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Introduction

In his remarkable article [11] Suslin proved a conjecture of Quillen and
Lichtenbaum for fields of positive characteristic:

Theorem. Let F be an algebraically closed field of characteristic p>0. Then K;(F)
is divisible if i> 1, with zero torsion if i is even, while if i=2j—1=1 is odd:

1{2j~l(F)tors= l!gl :un(F)®j-

(mp)=1

In fact Suslin proved, more generally, that if F,C F is an extension of algebrai-
cally closed fields, then the natural map K«(Fy; Z/n)—Ks/;Z/n) is an isomor-
phism, thereby reducing the theorem above to a result of Quillen.

In this note we show how Suslin’s result may be extended to extensions of strict
local Hensel rings:

Theorem A. Let R be the strict Henselization of the local ring at a smooth point
of a variety of finite type over a separably closed field k. Then for n prime to
char(k):

Ku(k; Z/n)=K«(R; Z/n).

Using this result, we are able to obtain partial confirmation of the conjecture in
characteristic zero:
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Theorem B. Let k be an algebraically closed field of characteristic zero (e.g. C) and
{ any prime. Then:

(i) For all i=0 and v=1, K;(k,Z/1") is finite.

(iiy If 0<si<2i-4:

Z/l°, ieven,

Kilk 2/1%)= [0 i odd

(iii) For all i=0,

@, i even,

im K(k, Z/1" =
(I""';@ Kitk )>®Q {o, i odd.

Our method is first of all to modif, the proof of Suslin’s rigidity theorem [11]
by constructing a pairing, for X a smooth connected curve over a field k with
1/nek, and n odd or divisible by 4:

H2(X; un)ag ® Ko (X3 Z/m)~ K (k3 Z/n)

where HE(X; Un)asg is the subgroup of Hf."(X ; U,) generated by classes of divisors
on .X. In Sections 3 and 4 we use this pairing to recover Suslin’s main theorem and
its generalization to strict Hensel local rings (Theorem A). Finally in Section 5, using
techniques from [12], we prove Theorem B.

After the first version of this paper was written, we learned that Gabber has in-
dependently obtained the results of Sections 1-4. Also Suslin, using these results,
has proved the Quillen-Lichtenbaum conjecture for algebraically closed fields of
characteristic zero. More recently, Jardine has given a simple, elegant proof of this
conjecture for all algebraically closed fields, again using Theorem A.

In several places we have made assertions about K4( ,Z/n) and justified them by
references to the original paper of Quillen [9] even though K-theory with coefficients
does not appear there. It is however an easy exercise to see that the theorems we
refer to are equally true for ordinary K-theory and for K-theory with coefficients.
This is easily seen by noting that the proofs in [9] show that certain maps of K-
theory spectra are weak homotopy equivalences, or are nullhomotopic, or fit into
homotopy fibre sequences. Applying the homotopy group functor m() to these
gives the standard results, and applying m.( ; Z/n) gives the analogous results for
K« ;2/n).

We note that K«( ; Z/n) is annihilated by n if » is odd or divisible by 4, and is
annihilated by 27 in generai, see [2, 1.5] or [8, 7.1]. (As we are dealing with spectra
and not ordinary spaces, we do not have to make exceptions for homotopy in low
dimensions as in [2] or [8].)

Finally, we assume that all schemes appearing are separated.

1. Generalized Jacobians and cohomology with compact supports

Let X be a nonsingular connected curve over a field k, X its nonsingular projec-
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tive model. Write S=X - X, viewed as a reduced subscheme of X, and j: X =X,
i: S—X for the inclusions.

A divisor D on X is as usual a finite formal sum ¥,_, np[P], so Div(X)=
@yexZ, the sum being over closed points. Let .# =Y peslPl, viewed as a
‘module’ in the sense of Serre [10]. If D e Div(X), recall that D~ , 0 if there is a
rational function fe k(X) with f=1(.#) such that div(f)=D. Then we set

Pic(X, S) = Div(X)/{D|D~,0}.

If k is algebraically closed, then the subgroup of Pic(.X, S) consisting of divisors of
degree zero is isomorphic to the group of k-rational points of the generalized
Jacobian J ,(X).

