
submodule of Y;. It follows that

KY)=l(yT+ Y, and LY. )/KY) =LY )/ AyT+Y,).

So I(Y;,)/I(Y;) is embedcéed in Hom({yT+ Y/ Y; .1l Up). As yT+ Y, /Y4 18
a cyclic 7,-cocritical right 7-module, by Lemma 1.3 Hom([yT+ Y;, /Y, |15, Up) is
a t,-cocritical left R-module. Thus we have 7,-length Y;=17,-length X and this
completes the proof.

Lemma 1.5. Assume U is an (R, T)-bimodule and M is a left R-module. Then, the
right T-module Hom(g M, rU) can be embedded in a direct product of copies of
Ur as a 1,-closed submodule.

Proof. There exists a 7-monomorphism 8: Hom(z M, RU)— ], .., U™ defined by
PmO(f)=(m)f, fe Hom(z M, RU) and m € M, where U® is a copy of Ur and p,, is
the projection [[, ., U®— U". Suppose ye ], ., U™ and there exists a 7,-dense
right ideal D of T such that yDCIm 6. Define a mapping ¢: M —U by (x)¢ =
(»)P,, xeM. If we show that ¢ is an R-homomorphism, then y=6(¢)e Im 6 and
the proof will be completed. Let de D be an arbitrary element. We can select

feHom(zxM, gU) such that (y)p,d=(yd)p,=x)f, xe M. Therefore, for every
re R and xe M we have

{(r)p—r- )oY ={(V)Dp— 1 (VDs}d=(rx)f—r- (x)f=0.

Since D is a 1,-dense right ideal of T, (rx)¢=r-(x)¢. Moreover, for every
X, X6 M

[0+ x2)0 — {(x)@ + ()0 }d = [(V)Py, + x,— {(D)Px, + (V)Px, }1d
= (X + ) = {(x))f+ () f } = 0.

It follows that ¢ is an R-homomorphism.
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2. Duality for quotient modules

A left R-module M has ACC on t,-closed submodules, if and only if every sub-
module of M is 7, -finitely generated (see [15, p. 263]). Now, we are able to prove
the folowing:

Theorem 2.1. Let R be a ring, U a faithful left R-module and T=End(gU).
Assume R has DCC on t,-closed left ideals, pU is t,-finitely generated and every
1, -torsion free left R-module which is finitely generated by R® U is U-torsionless.
Then:
(i) T has DCC on t>-closed right ideais, Ut is t-finitely generated and every
1,-10rsion free right T-module which is finitely generated by T® U is U-torsionless.
(i) Q. (U)=0,.,(U) (=0, say), End(r0)=Q,,(T) and End(Up) = Q, (R).

Proof. (i) Since RU and T (resp. xkR and Uy) form an orthogonal pair with
respect to zUy, by Proposition 1.4 T4 (resp. Uy) has DCC on t1,-closed sub-
modules. U; also has ACC on r1,-closed submodules and hence is 7,-finitely
generated. Let P be a finite direct sum of copies of the right T-module T® U.
Assume N is a 1y-closed submodule of P. It is sufficient to show that P/N is
U-torsionless. Set P*=Hom(Pr, U7). Then, g P* and P; form an orthogonal pair
with respect to zU;. Clearly Py has 7,-finite length and we can check that there
exist a r,-composition series P=P, 3P 233 P,=ND---23P,=0. By the same
argument as in the proof of Proposition 1.4

O:I(P())gl(Pl)g "'gl(Pk\)zl(N)g ...g[(pn)zp*

s 4 rp-composition series and we can deduce r(/(P))=P;, i=0,...,n. Since
rdtN) =N, there exists a T-monomorphism ¢:P/N—T|,,., UY) defined by
p.#(x+ N)=g(x), xe P and g [(N), where p, is the projection [[,_,., UuN-y®,