Let HY(X; G,, —ix«G,,) be the hypercohomology of X with coefficients in the
complex of sheaves G,, —i,G,, with G,, in degree zero.

Lemma 1.1. Pic(X, S)=H}(X; G,y —i+G,,).
Proof. By descent H'\(Z,G,,)=H},(Z, ¢3) for i=0,1 and Z=X or S, so it is
enough to show that

Pic(X, 8) = Hyo(X; OF =ixlS).

Consider the diagram of sheaves on X (where u:Spec(k(X))—X, v,:{x}—X,
w: Spec(¢'y s)— X are the inclusions):

g

@ vZ _ @ v,Z

X€S YeS

div

{1} > 08 » unk(X)* @ v —0

NEX

{1} — 0% > Wel'% — @ vZ —0

re X

1} {0}
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This right-hand vertical column is obviousiy exact, while the left-hand column is ex-
act since fg s being a semi-local ring has trivial Picard group. Hence the bottom
row is an acyclic resolution of £#§. Now write I}_ s for the group of rational func-
tions fe k(X)* with f=1 ().

We have a diagram:

{1}

div
B s —— @ vuZ —— {1}

div
(1) —— 0§ —— Wl s— = @ 02— {1}
. X€

1

|

ot o

i}

Since the center column is exact by definition, the hypercohomology of the top row
is isomorphic to the hypercohomology of the left-hand column, and so,

HI(X: OF—=ig0¥)=H! (X'; uely s— @ vx...Z) = Pic(X; S).
xeX
Corollary 1.2. There is an exact sequence for n prime to char(k):
HYX; )~ Pic(X; §)— Pic(X, 5)— HA(X; 1,

Proof. First observe that rhere is an 2xact sequence of sheaves on X:
1 _’j!un “Hn _’i*ﬂn -1

where ji, is ‘extension by zero’, so that
HUX; u,) = H(X; jopa) = WX = sy,

(cf. [6, Cohomologie étale, 1V.5]).

The result now follows from the hypercohomology long exact sequence for the
short exact sequence of complexes of sheaves on the étale site:
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Hn (Em n / Cm
{l}ﬂ( | )—»( | )——»( l )-»{1}.
J wln i *Gm i *Gm

Finally, we observe that for p: X —T a separated morphism of finite type be-
tween schemes, if D is a Cartier divisor on X with support proper over T, there is
a natural cycle class

def & .
Y(D)e H.r(X; uy) = HA(X; jity)
where j : X — X is any compactification of X over T, constructed by first taking the
cycle class in Hf)(X, U,) ([6, Cycle, 2.1.2], using the notation of ibid.) and then
taking its image under the natural map (since the support of D is proper over T),

HA(X; )= H2 (X 1)

If D=D,- D, with both D, and D,, effective, proper and flat over 7, then clearly
for each point 7 € T the cycle class is compatible with restriction to the fibre:

4

H})(X, (Bm) Hc%/T(X; ﬂn)
i* l,’*
¥
Hpnx (X5 Cp) HX (X5 1)

where i : X, =X is the inclusion of the fibre over 7.

2. Transfer and generalized Jacobians

As before, let p: X —Spec(k) be a nonsingular connected curve over a field k; we
do not assume that p is proper.

If D=Y,_,nplP] is an effective divisor on X, since the local rings of X are
discrete valuation rings D uniguely defines a subscheme of X which we also denote
D. Let ip:D—-X be the inclusion, np:D—Spec(k) the natural map (which is
finite). For ¢ =0, define a map

np: K,(X; Z/my->K,(k; Z/n)
by np=npx- ip.

Lemma 2.1. If D= D'+ D" is the sum of two effective divisors, np=np+ fip-.

Proof. This is essentially obvious. Let M!'(X) be the abelian category of coherent
sheaves on X with zero-dimensional support. px: M!(X)—M(k) is an exact functor,
and if DC X is a divisor, so are ips : M(D)=>M'(X) and 7tp« =P« ipsx: M(D)—M(k).
Hence #p is the map induced on K-theory by the compcsition of exact functors:
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i

> M(D) —-2— M (X) —=

P(X) M(k),

where ipsip=()®,, €p. If D=D'+ D", “hen there is an exact sequence:
0~ Op = Op— Op-—0

and hence by [9, §3, Corollary 3],
ipsipy = (ipsily) + (ipxiB) 1 Ky(X; Z/m) = K, (M'(X); Z/n)

and so np=np +np-.