(i) Assume Q, (U)3x#0 and Usy#0. As Rx+ U is a homomorphic image
of the ieft R-module R@®U and hence U-torsionless, there exists g;,g,€
Hom(,Rx + U, zU) such that (y)g,#0, (x)g,#0. By a same argument as in the
proof of Proposition 1.1 g;, g, are extended to §;, &; € End(xQ, (U)), which are
contained in 7. Since (v)g, C U and ()2, #0, we have Hom(Q, (U)/Ur, (U7)7)=0.
Furthermore, Q, (U)r is an essential extension of Uy, since 0#(x)g,e U. This
mmplies Q. (U)C Q. (U). Next, put R'=End(Uy). Let 1| be the hereditary torsion
theory with respect to the ring R’ cogenerated by I(x-U). Since xR’ and U; form
an orthogonal pair with respect to 42Uy, by Proposition 1.4 and its left right
svmmetry, 7,-length 4R'=1--length Uy =1,-length 4R. Hence xR is a r,-dense
submodule of xR’ Then, we can check that Q, (U)=0Q,(U), where O, () is the
localization functor with respect to ;. Now, as is shown above we can deduce that
Q.Y cQ. (U). Thus Q. (Uy=0Q.(U) (=U, say). Put S=End(z0) and Q=
End(C')). By Lemma 1.5 S, is embedded in a direct product of copies of the
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7,-quotient module Uy as a 1,-closed submodule. Hence Sy is a 1,-quotient
module and it follows from Proposition 1.1 that S=Q,(T). Moreover, R’ is a
7, -dense essential left R-submodule of Q by Proposition 1.1. Hence R is a t,-dense
essential left R-submodul: of Q, too, and Q=Q, (R).

Remark 1. If in Theorem 2.1 R has a minimal t,-dense left ideal D, then DUC U
and hence I(Uy) is U-torsionless, since by left right symmetry of Lemma 1.2 I(U;)
is U-torsionless.

Recently it is proved in [9] that a ring R has a semi-primary QF-3 maximal two-
sided quotient ring, if and only if R has DCC on annihilator left ideals and every
finitely generated submodule of I(zxR) is torsionless (where QF-3 means left and
right QF-3). Assume R satisfies this condition and U is a finitely generated torsion-
less faithful left R-module. Then, annihilator left ideals coincide with 7, -closed left
ideals. Furthermore, every finitely generated submodule of I(gU) is torsionless and
hence U-torsionless. Let T=End(xU). By Theorem 2.1 T has DCC on t,-closed
right ideals and every finitely generated submodule of I(77) is U-torsionless. If the
trace ideal of xU has no nonzero right annihilator in R, we can deduce that the
fiathful right T-module I/ is torsionlesss. This implies 7 has DCC on annihilator
right ideals and every finitely generated submodule of I(7T;) is torsionless. Thus we
have the following result.

Corollary 2.2. Let U be a finitely generated torsionless faithful left module over a
ring R and the trace ideal of U has no non-zero right annihilator in R. If R has a
semi-primary QF-3 maximal two-sided quotient ring, then s0 does End(gU).

Now, using Theorem 2.1 we can prove:

Theorem 2.3. Let U be a faithful left R-module over a ring R and T=End(RxU).
If R satisfies DCC or 1,-closed left ideals, then the following conditions are
equivalent.

() @) Q,(U)=Q.,(U) (=U, say).

(b) There exists a duality between the category ¢, of all t,-finitely generated
1,-quotient left R-modules and the category ¢, of all t,-finitely generated
7,-quotient right T-modules via functors

Hom(—, R0): ¢, ~ ¢, and Hom(-,Ur):¢;—>%).
(i) gU is t,-finitely generated and every t,-torsion free left R-module which is

finitely generated by R® U is U-torsionless.

Proof. (i)=(ii) Put F=Hom(-, x0) and G=Hom(-, Uy), the canonical con-
travariant functors between the category of all left R-modules and the category of
all right T-modules. It is evident that RU=pG(Q,(T) € %,. Hence pU is
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7, -finitely generated. Since R has DCC on 7;-closed left ideals, U has DCC on
7, -closed submodules and then RU is ,-finitely generated. Put S=End(z0). Since
Q,E(T):—:FG(QQ(T))EF(U)=S, S is the ring of quotient of T with respect to 7,.
Let L be a r,-torsion free left R-module such that there exists an R-epimorphism

1@ RODUO-L,

where RY) and U are copies of xR and gU respectively. Assume L3a+0. Since
gL has DCC on r1,-closed submodules and hence t,-finitely generated,
Q. (L)€ #,. It follows that Q, (L)=GF(Q,,(L)) and hence we can see that L is gU-
torsionless. Therefore, there exists an R-homomorphism A : L— U such that (@)h #0.
Let ¢, (resp. ;) be the canonical mapping R - U (resp. U’ - T) induced from

fh:@®RYDUDY-T,
i=1

i=1,...,n. Write u; = (1,)@;, where 1, is the identity of R¥). On other hand, 6, is ex-
tended to an element §; of S. We can select a 7,-dense right ideal D of T such that
u,DcUand ;DCT, i=1,...,n. Now, there exists d € D such that (a)h-d+0. We
can easily check that h-de Hom(zL, RU) and hence L is pU-torsionless.

(i))=(i) By Theorem 2.1 Q,(U)=Q,(U) (=0U) and S=End(g0) is a ring of
quotient of T with respect to 7,. Assume M€ v,. By Lemma 1.2 the 7,-torsion free
module M is ;U-torsionless. So xkM and F(M)g form an orthogonal pair with
respect to gUs. It is evident that 7, is the hereditary torsion theory cogenerated by
I(xU). Let 7, be the hereditary torsion theory with respect to the ring S
cogenerated by I(Us). Since U is r,-finitely generated, by Proposition 1.4
7,-length ,M=7,-length F(M)s. We can easily check that 7,-length
F(M)g = 1,-length F(M). Hence F(M) is 1,-finitely generated and is contained in
/2, because F(M)r is embedded in a direct product of copies of Ur as a 1,-closed
submodule from Lemma 1.5. Moreover, 7,-length xM = r1,-length xGF(M), since
g Hom(F(M), Ug) (=xGF(M)) and F(M)g form an orthogonal pair with respect to
rUs. This implies that the 7,-quotient U-torsionless module M is embedded in the
7, -torsion free module GF(M) as a 7,-dense submodule and hence M= GF(M)
canonically. By the left right symmetry we have that for every Ne %, , G(N)e ¥,
and Ny =FG(N)y canonically. This completes the proof.

Now, in the follewing a submodule M of a left R-module N is said to be
gR-rationally closed in N, provided N/M is I(gxR)-torsionless. On the other hand,
M is called zR-dense in N, if Hom(xN/M, gI(xR))=0. If M is embedded in a
direct product of copies of I(xR) as an gR-rationally closed submodule, we shall
say I(xR)-dominant dimension M=2. Let -, = {left R-module X; I(xR)-dominant
dimension X=2 and X has a finitely generated R-dense submodule} and
~»={right R-module Y; I(Rg)-dominant dimension Y=2 and Y has a finitely
generated Ry-dense submodule}.



Duality for quotient modules 273

Corollary 2.4. The following conditions are equivalent for a ring R:

(i) R has a maximal two-sided quotient ring Q such that Q has DCC on both
annihilator left ideals and annihilator right ideals, and there exists a duality between
@, and %, via functors

Hom(-, zQ): 4,— 2, and Hom(-,Qg): 7+~ 2.

(ii) R has DCC on annihilator left ideals and every finitely generated submodule
of I(xR) is torsionless.

Proof. Clearly, R has DCC on annihilator left ideais (resp. gR-rationally closed
left ideals), if and only if so does its maximal left quotient ring.

(ii)= (i) This is immediate from Theorem 2.1 and 2.3, since every rationally
closed left ideal coincides with an annihilator left ideal (cf. [16]).

(i)=(ii) Let K be a pQ-rationally closed left ideal of Q. Since Q/K is a sub-
module of an R-module contained in 2,, it is Q-torsionless and hence K is an
annihilator left ideal of Q. So R has DCC on gzR-rationally closed left ideals.

Remark 2. Let R be a left QF-3 ring with DCC on annihilator left ideals and Re
an injective faithful left ideal which is embedded in every faithful left R-mcdule,
where e is an idempotent. As zRe is a dominant module (see [6]), /(Re,z,.) is a
cogenerator. If we put RUr= g Re,g,, the category .« of all finitely generated right
eRe-modules coincides with ¢, (in Theorem 2.3). Hence there exists a duality
between ~, and .v.