Lemma 2.2. Let X be as above, X, S and 4 as in Section 1. if Dy, D, are effective
(nonzero) divisors on X and Dy~ , D, then np,=np_.

Proof. First suppose D, and D, are disjoint.

There is a rational function fe k(X), f=1(.«) with div(f)=Dy— D,,. We may
view f as a morphism f: X —P;. Let I;C X x P! be the graph of f. Embed A' into
P! with complement (1, 1); then since f(P)=(l,1) for all Pe S, we get a diagram,
where I'=T;N(X x A'):

ig Po
D, X x {0} —— Spec(k)
|
by Ay Jo
4 ; 3 . +
r —1— xxal Al
0. Ao Joo

D, — L xx {0} LN Spec(k)

Note that I is finite and flat over A!. For #=0, o, we Lave Cartesian squares:

01
D, r
|
n,J n
Spec(k) — LA

By [9, §7, Proposiion 2.11], for all g=0:
Jine=m0F : K (5 Z/n)—> K (k5 Z/n).
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Hence, by a diagram chase:
Jraif =i AL K (X X AY Z/n)— K (k3 Z/n).

If g: X x A= X is the projection, then 4,-g=Id for =0, 0. As ¢ induces an
isomorphism on K.( ; Z/n), A3 =A% is the inverse to g*. Similarly, j=j%. Hence
if ae Ky (X;Z/n):

Np,(Q) = Toxig (@) = Toaig A5 q *(@)
=Jo Mifq*(@) = janxifq*(@)
=np,(Aa) by symmetry.
If Dy and D,, are not disjoint, then Dy= Dy + E, D,, = D, + E where Dy, D,, are ef-
fective and disjoint, then by from above np =#np, and using Lemma 2.1 we see
easily that np =np_.
Theorem 2.3. Let X, X, S,.# be as above. The function
Div(X) x Ko(X; Z/n)— K (k,Z/n), (D, a)~ np(a)
induces a pairing
Pic(X, S)®; K(X; Z/n)— K, (k; Z/n)

which factors through a pairing (for n prime to Char(k), and n odd or divisible by
four)

HZ(X; pn)ag®2 Ko (X5 Z/m)~ K (k3 Z/n)
where H2(X; Un)atg = Pic(X, S)Y®Z/n is the image of the divisor class map of Sec-
tion 1 in HX(X; u,).

Proof. The first assertion follows immediately from Lemmas 2.1 and 2.2, while the
second follows from Corollary 1.2.
Remarks. (i) The pairing

Pic(X, SYQK(X; Z/nm)= K, (k; Z/n)

is a special case of a more general pairing, for X = X — S separated and of finite type
over T, with X a compactification of X relative to 7 and A=Z or Z/n:

KX, SY®K,(X; A) Ky, o T A)

where the K(X, S) are the homotopy groups of the fibre of the natural map of spec-
tra K(X)— K(S). The relationship is given by a spectral sequence (if X is regular):

Ef‘ “4= HP(X, Kq(ﬁx)—-»Kq(ﬂs))—*Kq_p(X S)

such that if X is a regular connected curve over k:
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E} ' =Pic(X, S)=Ky(X, 5).
(i) If n=2m with m odd, K.«(,Z/n) is 2n-torsion so we get

HX(X, p3n)a1s @K (X, Z/n)—= K (k3 Z/n).

3. K-tkeory of separably closed fields

Let k be a separably closed field, F a separably closed extension or k. Fixn prime
to char(k).

Theorem 3.1 (Suslin). K.u(k; Z/n)=K(F;Z/n).

Proeof. Since Spec(F') =li(r_n Spec(E), where the limit is over all subfields of F which
are finitely generated over k, by [9, 7.2.2], K *(F)=li_l’n K«(F) so we may assume
that F is algebraic over a finitely generated extension of &, and hence by induction
on the number of generators that F is algebraic over k(T). Further, since
K«(E,Z/n)= K «F,Z/n) for any purely inseparable extension of F, by {9, §7, 4.7],
we may assume that F is the separable closure of k(7'), and that k is algebraically
closed.
Hence, for all g=0:

KAF; Z/n)= l_,l_r_’n K, (U;Z/n)

where the direct limit runs over ali connected, étale neighborhoods of the geometric
point of A} determined by k(T)CF.

Let us write gy :Spec(F)—U, ny:U-—Spec(k), n:Spec(F)—Spec(k) for the
natural maps. Since every U has a k-rational point i, : x=Spec(k)— U with ny - i, =
Idspecrys ix ey =1d: K (k3 Z/n)—>Ky(k; Z/n), so nfy: Ko(k; Z/n)—Ky(U; Z/n) is in-
jective for all U and hence n*: K (k; Z/n)=K,(F; Z/n) is injective. It therefore
suffices to show that for all U, o= n*i} and hence that n* is surjective. Cons.der
the diagram:

UR, F=U

)/m),

Spec(F) ——— Spec(k)

where - g=0y and 7. j, =i, - n. Since
of ~nit =gt - = (g~ 7,
it is enough to show that

g*=jk: KU, Z/n)y~K (F; Z/n).
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But g*—;*=np where D=[g(Spec(F))] - [#*x] is a divisor of degree zero on the
smooth connected curve U. By Theorem 2.3, 1, only depends on y(D) € H*(U; u,) =
H2(0®k F; u,)=2/n (by [6, VI 2.1]) and since D has degree zero, y(1?) =0, hence
g*=Jy.

4. K-theory of Hensel local rings
Fix a positive integer n>1.

Theorem 4.1. Let R be a regular strict Hensel local ring, essentially of finite type
over a field k, with 1/ne€R. If A= R{t} is the strict herselization of the local ring
at the origin in A}, the map R— R{t} induces ar isomorphism for all q:

K (R; Z/ny=K,(R{t}; Z/n).

Proof. Let S=Spec(R), ¥ e Al the origin in the closed fibre. Then A = Lim I(U, ()
where the direct limit runs over all geometrically pointed connected etale
neighborhoods of % in A§. Hence

K(A; Z/n)=Lim K,(U; Z/n).

For each étale neighborhood U, the point x extends to a section i, : Spec(R)—~ U. If
we write 9y : Spec(A)— U, ny: U—Spec(R), n:Spec{A4)—Spec(R) for the natural
maps, arguing as in the proof of Theorem 3.1, we must show that

of =m*i¥: K (U; Z/n)~K(A; Z/n).

Consider the diagram, analogous to the diagram of Section 3:
- 7t
URrA=U — U

A

&l f Jx ou Ty i,

Spec(A) — Spec(R)
As before, it is enough to show that
g*=jr: K, (U; Z/n)~K(A; Z/n).

Let F be the field of fractions of 4; note that F is not separably closed, and write
@ : Spec(F')— Spec(A) for the natural map. Since R and hence A is assumed to be
essentially of finite type over a field, 4 is a direct limit of local rings ¢y , of
regular points on varieties of finite type over k. If k(Y) is the field of fractions of
@y,y, then, by [9, §7, 5.1], K;(€y,,; Z/n) injects into K (k(Y); Z/n). Hence, pass-
ing to the direct limit, ¢*: K, (4; Z/n)= Ky (F; Z/n) is injective.

Now consider the diagram, where f is a morphism of finite type with fibres
curves:
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U”’UO

<

~

& i Jo ) xo
Spec(F) —-—-—* Spec(A) *———-——- Spec(L)

where L is the residue field of A. Since
BE-Jjkp) 0*=0*g*—j}): K (U; Z/n)~K,(F; Z/n)

and ¢* is injective, it is enough to show that gf - j*r==0. Now observe that since
g and j, are sections of f, D =[g(Spec(A4))] - [J(Spec(A))] is a divisor on U with
support proper (in fact finite) over Spec(A), and that if Dy is the restriction of D
to the generic fibre Uy, then

g; "'jfo = ”DF'
If p(D)e H2,(U; u,) is the cycle class constructed in Section 1, then since A is the

strict Henselization of #,, ,, g and j, coincide when restricted to the closed fibre
U,, hence

7 *(y(D))=0e H:(Uy; u,).