3. Reflexive modules

Let M be a left R-module. Write M*=Hom(;z M, xR) and M**=Hom(M§, RyR).
If RM=xM** canonically, M is called reflexive.

Theorem 3.1. Assume R is a ring with DCC on annihilator left ideals and ever:
Jinitely generated submodule of I(xR) is torsionless. Then, a finitely generated left
R-module X is reflexive, if and only if X is embedded in a direct product of copies
of rR as an gR-rationally closed submodule.

Proof. The ‘only if’ part is an immediate consequence of Lemma 1.5.

Conversely, assume there exists an R-monomorphism ¢: X —[],., R such that
Im ¢ is pR-rationally closed submodule of [],_, R”), where R" is a copy of gxR. If
we put gUr=zRp, by Proposition 1.4 7,-length g X =r1,-length X§=1,-length
rRX**. Let o:X—X** be the canonicil R-monomorphism. Then, Imo is
gR-dense in X** Let p; be tae projection
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[1 R"—=RY, jel
iel
Since ¢-p;€X* we can define an R-homomorphism 6:X**—] , R" by
(@)8-p;=a(¢-p;), ae X** and jel. Then, Ker 6NIm g =0 and clearly Im g is an
essential submodule of g X**. So we have 6 is a monomorphism. It is evident that
Img¢=(Imo)dcImdc]], ., R and (Im 6)d is an xR-dense submodule of Im 6. It
follows that (Im¢)8=1Im 6 and hence Im o= X**, since (Im g)0 is grR-rationally
closed in [],_, R
In [2] H. Bass has proved that a left R-module K can be embedded in @/, R"
and @"_, RY/K is torsionless, if and only if K=Hom(Bg, Rg), where B is a right
R-module generated by n elements. Therefore, every finitely generated reflexive left
module over a right Noetherian ring can be embedded in a finitely generated free
R-module by this way.
As a generalization of a result obtained by Morita [12] we have:

Corollary 3.2. Let R be a right Noetherian ring such that every finitely generated
submodule of I(gxR) is torsionless. Then, a finitely generated left R-module X is
reflexive, if (and only if) X is embedded in a finitely generated free left R-module
F and F/X is torsionless.

Remark 3. A submodule M of a left R-module N is said to be closed, if M has no
proper essential extension in N. Let R be a semi-prime (two-sided) Noetherian ring.
Then, R has a classical two-sided quotient ring Q, such that Q= I(gR) =I(Rp). So
every finitely generaied left R-module X is reflexive, if and only if X is embedded
in a finitely generated free left R-module as a closed submodule.

Now, in the following we shall study reflexive modules over QF-3 ring without
assuming ‘finitely generated’.

Proposition 3.3. Let M be a reflexive left module over a left QF-3 ring R. Then,
every pR-rationally closed submodule of M is reflexive.

Proof. Let L be an gR-rationally closed submodule of M and aelL**. We can
define @:ME—=R, by a(f)=a(f|L), feM* where f|L is the restriction of
1. Since oM is retlexive, there exists Ae M such that a(flL)=(k)f for each
JeM* Suppose k¢ L. As M/L is I(xR)-torsionless and hence torsionless, there
exists an R-homomorphism : M/L— R such that (kK + 1L)0+#0. Let n: M—M/L be
the canonical mapping. Then, we have a contradiction, since 0#(k)n-0=
a(n-0|L)=0. This implies ke L. As L is torsionless, there exists a canonical
R-monomorphism o:L—L** Suppose a#(k)a. There exists ge L* such that
[ — (k)a](g) #9. Let Re be an injective faithful left ideal, where e is an idempotent.
We may assume ge Hom(gzL, xRe). Because, there exists ree Re such that
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la - (k)ol(g)- re+0 and hence 0#g- ree Hom(gx L, g Re). Let 3: rRM — g Re be an ex-
tension of g. Then, we have a contradiction, since [a— (k)al(g)=(k)g - (k)g 0.
Thus a=(k)o and hence gL is reflexive.

Lemma 3.4. Assume R is a ring with a maximal two-sided quotient ring Qand R
has a minimal gR-dense left ideal and a minimal Rg-dense right ideal. If M is a
reflexive left R-module and M ={x e I(x M); there exists an yR-dense left ideal J
such that Jxc M}, then M is a reflexive left Q-module.