But by proper basechange [6, (IV, 5.4)], w*is an isomorphism, hence p(D)=0. Now
by Theorem 2.3, 1, only depends on y(Df)=@¢*»(D)e H2(Ur; u,) and hence is
zero.

Corollary 4.2. Let R be the strict Henselization of the local ring at a smooth point
of a variety of finite type over a separably closed field k. Then for (n, char(k))=1,
the map k— R induces an isomorphism:

K«(R; Z/ny=Ky(k; Z/n).

Proof. By the Cohen-Seidenberg therorem, EGA Oy, 19.6.6, there is a finite
radicial extension k'/k such that the completion of R'=R&, k' is isomorphic over
k’ to a formal power series ring F'{[t,,1,,...,t,]]. Here F'=F®, k' for F the
separably closed residue field of R. By Artin approximation, [1, 2.6}, the strict
hensel local ring R’ is isomorphic over k' to F'{t,,...,t,}. By Theorem 4.1, induc-
tion on m, and Theorem 3.1, the obvious maps induce isomorphisms

Ko(R; Z/my=Ko(F'{tyy ...t} Z/n)y=Ky(F'; Z/n)=K(k'; Z/n).

The finite radicial externsions R'/R, k’/k induce isomorphisms on K( ; Z/n) for
n prime to the characieristic by [9, §7, 4.7]. Combining these isomorphisms with
those above shows that k— R induces an isomorphism on Ky( ; Z/n).
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Note 4.3. Gabber points out that the proof of 4.1 does not use the strictness of R.
Similarly, the proof of 4.2 shows that if R is the (unstrict) Henselization of the local
ring at a smooth point of a variety, and F is the residue field of R, then the quotient
map R—F induces an isomorphism K.(R; Z/n))—K.(F;Z/n). Gabber has
generalized this to the case of non equi-characteristic Hensel pairs.

Corollary 4.4. Let X be a scheme smooth over u separably closed field k, or over
a geometrically regular strict local Hense!l ring essentiallv of finite type over such
a k. Then the sheaf K.( ; Z/n) on the étale site of X is the constant sheaf isomorphic
to Ku(k; Z/n).

Proof. It suffices to show that the natural map K.(k; Z/n)—K( ; Z/n) induces an

isomorphism at every stalk; i.e., when evaluated at every strict Hersel local ring of
X. But this holds by Corollary 4.2.

5. Stable homotopy of CP” and K«(C)

When combined with Quillen’s calculation of the K-groups of the algebraic
closure of a finite field, Suslin’s theorem of Section 3 yields a calculation of the
groups K4(k; Z/n) for all separably closed fields k of positive characteristic prime
to n; these are isomorphic to n«(BU; Z/n) for *>0. We have recently heard that
Suslin can prove this in characteristic 0. Here we obtain independently partial results
in this direction. By Theorem 3.1 we need only consider the case of the complex
numbers C.

Theorem 5.1. The mod n stable homotopy groups of CP® surject onto K«(C; Z/n)
for x=0.

Proof. The idea is to use the splitting principle technique of [12].

We will concentrate on the parts of the argument that differ from that of [12],
the read may consult this reference for aid in completing the sketch.

For A a ring, the inclusion of the A-points of the normalizer of a maximal torus
in GLy induces a map:

. +
B(ZN GL,(A)) —-BGLy(A)*. 3.

This extends to a map of infinite loop spaces, or of spectra
y: 22(BGL (A)— K(A). (5.2)

For A a strict Hensel local ring over Z[1/n], BGL,(A) and CP* have homotopy
equivalent n-adic completions, so that there are isomorphisms
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n(Z=/n(BGL,(A))) = n(Z*/n(CP*))
=7(Z"(CP%); Z/n)
=n3(CP%; Z/n). (5.3)

In particular, for A =C, the mod » reduction of (5.2) is the map that the theorem
claims is a surjection.

For X a scheme smooth over C, one has the isomorphism of Corollary 4.4.
Together with y and the isomorphisms of (5.3), this gives a diagram of étale hyper-
cohomology spectra

y

He (X5 2%/n(BGLy()) He (X5 K/n())

]
it

(5.9

o, (X; Z%/n(CP)) ——— H(X; K/n(C)).

Using Weibel’s excision theorem as in [12], one sees that diagram (5.4) also exists
if X is smooth over a union of complex hyperplanes in the configuration of a
simplicial complex.

The diagram (5.4) allows us to switch back and forth between the half-algebraic
y on the top and the purely topological y on the bottom. We use this frequently
without further comment.

As the étale and classical topologies agree cohomologically for any complex
variety X, the bottom map in (5.4) is the map of classical generalized cohomology
theories induced by the map of coefficient spectra y : X*/n(CP*)— K/n(C).

Let ¢ be a vector bundle over X. Then ¢ corresponds to a GL-torsor over X.
Let p: X' — X be the quotient of this torsor by the action of the normalizer of the
maximal torus N(T)=ZN§GL,. Then p*¢& admits reduction of structure group
from GLy to N(T). As the Euler characteristic of the fibre GLy/N(T) is {1} (cf.
[3, §6]), the Becker-Gottlieb transfer of [4] naturally spliis the mononomorphism
induced by »: X’— X on any generalized cohomology theory.

If X is a union of hyperplanes in the configuration of a simplicial complex, e.g.,
if X is a mod n Moore space over C, comparison of the Mayer-Vietoris spectral
sequence of Dayton and Weibel [5] for K( ; Z/n) and the hypercohomology spectral
sequence for IH,(X; K/n(C)) shows that there are isomorphisms

Ku(X; Z/n)=nH,(X; K/n(C)). (5.5)

Let xe KA(C; Z/n). We wish to show that it is in the image of y. The cases i<1
are easy, so assume i =2. Then x corresponds to an element of augmentation 0 in
Ko(Y; Z/n) for Y a simplicial i-sphere over C, and to an x of augmentation 0 in
Ko(X), for X a mod n Moore space over C. As in [12], it suffices to show that the
mod n reduction of x in Ky(X; Z/n) is in the image of the bottom y of (5.4). Let
x € Ky(X) be redresented by a rank-N vector bundle ¢ minus a rank-N trivial bun-
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dle. Let p: X’ X be the GL5/N(T)-bundle associated to ¢&. By the Becker-
Gottlieb natural splitting, it suffices to prove p*(x) is in the image of y on X . But
on X', p*¢ admits reduction of structure group along y: Z,,SGL,%GL,,, SO p*(x)
is in the image of the top map y of (5.4). This proves the theorem.

Corollary 5.2. Let I” be a prime power. The for 0<i<2l-4 one has

Z/l", ieven,
0, i odd

For all i, K,(C; Z/1") is finite.

K(C;2/1")= i (5.6)

Proof. The Dwyer-Friedlander map detects quotients of K«(C; Z/I") that are this
big. Theorem 5.1 and calculations of the stable homotopy of CP® by Liulevicius
[7] or the delicate Hurewicz theorem give these values as an upper bound in this
range.

The last statement is immediate from Theorem 5.1 as the stable homotopy groups
of CP® are finitely generated.

Corollary 5.3. Let K«(C; Z}) denote the homotopy groups of the l-adic completion
of the spectrum K(C). Then there is an isomorphism

Ki(C; Z?)=li£1 K(C; Z/1"). 5.7)
v
There is a surjection

n (CP®YRZ}—K(C; Z)). (5.8)

Proof. As the groups K«(C,Z/l*) are finite, the inverse system as v increases
satisfies the Mittag-Leffler condition. Thus li_rp' =0, and (5.7) drops out.

The groups nx(CP™) are finitely generated, so the system of kernels of the maps
nx(CP*; Z2/I")>K (G Z/1") also satisfies Mittag-Leffler. The surjectivity of (5.8)
now follows as the inverse limit of Theorem 5.1.

Corollary 5.4. For all i =20,

Qr, ieven,
K(C:Z} = 5.9)
(C:ZHQ {0’ e (

Proof. The /-adic Dwyer-Friedlander map detects these quotients. The Q;-stable
homotopy of CP® gives these as an upper bound.

Corollary 5.5. The discrete group GL(C) has as Q}-cohomology a polvnomial ring
in the Chern classes

(lim H*(GL(C); Z/1"N®Q = ey, ¢z, -]
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Proof. Immediate from Corollary 5.4.
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