Proof. It is well known that M becomes a left Q-module. M* is embedded in
Hom(p A, 5Q) canonically. Let f be an element in Hom(yM, 5Q) and D the
minimai Rg-dense right ideal of R. Since (M)f-DCR, i.e., fDCM* M} is
an Rg-dense submodule of Hom(oM, oQ)s. By a same argument M** and
hence xfM are embedded in r[Hom(Hom(, M, QQ)Q, gQ;] as an gzR-dense sub-
module. The fact that z M is torsionless implies QM is torsionless. So Mc M ¢
Hom(Hom(, M, 09)o» Qp) and then we can conclude that M is a reflexive left
Q-module.

Now, it is well known that when R is a quasi-Frobenius ring, a left R-module X
is reflexive, if and only if X is finitely generated. This result does not holds in the
case where R is QF-3. However, extending this result we have:

Theorem 3.5. Assume R is a QF-3 ring with ACC on annihilator left (or right)
ideals. Then, a left R-module X is reflexive, if and only if X has DCC on
rR-rationally closed submodules and X is embedded in a direct product of copies
of gR as an gR-rationally closed submodule.

Proof. QF-3 rings with ACC on annihilator left ideals have also DCC on an-
nihilator left ideals [14]. The ‘if’ part is evident from the proof of Theorem 3.1.

Conversely, assume X is a reflexive left R-module. If we show that X is con-
tained in a finitely generated free left R-module, the proof of this itheorem will com-
plete. Suppose X has a submodule M such that N=@®,_, N, an infinite direct sum
of its submodules. Let N and N, be the same as in Lemma 3.4. Since R has ACC
on gR-rationailly closed left ideals, by [4, Proposition 14.1 and Propo: " ion 14.10]
we have N=@®,_, N,. Clearly, NNX is yR-rationally closed in X. So it is a re-
flexive left R-module by Proposition 3.3. As R is QF-3, R has a maximal two-sided
quotient ring Q (cf. [8]) and has a minimal zR-dense left ideal and a minimal
Rgy-dense right ideal by [13]. Since it is evident that N=NNX, by Lemma 3.4 N
is a reflexive left Q-module. Set

Si= @ N, and A;={feHom(gN, ,0): (5))f=0}
eI\

for each jel. Assume that ¥ _, A, is not gQ-rationally closed in Hom(pN, 0Qo-
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Since I(Qp) is torsionless, there exists a non-zero element ¢ in
Hom([Hom(QN, 0@V X, Ajlos Qo)

It follows that there exists a non-zero element 7€ N such that ¢(g)=(n)g=0 for
every BEL, A Put n=n; +--+n;, where {ij,...,ij}CI and n,eN,, k=
1,...,1. Since oN is torsionless, there exists heHom(yN, oQ) such that (n;)h+0
and (S;)h=0. This is a contradiction, since he A; and (n)h=(n;)h+#0. Hence
Y,., A; is a Qp-rationally closed submodule of the right Q- -module Hom(g N, Q).
One can see that there exists fe Hom(QN, 0@) such that (N)f+0 for each iel,
since g N is torsionless. Further there exists a Qp-dense right ideal Q of Q such that
0-¢/D§ Y, A;. As Q has ACC on Qp-rationally closed right ideals, we may
assume that D is finitely generated from [4, 14.9]). Put D=q,Q+ --- +q,Q, q;€ Q.
There exists a subset {j;,..., j.} of I such that fg,eA4; +---+A;, k=1,...,m. Let
jeIlN{j,-.-,J,}. Since Nngj‘ @(i=1!,..,r), we have (N,)qu=o k=1,...,m). It
follows (Nj)fD=O and this is a contra*:ction, as D is a Qp-dense right ideal. Thus,
we see that g X is finite Goldie dimensional. Put I(z X)=U,®---® U,, where U; is
an injective indecomposable submodule. Since I(;.X) is torsionless and hence pro-
jective by [10], U; is embedded in R. This completes the proof.

From this proof we have:

Theorem 3.6. Zvery reflexive left module over a left Artinian QF-3 ring is finitely
generated.
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